Chapter 6

Problems and Solutions Section 6.2 (6.1 through 6.7)

6.1

Prove the orthogonality condition of equation (6.28).
Solution:

Calculate the integrals directly. For n=n, let u = nzx/I so that du = (n=/l)dx and
the integral becomes
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where the first step used a table of integrals. For n = m let u = ntx/l so that du =
(w/1)dx and

nzX . maX I, .
j sm—sm—dx ——josm mu sin nudu

which upon consulting a table of integrals is
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6.2

Calculate the orthogonality of the modes in Example 6.2.3.

Solution:
One needs to show that '[:Xn(x)Xm(x)dx =0 form=n, where X (t)=a sinc Xx.
But each mode Xn(x) must satisfy equation (6.14), i.e.

Xr:’ = —oan (1)
Likewise
X" = oqum 2

Multiply (1) by X, and integrate from 0 to I. Then multiply (2) by X,(x) and
integrate from O to I. This yields

[ XX dx=-02[ X X, dx

| |
[ Xux dx=-c2[ X X dx
0 0
Subtracting these two equations yields
: " " _ 2 2 !
[ (X, = xox Yax = (02 = o2 ) X, (90X, (x)dx
Integrate by parts on the left side to get

j'x'x'dx—j'x'x'dx+ XX |b= X X!
0 n m 0 m n n mo m n
= X_(DkX_(1)= X_()kX_(1)=0

|
0

from the boundary condition given by eq. (6.50). Thus

(Gi - Gé)jol X X _dx=0.

But from fig. 6.4, o # o for m = nso that
| |
jo X X dx=a’ josin o xsino, xdx =0

and the modes are orthogonal.



6.3.

Plot the first four modes of Example 6.2.3, for the case | = 1 m, k = 800 N/m and
T =800 N/m.

Solution:

The mode shapes are given as sine,x where o, satisfies eq. (6.51). To solve this
numerically values of I, k and T must be given. For example chose |=1m, k =
800 N/m, and t = 800 N/m the equation (6.51) becomes

tanc =-c
Solving using MATLAB for the first 4 values yields
o1 =2.029, 6, =4.913, 63 = 7.979, o4 = 11.0855

So that the mode shapes are sin(2.029)x, sin(4.913)x, sin(7.979)x and
sin(11.0855)x. These are plotted below using Mathcad.



6.4

Consider a cable that has one end fixed and one end free. The free end cannot
support a transverse force, so that wy(l,t) = 0. Calculate the natural frequencies
and mode shapes.
Solution:
The cable equation results in (6.17). The boundary conditions are
w(x,t) = X(x)T(t) =0at x =0 (fixed end)
so that X(0) =0 and
w (x,t) = X'(X)T(t) = 0at x =1 (free end)
so that X(l) = 0. Applying these to equation (6.17) yields
0= a sin(0) + a, cos(0) so that a, = 0

0= a;ocoso(l)

n
so that cos ol = 0 or ol = n for odd n and the natural frequency o = 2—7: n=1,3,

2n-1 . N
5..o0rc = n2| " 'n=1,23...Since a, = 0, and & is arbitrary the mode
shapes are
((2n—1)rx)
ansink%} n=123..

the natural frequencies are from (6.15) and (6.24):

=y 2n—1 - I
o = orfcz:can:( n2I )7zc=(2n2I1)7z ol p




6.5

Calculate the coefficients ¢, and d, of equation (6.27) for the system of a
clamped-clamped string to the initial displacement given in Figure P6.5 and an
initial velocity of w(x,0) = 0.

Solution:

For the clamped-clamped string the solution is given by eq. (6.27) as

w(x,t) =Y (c,sinc xsino ct+d, sinc, xcoso ct)
i=1

Series wi(x,0) = 0, equation (6.33) yields that c, = 0 for all n. The coefficients d,
are given by eq. (6.31) as

2 ¢! . MxX
dn=T'[0w0(x)5|anx m=12,..

<x<l/2 o
From fig. 6.16 o (X) = 2x11 0<x<l/ cm. Calculation yields
2(1-x)/1  1/12<x<lI

2| 122X . NmX 12 . NzX
dn :T{.[O TSlanX-i-.[”zT(l—X)SlanX}

= 8 sinn—zﬂ n=135...

ﬂ_ZnZ

and d, is zero for even values of n.



6.6

Plot the response of the string in Problem 6.5 for the piano string of Example
6.2.2(1=1.4m, m=110g, t=11.1x10* N) at x = I/4 and x = 1/2, using 3, 5, and
10 terms in the solution.

Solution:

For the piano string of example 6.22, | = 1.4m and ¢ = 11.89. From problem 6.5
the solution has the form

8 - 1 . mz . mrX mzC
wix,t)=—1 >, —Zsm—ﬂsmicos—ﬂt
T mvodd=1m 2 I I

For 3terms at x = I/4 = 3.5, this series becomes

W, (3.5,t) = 0.81{0.24COS 26.68t 4+ 0.07858c0s80.04t — 0.02828003133.40t}>

for 5 terms this becomes
W, (3.5,t) = w, +0.01442cos182t + 0.00873cos 240.13t

The next terms have coefficients 0.00584, 0.00418, 0.00314, 0.00244 and 0.00195
respectively. Any of the codes can be used to easily plot these. Plot of w; and ws
at 1/4 are given below in Mathcad:



6.7

Consider the clamped string of Problem 6.5. Calculate the response of the string
to the initial condition

w(x,0) = sin37|T—X W, (x,0)=0

Plot the response at x = 1/2 and x = I/4, for the parameters of Example 6.2.2.
Solution:

Since w; = 0 each if the coefficients c, is zero in equation (6.33). Thus the
solution is of the form

nzc
w(x,t) = Zd smTcosTﬂt

as given in problem 6.5. Equation (6.31) for the initial position yields
=—J sm%sm—dx m=12,..

Because of the orthogonality all the d, = 0 except d3 and from the above integral
ds = 1. Hence the solution collapses to the single term

w(x,t) =sin 3%sm ?t

At x = 1/2 this becomes
W l,t =sin3—ﬂcos@t=— 3rc —t
2 2 | |
Atx=1/4

w(l,t\ = sins—ﬂcos%t = 0.707cos%t
VR .

Using the values for the piano string (I = 1.4, ¢ = 1188 m/s) w(l/4,t) is simply a
cosine of frequency 8000 rad/s and amplitude 0.707.



Problems and Solutions Section 6.3 (6.8 through 6.29)

6.8

Calculate the natural frequencies and mode shapes for a free-free bar. Calculate
the temporal solution of the first mode.

Solution:

Following example 6.31 (with different B.C.’s), the spatial response of the bar
will be

X(x) =asinox + b cosox

The boundary conditions are X '(0) = X'(1) =0. The expression for
X'"is X'(X) = oa cosox —obsin ox so at 0:

O=ca=a=0
at |
0=-obsinal, b= 0

so that ol = nmt or o = nm/l where n starts a zero. Hence the mode shapes are of the
form

X (X)=h cos@ forn=1,2,3,...and forn =0,

X,(X)=h, cos{oT” x} = b, a constant.
The temporal solution is given by eq. (6.15) to be

.0
c2T,(t)

so that the temporal solution of the first mode:
B(t) +0c°T (1) =0="&t) T (t)=b+ct



6.9

6.10

Calculate the natural frequencies and mode shapes of a clamped-clamped bar.

Solution: The calculation of the natural frequencies and mode shapes of a
clamped-clamped bar is identical to that of the fixed-fixed string since the
equations of motion are mathematically the same. The solution of this problem is
thus given at the beginning of section 6.2, but is repeated here: Applying
separation of variable to eq. (6.56) yields that the spatial variable must satisfy eq.
(6.59) of example 6.3.1, i.e., X(x) =asin ox+bcosox where a and b are
constants to be determined. The clamped boundary conditions require that X(0) =
X()= or

0=Db or X =asinox

0 = asincl or o =nmu/l
Hence the mode shapes will be of the form

Xn = anSinonX
Where o, = nm/l. The frequencies are determined from the temporal solution and
become

n E
0 =0 c=—]= n=123..
I'Yp

It is desired to design a 4.5 m, clamped-free bar such that the first natural
frequency is 1878 Hz. Of what material should it be made?

Solution: First change the frequency into radians:
1878 Hz =1878x2n rad/s=11800 rad/s
The first natural frequency is given computed in Example 6.3.1, Equation (6.63)
as
2r |[E E 41? 41°
n w2 T = (11800)*
T

=
T

= E 71310
Yo
in Nm/kg. Examining the ratios from Table 2.1 for the values given yields that

for Steel:
E B 2 % 1011
p 28x10°

Thus a steel bar with a length 4.5 meters will have a first natural frequency of
1878 Hz. This is something like a truck chassis.

=7.143%x 10" Nm/kg



6.11

6.12

6- 10

Compare the natural frequencies of a clamped-free 1-m aluminum bar to that of a
1-m bar made of steel, a carbon composite, and a piece of wood.

Solution:

For a clamped-free bar the natural frequencies are given by eq. (6.6.3) as

@en-1z [E
0 =—/|—
" 2l P

Referring to values of r and E from table 1.2 yields (for w;):

Steel
2.0x 10"
(2;[( 5 7?; 1%3 — 7,954 rad/s (1266Hz)
.0 X

Aluminum

[7.1x10°
(2;[( ok 7X 1003 — 8,055 rad/s (1282 Hz)
A X
9
(2;[( 1)«/2'?122 — 4,712 rad/s (750 Hz)
U X

Carbon composite (student must hunt for E/p and guess a little) from Vinson and
Sierakowski’s book on composites /E/ p = 3118 and

Wood

%(3118) = 4897 rad/s (780 Hz)

Derive the boundary conditions for a clamped-free bar with a solid lumped mass,
of mass M attached to free end.

Solution: At the clamped end, x = 0, the boundary condition is w(0,t) = 0 or X(x)
=0. Atthe end x = | the tensile force in the bar must be equal to the inertia force
of the attached mass. For an attached mass of value M, this becomes

2
EAaw(x,t) :_Ma W(Zx,t)
OX  |yey ot

x=1



6.13
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Calculate the mode shapes and natural frequencies of the bar of Problem 6.12.
State how the lumped mass affects the natural frequencies and the mode shapes.

Solution: Via separation of variables [i.e., w(x,t) = X(x)T(t)], the spatial equation
becomes (following example 6.3.1 for instance)

X(X) = asinox+bcoscx
Applying the boundary condition at x = 0 yields

X(0)=0=asin(0) +bcos(0) =b=00=Db
so the spatial solution reduces to X(x) = asinox. Now the second boundary
condition (see 6.12) involves time deviates so that w(x,t) = X(x)T(t) substituted
into the boundary condition EAW, = -Mw(l,t) becomes:

EAX'(1) Tt
EAX'(DT (t) = — MX (1) Tt =—
T () &t) = VXD - T
From equation (6.15) T T = —o%c?, so this boundary condition becomes
EA X'() 2.
=, - 1
M ox@  °°¢ @)

Substitution of X(x) = asinox and X'(x) = ac cosox into (1) yields
EA accosol 202

V asinol
or
oc’M
cotol =
EA

which describes multiple values of 6 = 6, N =1, 2, 3,... The frequency of
oscillation is related to o, by @, = o4, where ¢ =y E/ p. Let pAl =m be the

mass of the beam and rewrite cot(cl) as
| E/p)M wllc I M
cotalzcot[a)—”jza( p) :( n )-M—a)”—.
c m
This can be rewritten as

EA Apl c

acota=f

where B = m/M and a = myl/c. As the mass ratio 3 increases (tip mass increases)
the frequency increases. The mode shapes are proportional to sin o, where oy IS
calculated numerically from cot (cl) = (M/m)cl, similar to the calculation
showing in Figure 6.4. This is illustrated in the following Mathcad session.






6.14

Calculate and plot the first three mode shapes of a clamed-free bar.

Solution: The second entry of Table 6.1 yields the solution
. (2n-1)
X, (X) =sin—— nx
2/

which is calculated following the procedures out lined in Example 6.3.1. The plot
is given in Mathcad for the case ¢ = 1m.



6.15

6.16

Calculate and plot the first three mode shapes of a clamed-clamped bar and
compare them to the plots of Problem 6.14.

Solution: As in problem 6.14 the solution is given in table 6.1. The important
item here is to notice the difference between mode shapes from the plots of

. (2n-1 . . . .
smu x and sin (nzx/1). In particular notice the difference at the free end.

Calculate and compare the eigenvalues of the free-free, clamped-free, and the
clamped-clamed bar. Are the related? What does this state about the system’s
natural frequencies?

Solution:

Students can calculate these or just use the results listed in table 6.1. Note for | =
1

free-free 0, nc, 2xC...
nc 3ac 5ac
clamped-free —,—,—...
2 2 2

clamped-clamped rc, 2xrc, 3xncC...

so that the free-free and clamped-clamped values are a = shift from one another
with the clamped-free values falling in between: as the number of constraints
increases, the frequency increases.
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6.17 Consider the nonuniform bar of Figure P6.17, which changes cross-sectional area
as indicated in the figure. In the figure A1, E1, p1, and I, are the cross-sectional
area, modulus, density and length of the first segment, respectively, and A, E», p»,
and I, are the corresponding physical parameters of the second segment.
Determine the characteristic equation.

Solution: Let the subscript 1 denote the first part of the beam and 2 the second
part of the beam. The bar equation must be satisfied in each part so that equation
of motion is in two parts:
£ é’2W1(2><,t) ) é’zwl(zx,t) 0<x<,

X a

Aw,(xt)  Fw,(xt)
P =P Py

The boundary conditions are the two from the clamped-free configuration then
there are two more conditions expressing force and displacement continuity at the
point where the two beams join (x = /1). Follow the procedure of separation of
variables but this time keep the constant c in the spatial equation so that we may
write: wi(X,t) = Xa(X)T(t) and wa(x,t) = X2(x)T(t) where the function of time is
common to both beams. Then denoting o as the separation constant and
substituting the separated forms into the equation of motion yields:

cX(x) )

E
= =-0" O<x<l andc =,[— (1)
X (x)  T() Py

cXy(x) )

E
= =-o” |, <x<l andc,= [ (2
X,(x)  T(t) P,
In this way the temporal equation for both parts is the same (c does not depend on
which part of the beam and will show up in the characteristic equation). Solving
the two spatial equations yields:

EZ

b<X<l+l,=1(

. O (o)
(1)= X, =asin—x+a,cos—x 0<x</,
C1 C1

2)=>X,= assincE x+a4cos£x l<x<t
2 2

There are now 4 boundary conditions (one at each end and two in the middle)
which will yield 4 equations in the 4 coefficients a;. This set of equations must be
singular yielding the characteristic equation for o.
From the clamped end:

X,(0)= 0= a,sin(0) +a, cos(0) =0 3)
From the free end:

—£a4sini£ =0 4)

2 C2 C2
From the middle and enforcing displacement continuity at x = /;:

{4
X;(0)=0 :>C£ascosi
2

. O o) . O (o}
a,sin—/, +a,cos—/, = a,sin— ¢, +a,Ccos—/, (5)
C1 C1 CZ CZ



From the middle and enforcing force, equation (6.54) continuity at x = /4:
EA X)) = E,AX (1)
ol,

ol, 14

= ElA1C (a,cos— C1 L a,sin 1) E A2 (a3 cos&——a4s n—)
1 2 2

Equations (3) through (6) are 4 equatlons in the 4 unknowns a;. Writlng these in

matrix form as a homogeneous algebraic equation yields:

(6)

0 1 0 0
ol . ol -
0 0 Cos— —sin— a 0
CZ CZ
a, 0
sinZ| cos 2| —sinZ| —cos 2| B 0
c, c, ' c, c, %
a 0
E ol E . ol E ol E .ol |L 4
1Al cos 1 _ 1A1 sin 1 _ ZAZ cos 1 ZAZ sin 1
Cl Cl Cl Cl CZ CZ CZ CZ _

In order for the vector a to be nonzero, the determinant of the matrix coefficient
must be zero (recall chapter 4). This yields the characteristic equation (computed
using Mathcad):

.ol . ol ol, ol, ol
E,A,c,sin—*| sin—cos—=* —sin—+cos—
Cl CZ CZ CZ CZ
ol,| . o, . ol ol ol
=E,AC, cos—{sm —Lsin— + cos—*tcos— (7)
Cl 2 CZ CZ CZ
=
c ol ol ol . ol
EAG tan 2L {sm cos—* — cos—sin—1
1A1C2 Cl CZ CZ CZ CZ (8)
.ol . ol ol ol,
= sin—sin— + cos—cos—*
CZ CZ CZ CZ
Further simplifying yields
E AC ol, . o -1 o(l -1
dad Ltan—2sin a=1) =—C08u
ElAlCZ Cl CZ CZ
E,Ac [ -1
= 2A21tan Ltan ol =1,) =-1
ElAlCZ Cl CZ

Given the parameter values, equation (9) must be solved numerically for o,
yielding the natural frequencies.



6.18 Show that the solution obtained to Problem 6.17 is consistent with that of a
uniform bar.

Solution:

If the bar is the same, then E; = E; = E, p1 = p2 = p etc. and the characteristic
equation from (1) in the solution to Problem 6.17 becomes (I = 1;)

sanNS|n—cos f—sm—cosaﬂzcosdrsm £sin 2t +cos < cosiﬂ
cl ¢ ¢ c ¢/ cl ¢ ¢ c ]
. of ] .
:>smi(0)=cosirsm — +c0s’— o]
cl c ]
2 —1
=0= cos—(l) ot n2 V4
@2n-Yrn

so that o = @ = J7 which according to table 6.1 entry 2 is the

2l o)
frequency of a clamped-free bar of length | .

6.19 Calculate the first three natural frequencies for the cable and spring system of
Example 6.2.3 for I = 1, k = 100, T = 100 (SI units).

Solution:

For1=1, k=100 and t = 100 the frequency equation (6.51) becomes
tanc =-c

Using MATLAB the first 3 solutions are

o1 =0, 5, =2.029, 55 = 4.913. But zero is not allowed because of the
boundary conditions.
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6.20 Calculate the first three natural frequencies of a clamped-free cable with a mass of
value m attached to the free end. Compare these to the frequencies obtained in
Problem 6.17.

Solution:
Recall example 6.1.1. The force balance at the boundary x = I yields

w, (x, 1), = —mw, (I,t)

The boundary condition at x = 3 remains w(0,t) = 0. The equation of motion is
(6.8) or

C*W,, (X, 1) = Wy (X, 1)
Again, separation of variable w(x,t) = X(x)T(t) yields eq. (6.12) or

x')_ My _

X(x)  c’T(t)

The spatial equation is

X"+ 0" X(x)=0
which has solution X(x) = a; sin ox +a; cos ox. Applying the boundary
conditions yields X(0) = 0 or a, = 0. Substitution of X(x) = a; sin o»x into the
boundary condition at x = | yields

[a,7o cosot]T (t) = —-mT(t)a, sin of
But T{t)/ T(t) = o’c? so this becomes

to cosol = mo’c’

or that

n
tanol = — > (or cotal =—6)
moc Jo;

is the characteristic equation (see also table 6.1) with mode shape sin o,x. A plot
2

. . : mc
of their characteristic equation cos(ol) = i

frequencies relative to those of problem 6.16.

ol = I—rg(ol) yields the value of the



6.21

6.22
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Calculate the boundary conditions of a bar fixed at x = 0 and connected to ground
through a mass and a spring as illustrated in Figure P6.21.

Solution:

A free body diagram of the boundary is shown in Figure 1.

F(1L1)

ke w(l,f)
F(1L1)

Figure 1

Consider first the end of the rod, the force is related to the axial extension of the
rod though

ow(x,t)

F(l,t)=cA| =EA
( ) o-|x=l 8X

x=I

On the other hand, applying Newton’s second law to the mass yields

_ F(I,t)— kW(X,tjhl _ m%ﬁi)

x=I
Hence, this yields the following boundary condition

ow(x,t)
OX

. ow(x,t)
ot

- —EA

x=I

—kw(xt) _,

x=I

Calculate the natural frequency equation for the system of Problem 6.21.
Solution:

The boundary condition at x = 0 is just w(x,t)|x=0 = 0. Again from separation of
variables

™t)/ T(t) = —c’c?, X(x) = asin ox + b cosox
Applying the boundary condition at 0 yields X(0) = 0 = b, so the spatial solution

will be of the form X(x) = a sin ox. Substitution of the separated form w(x,t) =
X(X)T(t) into the boundary condition at | yields (from problem 6.21)



mX (1)) = —kX ()T (t) — EAX' (DT (t)
Dividing by T(t), and substitution of ™/ T = —%c* and X = a sin ol yields

EAc

-EAccosol = (-mo’c’ +k)sinol or tanol =-————— isthe
kK —mo“c

frequency or characteristic equation. Note that this reduces to the values given in
Table 6.1 for the special case m = 0 and for the case k = 0.
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Estimate the natural frequencies of an automobile frame for vibration in its
longitudinal direction (i.e., along the length of the car) by modeling the frame as a
(one-dimensional) steel bar.

Solution:

Note: The fundamental frequency of an automobile is of primary importance in
assuming the quality of an automobile. While an automobile certainly has
numerous modes, its fundamental frequency apparently has a large correlation
with the occupants perception of quality. The fundamental frequency of a
Mercedes 300 series is 25 Hz. Infinity and Lexus have frequencies in the low
twenties. This problem has no straightforward answer. Students should think
about their own cars or that of their family. For steel p = 7.8 x 10% kg/m? E = 2.0
x 10 N/m. For a Ford Taurus | = 4.5 m and assume the width to be 1 meter.
The frequency equation in Hertz of a free-free beam is (excluding the rigid body
mode)

o2 E 562 Hy, 1125Hz..
2z 1 Y p

where n = 1,2,... The frequency measured by auto engineers is froma 3
dimensional finite element model and modal test data. The frequency most felt is
probably a transverse frequency.



6.24

Consider the first natural frequency of the bar of Problem 6.21 with k = 0 and
Table 6.2, which is fixed at one end and has a lumped-mass, M, attached at the
free end. Compare this to the natural frequency of the same system modeled as a
single-degree-of-freedom spring-mass system given in Figure 1.21. What
happens to the comparison as M becomes small and goes to zero?

Solution:

From figure 1.21, k = EA/I is the stiffness of a cantilevered bar. Hence the
frequency is

o =Nk/m= %

for the bar with tip mass m modeled as a single degree of freedom system. Now
consider the first natural frequency of the distributed mass model of the same
structure given in the last entry of table 6.1.

LA 4 [E
Lo I\ p

- m . : :
where A, satisfies cot A, = [mjﬂi This last expression can be written as

A, tan Al(%d) since A1 = mil/c,
C c m

Now for small, or negligible beam mass, ¢ becomes very large 6: =E/ p) and

w1l/c becomes small so that tan 6 can be approximated as 0. Then this last
expression becomes

N2 pAl EA
(&) LA o = /_
C m Im

in agreement with the single degree of freedom values of figure 1.21. As the tip
mass goes to zero, the equation for figure 1.21 does not appear to make sense.
The equation for m; however reduces to that of a cantilevered beam, i.e., o, =
nc/21 since the frequency equation returns to wy(l/c) = 0.
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Following the line of thought suggested in Problem 6.24, model the system of
Problem 6.21 as a lumped-mass single-degree-of-freedom system and compare
this frequency to the first natural frequency obtained in Problem 6.22.

Solution: Note that the system of figure P6.21 is a mass connected to two springs
in parallel if the bar is modeled as spring. The stiffness of a bar is given in

Chapter 1 to be
EA

Koy =—
ar /g
The equivalent stiffness is just the sum, so that the equation of motion is
my¥+ (E + k)x =0
l

Thus the natural frequency of the bar and spring of figure P6.21 modeled
as a single degree of freedom system is just
EA k
n= A -, +—
mé m
The first natural frequency of the system treated as a distributed mass systems is
given by the characteristic equation given in the solution to problem 6.22. To
make a comparison, chose some specific values. For a 4 m aluminum beam
connected to 1000 kg mass through a 100,000 N/m spring the value is given in the
following Mathcad session:

Note for the
parameter
values chose
the frequency
of the lumped
mass model is a
little less then
the actual value.
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6.26  Calculate the response of a clamped-free bar to an initial displacement 1 cm at the
free end and a zero initial velocity. Assume that p = 7.8 x 10° kg/m®, A = 0.001
m?, E=10" N/m? and | = 0.5 m. Plot the response at x = | and x = /2 using the
first three modes.

Solution:

The initial conditions are w(x,t) = 0.015(x-1) and wi(x,0) = 0 and the boundary
conditions are w(0,t) = 0 and wx(l,t) = 0. From example 6.3.1 the mode shapes are

(2n—1

sink o )nx and the natural frequencies are

o, = (Zn _1)‘/E _ (2n-1)(1132.38)
P

2|

The solution is given in example 6.3.2 as

w(x,t) = Z (c,sinw,t +d. cosw,t)sin (2 n2I— 1) -

so that the velocity is

< . . (2n-1
wt(x,t)zZ(a)ncncoswnt—dna)nsma)nt)sm( o )nx
n=1

Using wy(x,0) = 0 then yieldsc, =0 forn=1, 2, ..., so that

2n-1
2l

0.015(x — 1) = Y_d, cose,tsin 7

2m-1

Multiplying by sin nx and integrating from O to | yields

)nxdx = cmj':)sin Z(Zm — 1)nxdx

I _(2m
0.01'[05(x—l)3|nk i

using the orthogonality of sin o,x..

0.01sin 2"

r=c,—, m=123..
2

so that ¢, = (.02)(-1)™" /1 = (.004)(-1)™* and the solution is



w(x,t) = Z”‘,(.004)(—1)"*1 sin[(2n —1)(1132.28)t]sin(2n — 1)z

n=1

Forn=3and x=0.5,

w(0.5,t) = (.004)[sin 1132.28t — 0 —sin 33968t]

Forn=3and x=1/2=0.25

w(25,t) = (.004)[.707sin 1132.28 — sin 2264.56t + .707sin 3396841]

These are plotted below using Mathcad:
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Repeat the plots of Problem 6.26 for 5 modes, 10 modes, 15 modes, and so on, to
answer the question of how many modes are needed in the summation of equation
(6.27) in order to yield an accurate plot of the response for this system.

Solution: The following plots in Mathcad illustrate that it takes 10 modes to
capture the behavior of this series, by plotting the formula of 6.26.
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6.28 A moving bar is traveling along the x axis with constant velocity and is suddenly
stopped at the end at x = 0, so that the initial conditions are (x,0) = 0 and w(x,0) =
v. Calculate the vibration response.
Solution:

Model the bar as a free-free bar. Then from Table 6.2 the natural frequencies are
nzc/l and the mode shapes are cos(nzx/l). Thus the solution is of the form

w(x,t) = Y (A,sinw,t+ B, cosm,t)cos(nax/l)

n=1
Using the initial condition w(x,t) = 0 yields that B,=0forn=1, 2, 3,..., i.e.
w(x,0)= 0= Y B, cos(nzx/1)

which is multiplied by cos(nzx/l) and integrated over (0,1) using orthogonality to
get B, = 0. Next differentiate

w(x,t) =D A sinw tcosnax/l
to get wy(x,t), then set t = 0 to use the second initial condition.
w, (x,0) = X A w, cos(0) cos(nzx /1)

Modeling the initial velocity as vd(x), multiplying by cos mzx/l and integrating
yields

LIJS(X)vcos(nnx/I)dx=a)ng)An, or A, = N

lo,

so that

w(x,t) = % i&) sin(nT”Ct) sin(@)

Note that Thomson uses a form of this problem as example 3 of section 5.3, but
he models the moving beam as having a clamped free rather than free-free
boundary. What do you think?
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Calculate the response of the clamped-clamped string of Section 6.2 to a zero
initial velocity and an initial displacement of wy(x) = sin(2nx/l). Plot the response
atx=1/2.

Solution:

The clamped-clamped string has eigenfunction sin nzx/l and solution given by
equation (6.27) where the unknown coefficients c, and d, are given by equation
(6.31) and (6.33) respectively. Since w, =0, equation 6.33 yieldsc, =0, n =
1,2,3.. with wp = sin(2zx/1),

d =—f [[sin(27x/ sin(nax /1)dx

which is zero for each n except n =2, in which case d, = 1. Hence
w(X,t) =sin(2zct /1) sin(2zx /1)

Forx=1/2
w(l /2,t) =sin(2zct /1)

which has a well known plot given in the following Mathcad session using the
values for a piano wire.



Problems and Solutions Section 6.4 (6.30 through 6.39)

6.30

Calculate the first three natural frequencies of torsional vibration of a shaft of
Figure 6.7 clamped at x = 0, if a disk of inertia Jo = 10 kg m%/rad is attached to the
end of the shaft at x=1. Assumethat1=0.5m,J=5m* G=25x10°Pa, p =
2700 kg/m°.

Solution:The equation of motion |S§‘— 0" . Assume separation of variables:
Yo
p& ¢

0 =¢(X)q(t)to get p&= %qﬁ”q or EH = ? = —o” so that

&Eazqzo and ¢" + o’ =0
ol

where »® = Eaz. The clamped-inertia boundary condition is 8(0,t) = 0, and
Jol

-GJo'(l,t) = Joﬂl,t). This yields that ¢(0) =0 and

GJg'(Da(t) = Jp(l)dkt) = Jo¢(|)%GZQ(t)

o 3¢(1)=3,Zg()
o)

The solution of the spatial equation is of the form

#(x) = Asinox + Bcosox

but the clamped boundary condition yields B = 0. The inertia boundary condition
2

JAccosol = J, Z_ psinol
Yo

Jpol 1 ( 5m*
J ol ol LlOkg m?
So the frequency equation is

yields

tanol = J (2700kg/m*)(0.5m)

tanol = 575
ol
Using the MATLAB function fsolve; this has the solutions
ol =1.5685 o, =3.1369
o,l=4.7054; or 1o,=9.4108
o,l =7.8424 o, =15.6847
Thus o = 3018.5rad/s = f; = 480.4 Hz

o =9055.6 rad/s = f, =1441.2 Hz
w3z = 15092.6 rad/s = f3 =2402.1 Hz



6.31 Compare the frequencies calculated in the previous problem to the frequencies of
the lumped-mass single-degree-of-freedom approximation of the same system.

Solution:

First calculate the equivalent torsional stiffness of the rod.

k_gi_(zsxlem
o 0.5
J &= ko

J & ko=0
1084 25x10°90=0 or &+ 2.5x10°0=0

=25x10%

so that o = 2.5 x 10°, @=5 x 10° rad/s or about 80,000 Hz, far from the 482 Hz
of problem 6.30.



6.32 Calculate the natural frequencies and mode shapes of a shaft in torsion of shear
modulus G, length I, polar inertia J, and density p that is free at x = 0 and
connected to a disk of inertia Jo at x = I.

Solution:

Assume zero initial conditions, i.e. 6(x,0) = §(x,0): 0. From equation 6.66

(1) _ (G)*0(x.1)

1
ot? L pJ OX? @)
The boundary conditionat x =landatx=01s
2
GJ o0(l,t) 3, o°0(l,t) 00(0,t) 0
OX ot? OX
Using separation of variable in (1) of form 6(x,t) = ®(x)T(t) yields:
0"(x) _i@__az (2)

O(x) c’T()

G . . .
where ¢* = — and o is a separation constant. (2) can now be rewritten as 2
Jol

equations

O"(X)+c°0(x)=0
M®t)+ o T()=0o>w=0=0 &
P

from the boundary condition at x = |

GJIO'(NT(t) = -J,0(1) &)
sen Ry

J, o) T@)
PN Ko
@(I)—GJPGG)— i (1)

The boundary condition at x = 0 yields simply ®'(0) =0. The general solution is

of the form



@(x): a,sinox +a,cosox so that © (x): a,0C0SoX —a,osinoX

The boundary conditions applied to these solutions yield:

: J,o°
@’(I)z aocosol—aosinol = 36

[a;sincl +a,cosol]

2

J o . . J o
cosol — —2—sinol |=a, | sincl + —2—cosol

Ch 2

Jp Jp
®'(0)=a0=0->a=0

J
a{sinau OO-COSO'q:O

Jp

For the non-trivial solution of this last expression, the coefficients of a, must
vanish, which yields

J
tanocl=——"0o
Jp

This must be solved numerically for ¢ (except for the rigid body case of ¢ = 0)
and the frequency is calculated fromw = 0'\/§ . The mode shapes are ©(X) = a,
Yo

cos ox. Note the solution for o is illustrated in figure 6.4 page 479 of the text.



6.33

Consider the lumped-mass model of Figure 4.21 and the corresponding three-
degree-of-freedom model of Example 4.8.1. Let J; = k; = 0 in this model and
collapse it to a two-degree-of-freedom model. Comparing this to Example 6.4.1,
it is seen that they are a lumped-mass model and a distributed mass model of the
same physical device. Referring to Chapter 1 for the effects of lumped stiffness
on a rod in torsion (kz), compare the frequencies of the lumped-mass two-degree-
of-freedom model with those of Example 6.4.1.

Solution: From Mathcad:
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The modulus and density of a 1-m aluminum rod are E = 7.1 x 10'° N/m?, G = 2.7
x 10" N/m?, and p = 2.7 x 10° kg/m®. Compare the torsional natural frequencies
with the longitudinal natural frequencies for a free-clamped rod.

Solution:

The appropriate boundary conditions are: 6'(0,t) =0 and 6(1,t) = Ofor the rod and
w’(0,t) = 0= w(l,t) for the bar. The separated equations are

(G, (G,
Be( )0 and ol )0
@J{%} c’q=0and ¢" +c’¢=0

Solutions are

q,=Asino t+B coso t and ¢ =C sino x+D_cosc X

where o’ = Eaﬁ. But ¢'(0) =0 so that C, = 0. The other boundary condition
Jol

yields ¢n(l) = Dncos onl = 0 so that

6J=Qm§9£, n=12,..

Thus the torsional frequencies are

E
a)n= _o-n
P
where
@2n-)x
o =——F——
n 2l

From the values given \/E = 3162 m/s and \/E: 5128 m/s. Thus the natural
P P

frequencies of the longitudinal vibration are 1.6 times larger than the torsional
vibrations.



6.35

Consider the aluminum shaft of Problem 6.32. Add a disk of inertia Jo to the free
end of the shaft. Plot the torsional natural frequencies versus increasing the tip
inertia Jo of a single-degree-of-freedom model and for the first natural frequency
of the distributed-parameter model in the same plot. Are there any values of Jo
for which the single-degree—of-freedom model gives the same frequency as the
full distributed model?

Solution:

Refer to problem 6.32 of the rod clamped at x = 0 with inertia Jo at x = I. The sdof
model of the frequency is given in example 1.5.1 as

/GJ
0= |—
1J,
where G = torsional rigidity, J = polar moment of inertia of the rod of length | and

Jo is the disc inertia. The first natural frequency according to distributed
parameter theory is given in problem 6.30 as the solution of

tan0/2=—i, a)zaE
oJ, o)

which will have a solution for a given value of Jo equivalent to that of the sdof
system.



6.36  Calculate the mode shapes and natural frequencies of a bar with circular cross
section in torsional vibration with free-free boundary conditions. Express your
answer in terms of G, |, and p.

Solution:

The separated equations are @&+ {E az} g=0and ¢" +c°¢=0
Jol

where o = \/Ean. Thus
Jo,

q,=Asino t+B coso t and ¢ =C sino x+ D _cosc X
The boundary conditions are

¢,(0)=0
¢, (1)=0

But ¢/ =C o cosc x—D o sinc x sothat ¢'(0)=0=C_ =0 and the
frequency equation becomes ¢’ (1) =0=-D, o sino 0. This has the solution

Nz
o l=nz or an:T. Hence

n n7Tx
o = ETH and ¢n(x):cos%.
Yo



6.37 Calculate the mode shapes and natural frequencies of a bar with circular cross
section in torsional vibration with fixed boundary conditions. Express you answer
in terms of G, |, and p,

Solution: From equation 6.66
’0(xt) (G)a’ox.t)
ot \p) ox
Assume a solution of the form 6(x,t) = ®(x)T(t) so that

o(x)t) = %@"(x)T (t)

Separate where o” is the separation constant and ¢ = —
Yo

o) 1Ry __ .
O(x) c*T()

or @"(x)+c20(x)=0 and T&t)+ o’c’T(t)=0 where @ = \/Ea. The
o)

boundary conditions for a fixed-fixed rod are ®(0) = 0 and &(l) = 0 from the
solution of the spatial equations

©(0)=a,=0
@(I) a sinol =

For the non-trivial solution

sincl=0

natural frequency

o= BT 10

p |

mode shape

@(x)= alsinnl—ﬂx, n=0,12,..



6.38 Calculate the eigenfunctions of Example 6.4.1.
Solution:

From example 6.4.1 the eigenfunctions are
. ( ol, .
O (x)=asinc x+a,coso x or® (x)= A L——Jsm o X +C0S anxJ
Yo

where o, are determined by equation 6.8.4.

6.39  Show that the eigenfunctions of Problem 6.38 are orthogonal.

Solution:

Orthogonality requires j;en(x)em(x)dx =0, m=n. Fromdirect calculation

.[I{—p—\]sma X + COS o XA—ﬂsma X+coso X |dx
{GJ\ J'smo xsino_xdx

od, ¢! i od, . .
——j Sino XSino xdx——J' sino_xsino xdx
p\] 0 n m p\] 0 m n

|
+ j COS G, XCOS o XdX
0 m

where each integral vanishes. Also one can use the same calculation as problem
6.3 since the natural frequencies have distinct values.



Problems and Solutions Section 6.5 (6.40 through 6.47)

6.40

Calculate the natural frequencies and mode shapes of a clamped-free beam.
Express your solution in terms of E, I, p, and I. This is called the cantilevered
beam problem.

Solution:

Clamped-free boundary conditions are
w(0,t)=w (0,t)=0 and w_(I,t)=w__ (I,t)=0
assume E, I, p, | constant. The equation of motion is

o*w [ El)o*w
—_— | — | — =
o\ pA) ox*

assume separation of variables w(Xx,t) = ¢(x)q(t) to get

The spatial equation becomes

2

define B* = % so that ¢ — B'¢ =0 which has the solution:

¢ = C_ sin Bx + C, cos x + C_sinh Bx + C, cosh X

Applying the boundary conditions
w(O,t)=w (0,t)=0 and w_(I,t)=w_(I,t)=0=
¢(0)=¢'(0)=0 and ¢"(I)=¢"(1)=0
Substitution of the expression for ¢ into these yields:
C,+Cs=0
Ci+C3=0
—C,sin gl - C,cos Bl + C,sinh gl + C, cosh gl =0
—C,cos Bl + C,sin Bl + C, cosh Bl + C, sinh gl =0
Writing these four equations in four unknowns in matrix form yields:



1
o

0 1 0 1 1

1 0 1 0 C, | _ 0
—sinBl  —cosBl sinh Bl coshpl || c,
—cospl singl coshpl sinhpl | c,

For a nonzero solution, the determinant must be zero to that (after expansion)

—sin Bl —sinh gl —cos Bl —cosh |
—cospl—coshp sinBl—sinhp |
(=sin gl —sinh gl)(sin gl —sinh gl) —
(—cos gl — cosh pl)(—cos gl —cosh gl) =0

1

Thus the frequency equation is cos Sl cosh Bl = -1 or cos B | = - and
cosh |
. BEI
frequencies arew = ”A . The mode shapes are
P

¢ =C, sing x+C, cospB x+C_ sinhp x+C, coshp x
Using the boundary condition information that C, =-C, and C, =-C, yields

—C,sin gl - C, cos Bl — C_ sinh gl — C, cosh gl
—C,(sin gl +sinh gl) = C, (cos gl + cosh l)

so that

_ ¢ (cos Bl + cosh Al )

C =
! ZL sin Bl + sinh gl

and the mode shapes can be expressed as:

(cosB1+coshpl)
- = a +C_OS b, sin B8 X +cos B.x
sm,b’nl+5|nh,BnIJ " "

9,=-C,,

N (cosf | +cosh |
sing l+sinh g | J

sinh B x —cosh 3 X



6.41

Plot the first three mode shapes calculated in Problem 6.40. Next calculate the
strain mode shape [i.e., X'(x) ], and plot these next to the displacement mode

shapes X(x). Where is the strain the largest?

Solution: The following Mathcad session yields the plots using the values of 3
taken from Table 6.4.

The strain is largest at the free end.



6.42

Derive the general solution to a fourth-order ordinary differential equation with
constant coefficients of equation (6.100) given by equation (6.102).

Solution:

From equation (6.100) with 8* = pAw® / El , the problem is to solve

X" — B*X =0. Following the procedure for the second order equations
suggested in example 6.2.1 let X(x) = Ae* which yields

(A*- B Jre™ =0 or 2°=p*
This characteristic equation in A has 4 roots

A=—p,p,—=pJ, and §]

each of which corresponds to a solution, namely A;e™, Ae”™, Ase™ and A,
The most general solution is the sum of each of these or

X(x)=Ae ™+ Ae™ + Ae "+ Al (a)

Now recall equation (A.19), i.e., e’ = cos Bx + jsin Bx, and add equations (A.21)

to yield e”* =sinh Bx + cosh Bx. Substitution of these two expressions into (a)
yields

X(x) = Asin x + Bcos x + Csinh gx + D cosh x

where A, B, C, and D are combinations of the constants A;, A,, Az and A4 and may
be complex valued.



6.43 Derive the natural frequencies and mode shapes of a pinned-pinned beam in
transverse vibration. Calculate the solution for wy(x) = sin 2zx/l min and

\§; (X) = 0.

Solution: Use w(x,t) = ¢(x)q(t) in equation (6.29) with (x,0) = 0 or &0) = 0.
Then the temporal solution g = A sin ot + B cos ot with &0) = 0 yields A = 0.
The spatial solution is ¢ = C; sin fx + C; cos px + Cs sinh px + C4 cosh fx where
2
B = % The boundary conditions become
$(0)=¢"(0)=¢(l) =¢"(I)=0
Applied to ¢(x) these yield the matrix equation

0 1 0 1 |G

0 -1 0 1 C,| 0
singl  cospl sinhpl coshpl | C,
—sinpl —cospl sinh gl cosh gl C,

But C,+C,=0and-C,+C, =0s0C, =C, =0and this reduces to

singl sinhg || C | 0
—sinf sinhg || C, -
or sin Sl sinh gl + sin gl sinh gl =0,
_Clsin,BI

C,= sinh Bl and —C sin Bl - C sin gl =0 so that the frequency equation
i

becomes sin gl = 0 and thus S\l = nz, n=1,2,3,... and S, :nTﬂ, n=1223,...50

2
that C; = 0 and the frequencies are @ = {nTﬂ} E—L with mode shapes ¢n(x) =
Yo

Cin Sin SBux. The total solution is the series w(x,t) = ZL {,Bn coswntsinﬁnx}.

Applying the second initial condition yields w(x,0) = sin@ = z;ﬁnsing

and therefore
0 n=1

B, = n=34,..
1 n=2



so that

. 271X
w(x,t) = coswztsm%



6.44  Derive the natural frequencies and mode shapes of a fixed-fixed beam in

transverse vibration.

Solution: Follow example 6.5.1 to get the solution in the 5™ entry of table 6.4.
The spatial equation for the transverse vibration of a beam has solution of the
form (6.102)

X(x) = a sin Bx + a, cos Bx + a,sinh Bx + a, cosh Bx
where 8* = pAw® / EI. The clamped boundary conditions are given by equation
(6.94) as X(0)= X"(0)= X(I)= X"(1)=0. Applying these boundary conditions
to the solution yields

X(0)=0=4a/(0)+a,(1)+a,(0)+a,(1) (1)
X'(0) = 0= pa(1) - pa,(0) + Ba,(1) + pa,(0) )
X(1)=0=asinpl +a,cos Bl + a,sinh gl + a, cosh Al (3)
X'(I)=0= Ba, cos Bl — pa, sin Bl + pa,cosh Bl + Ba, sinh Sl
(4)
dividing (2) and (3) by g = 0 and writing in matrix form yields
0 1 0 1 Jla] fo
1 0 1 0 a, 0

singl cospl sinhpl coshpl || a 0
cospl —sinpl coshpl sinhpl || a 0

The coefficient matrix must have zero determinant for a nonzero solution for the
an. Taking the determinant yields (expanding by minors across the top row).

sinh? Bl — cosh?® Bl —sin Bl sinh Sl + cos Bl cosh Bl +
cos Bl cosh Bl sin Bl sinh Bl —sin® Bl —cos® Bl =0

which reduces to
—1+2cosplcoshpl —1=0 or cosplcoshpl =1

since sinh? Al — cosh? Al = -1 and sin® x + cos® x = 1. The solutions of this
characteristic equation are given in table 6.4. Next from equation (1) a, = -a4 and
from equation (2) a; = -a3 so equation (3) can be written as

—a,sin Bl —a, cos Bl + a,sinh Bl + a, cosh gl = 4
Solving this for as yields
(cos Bl —cosh Al )
4L sinh Bl —sin gl
Recall also that a; = -as. Substitution into the solution X(x) and factoring out a4
yields

(‘cos Bl —cosh Bl ) /. .
sin i —sinn 1 ) G = sinfx)

in agreement with table 6.4. Note that a, is arbitrary as it should be.

X(x) = a, cosh x — cosh x —




6.45 Show that the eigenfunctions or mode shapes of Example 6.5.1 are
orthogonal. Make them normal.

Solution:
The easiest way to show the orthogonality is to use the fact that the eigenvalues

are not repeated and follow the solution to problem 6.2. The eigenfunctions are
(table 6.4 or example 6.5).

X (x)=a {cosh,an —Co0sB Xx-o, (sinh,an - sinﬁnx)}

Note that the constant a, is arbitrary (a constant times a mode shape is still a mode
shape) and normalizing involves choosing the constant a, so that j X X dx=1.
Calculating this integral yields:

a’ jol {:osh2 B x—2cos B xcosh B x +cos’ B x
- 20, (sinh BXx— sin,anXcosh B.x— cos,an)
+o? (sinh2 B x— 2sin B xsinh B x + sin’ ,an)}dx

SO

1:a2|:i(sinh2,8nl+sin2,8nl\ iy I}
n ﬁn 4 n

- —(smh,BIsm,BI+cos,BIcosh,BI)— cos? 3| +cosh 24 |

+smh,8|(sm,8I+cos,8|)—cosh,8|(cos,6 —sinB 1)
+$|:smh Bl-sin2p |
B,

2 —1-sing Isinh B | +cosh B lcos B, |

So denoting the term in [ ] as  and solving for a, = 1/\/Z yields the
normalization constant.



6.46

6.47

Derive equation (6.109) from equations (6.107) and (6.108).
Solution:

Using subscript notation for the partial derivatives, equation (6.108) with f =0
yields an expression for ¢_, i.e.

@, =(kAGW_— pAw,)/k>AG €)]

Equation (6.107) can be differentiated once with respect to x to yield a middle
term identical to the first term of equation (6.108). Substitution yields

Elp,_+pAw, =plo (b)

Equation (a) can be differentiated twice with respect to time to get an expression
for ple  interms of w(x,t) which when substituted into (b) yields

Elp, +pAwW, = plw _ — (pzl /KZG)/\/tttt

The first term Elg _ can be eliminated by differentiating (a) twice with respect
to x to yield

El (*AGW,,, — pAW,, J pAW, = K*AGW, , — pAEIW,,
when substituted into (c). This is an expression in w(x,t) only. Rearranging terms
and dividing by x’AG yields equation (6.109).

Show that if shear deformation and rotary inertia are neglected, the Timoshenko
equation reduces to the Euler-Bernoulli equation and the boundary conditions for
each model become the same.

Solution:

This is a bit of a discussion problem. Since pl is the inertia of the beam in
rotation about ¢ the term plwy represents rotary inertia. The term
(pIE/K*G)Wyy is the shear distortion and the term (p’1/K*G)Wyyy is @ combination
of shear distortion and rotary inertia. Removing these terms from equation
(6.109) results in equation (6.92).



Problems and Solutions Section 6.6 (6.48 through 6.52)

6.48

Calculate the natural frequencies of the membrane of Example 6.6.1 for the case
that one edge x = 1 is free.

Solution:

The equation for a square membrane is

)

Wﬁ-l-Wyy ZngnJ

with boundary condition given by w(0,y) = 0, wx(l,y) = 0, w(x,0) = 0, w(x,l) = 0.
Assume separation of variables w = X(x)Y(y)q(t) which yields

X_+Y_=ii&:—a)2 where c=+/p/1
X Y c%q

Then
&Czwzqzo

is the temporal equation and

RS S S
X Y

yields
X"+a’X =0
Y"+y% =0

as the spatial equation where ¥ = o — o and &’ = o + *. The separated
boundary conditions are X(0) =0, X'(l)=0and Y(0) = Y(I) = 0. These yield

X = Asinax + Bcosax
B=0
Acosal =0
ol (2n-x

" 2

2n-Dx

o =——

" 2l



Next Y = C sin yy + D cos py with boundary conditions which yield D = 0 and C
sind=0. Thus

y, = mnl

and for I =1 we get a, = ﬂ,for;/m:mn nm=1,23,...

(2n-1)
2

2 2
a)nm_an+7/m_ 4 4

o o] @ v,

,_@n-0'at o {(2n—1)2 +4m2}[2

So that

o =y(2n-17 +am* Z

are the natural frequencies.



6.49
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Repeat Example 6.6.1 for a rectangular membrane of size a by b. What is the
effect of a and b on the natural frequencies?

Solution:

The solution of the rectangular membrane of size a x b is the same as given in
example 6.6.1 for a unit membrane until equation 6.13.1. The boundary condition
along x = a becomes

Asinaasinyy + A sinaacosyy =0
or
sinaa(A —sinyy+ A,cosyy)=0

Thus sin @a =0 and @a = nzror a=nzala, n =1, 2,... Similarly, the boundary
conditions along y = b yields that

nrx
=123
"=

Thus the natural frequency becomes
o, =mvyan’+b’'m’ nm=123,..

Note that anm are no longer repeated, i.e., o,, # @,,, etc.



6.50 Plot the first three mode shapes of Example 6.6.1.

Solution: A three mesh routine from any of the programs can be used. Mathcad
results follow for the 11, 12, 21 and 31 modes:






6.51 The lateral vibrations of a circular membrane are given by
Fo(r,¢,t) +15a)(r,¢,t) +i&2a)(r,¢,t) _ p Fo(r.g.1)
or? r or r’  apor A, &
where r is the distance form the center point of the membrane along a radius and

¢ is the angle around the center. Calculate the natural frequencies if the
membrane is clamped around its boundary at r = R.

Solution:

This is a tough problem. Assign it only if you want to introduce Bessel functions.
The differential equation of a circular membrane is:

FW(rg)  1W(rg) 1 W)
or? r or r’ oy

(
Fele

+pW(r,¢)=0

2 (4]

)’ T
<) T

Assume:
W (r,¢) = F(r)G(¢)
The differential equation separates into:

d’G

d¢2+m2G=0

dF, [ 2
dF+1 ,B—m—F 0
dr? rdr rJ

Since the solution in ¢ must be continuous, m must be an integer. Therefore
G, (¢)= B, sinmg+B, cosmg

The equation in r is a Bessel equation and has the solution
F.(r)=B,,J.(Br)+B,Y, (Br)

Where Jn(8r) + Ym(Br) are the m™ order Bessel functions of the first and second
kind, respectively. Writing the general solution F(r)G(¢) as

W (r,¢)=A_J_(Br)sinmg+ A _J_(Br)cosme
+A, Y (Br)sinmg+ A Y _(Br)cosme
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Enforcing the boundary condition
W (R,¢)=0 m=0,12,..

Since every interior point must be finite and Y(fr) tends to infinity asr — 0, Asn
=Am=0. Atr=R

W (R,¢)=A_J (BR)sinmp+ A J (BR)cosmg =0
This can only be satisfied if
J (BR)=0 m=12,..

For each m, Jn(BR) = 0 has an infinite number of solutions. Denote Sm, as the nth
root of the mth order Bessel function of the first kind, normalized by R. Then the
natural frequencies are:

Discuss the orthogonality condition for Example 6.6.1.
Solution:

The eigenfuncitons of example 6.6.1 are given as
X (X)Y (y)=A _sinmzxsinnzy
Orthogonality in this case is generalized to two dimensions and becomes
j:j: A qu sinmzxsinnzysin prysingzydxdy =0 mn= pg
Integrating yields

A A j:sin nzzxsin pnxdxj':sin mzgsin gydy

nm- pq

_a A | Sin(n-p)zx sin(n+ p)nx}{sin(m—l)nx _sin(m+ p)zx
"ML 2(n-p) 2(m+ p) 2(m-q) 2(m+ p)



6- 52

Evaluating at x = 0 and x = 1 this expression is zero. The expression is also zero
provided n = p and n # q illustrating that the modes are in fact orthogonal.



Problems and Solutions Section 6.7 (6.53 through 6.63)

6.53 Calculate the response of Example 6.7.1 for |=1m, E = 2.6 x 10" N/m® and p =
8.5 x 10° kg/m®. Plot the response using the first three modes at x = 1/2, 1/4, and
31/4. How many modes are needed to represent accurately the response at the
point x = 1/2?

Solution:

= (10.02 A
w(x,t) = ZL ?20 - (—1)”*1J e "' cosw, tsino X
n=1 o,

Where

@2n-x
o =—
" 21

/E
o =0 |—
Jol

o, =0.99990,
Forl=1m

E =2.6x10" N/m?
p=85x10% kg/m®

L I 1 3l
Response using first three modes at x = 12 plotted below.
I
Three modes accurately represents the response at x = > The error between a

three and higher mode approximation is less than 0.2%.






6.54 Repeat Example 6.7.1 for a modal damping ratio of £, = 0.01.

Solution: Using £, = 0.01 and the frequency given in the example

—o 1-2 =09%0 , © = 2n- 1( \f

The time response is then T (t) = A e’““’”tsm(a) t+¢ ) and the total solution is:

(2n-1) -
21

w(x,t) = iA e "' sin(w, t+ ¢ )sin
The initial conditions are: )
w(x,0)=0.01|i m and w,(x,0)=0
Therefore:
0.01|i = A sing sinc X

Multiply by sinomx and integrate over the length of the bar to get

( )m+1

0.01—— I _Amsinqula m=12.3,..

m

From the velocity initial condition
w,(x,0) =0 = i A[ 01w sing +, cosg, |sino,x
Again, multiply by sinonx ar:(:j1 integrate over the length of the bar to get
A (-0.1o sing +o cos¢n)|5 =0

Since An is not zero this yields:

sin 1-¢°
tang = i = S =90.9499 = ¢ =1.4706 rad =84.3°
" cosg 0.1 "
Substitution into the equation from the displacement initial condition yields:
0.01 1 0.0201
A — _1 m+1 — _1 m+1

The solution is then

(2n-1) X

w(x,t) = 2001( ™ te ™ sin(w, t+ 4, )sin o

IZZ
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6.55 Repeat Problem 6.53 for the case of Problem 6.54. Does it take more or fewer
modes to accurately represent the response at 1/2?

Solution: Use the result given in 6.54 and
I=1m
E =2.6 x10" N/m?
p=8.5x10°% kg/m®

The response is plotted below atx = . An accurate representation of the

Al®

(I
4 ) 2 )
response is obtained with three modes. The error between a three mode and a
higher mode representation is always less than 0.2%. The results here are from
Mathcad:
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6.56 Calculate the form of modal damping ratios for the clamped string of equation
(6.151) and the clamped membrane of equation (6.152).

Solution:

(a) For the string:
pW, +ywW —tw =0
P&t yp&e— 74" =0

P& & 9"
7q Tq ¢

& )e (<)oo

¢" + o*¢ = 0which has the solution ¢ = Asinox + Bcosox. The boundary

conditions ¢(0) = ¢(1) = Oyield o =”I—”, N=123,...

|¥

2§a)—

\/7(n7z\
n 2p

(ot (nr)
2pr|

(b) For the membrane

Bw +Zw =W, +W,_
T T

{JXY&FU/J XY&= X'Yq + XY'q
p\& 7/\(& X" Y”

LJq Lqu X Y =F

& Lje(2)ramo



XH YH .
e = v B =—a’ .The boundary conditions are X(0) = X(I) = 0 and Y(0) =
Y(I) = 0. The two spatial solutions become
X"+a’*=0 Y"+y%Y =0
X = Asinax + Bcosax Y =Csinyx+ Dcosyx
B=0 D=0
n n
an+T” n=123.. y =— m=123,..

Thus
Bay = (n2 + mziz\z
mn I J
o’ = l(nz + mziz\z
mn p I J

2¢ N N =L

A 4 1 I
LT T r—
POy 2P g(anrmz)”

P

fn =——L
" 2\/pr(n2+m2)

6.57 Calculate the units ony and 3 in equation (6.153).

Solution: The units are found from




6.58

Assume that E, I, and p are constant in equations (6.153) and (6.154) and
calculate the form of the modal damping ratio ¢,.

Solution:
IfE, I, and p are constant in equation 6.153 and 6.154. Then separation of
variables works and the mode shapes become those given in table 6.4, which can

be normalized so that jol X X _dx=¢ . Substitution of w(x,t) = an(t)Xn(X) into

equation (6.153) multiplying by Xn(x) and integrating over x yield the mth modal
equation:

(@?) »’
PA&(t) + 7y &(t) + B Lc_zJ &)+ El—a,(0)=0

where equation (6.93) has been used to evaluate X"’ andc® = El / pA. Dividing
by pA yields

&(t) + {ﬁ + éa)ﬁ] &) +ola (t)=0

which is the sdof form of windows 6.4. Thus the coefficients of must be
and hence

20 o, = L+£a)§
A E

P
and
o= B\
PA
(g,
2pAw, E

where f3, are given in table 6.4.
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Calculate the form of the solution w(x,t) for the system of Problem 6.58.
Solution:

The form of the solution of the m time equation is just

Ae " sin(w,t+4,)

where ¢, and ax are as given in problem 6.58, o, =, 1—§§ , and A, and ¢, are
constants determined by initial conditions. The total solution is of the form

w(x,t) = i A sin(w,t+ 4, X, (%)
n=1

where X,(t) are the eigenfunctions given in table 6.4.
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For a given cantilevered composite beam, the following values have been
measured for bending vibration:

E = 2.71x10" N/m? p = 1710 kg/m®
A =0.597x10° m? I=1m
| = 1.64x10° m* y=1.75 N s/m’

B = 20,500 Ns/m?

Calculate the solution for the beam to an initial displacement of wi(x,0) = 0 and
w(x,0) = 3sin zx.

Solution:

Using the values given and the formulas for a,(t) from problem 6.58 the temporal
equation becomes

&+ (1.714 x 00000075G 0? )& + w’a, =0
from problem 6.59,

w (xb)|_ =0=2"A| (¢, Fing, +o,cosg, [X ()
and

w(x,0) = 3sinzx = Y_ A sing, X (x)

Multiplying by X,(x) and integrating yields that

@
H d
.o sing =w, cos¢ or tang =—"

n-n

and SJOI sinzxX (x)dx = A sing_so that

|
3| sinzxX (x)dx
A= J"’ _ 3 2J’olsinnxxn(x)dx

" sing, h—‘én

where X,(x) Is given in table 6.4.
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Plot the solution of Example 6.7.2 for the case w(x,0) =0, w(x,0)=sin(nx/4), y=10
Ns/m?, © =10 N, ¢ =1 mand p =0.01 kg/m°.

Solution: From equation (6.156) and the values given, £; =0.159/n or o, = 500

andw, =+1=0.159%, so that:

w(x,t) =Y A e sin(w,t +¢,)sinnzx
n=1
Applying the initial conditions yields
| 0 |
Jsin nzxsin mzxdx = z A sin(¢n)Jsin mz X sin Nz xdx
0 n=1 0

So that Ansing, =0 for all n except n =1, and Assing; = 1. So either ¢, =0 or A,=0

- ll_és

————) so that
4

n

A, = 0 for n not zero. Thus the system is only excited in the first mode. Then

w(x,t) = Ae ' sin(w 1 £t + ¢ )sinzx
= —1.001e*"" sin(3137.7t — 1.50) sin x
This is plotted in Mathcad below:

for n not zero. The other initial condition yields that ¢ = tan™(
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Calculate the orthogonality condition for the system of Example 6.7.2. Then
calculate the form of the temporal solution.

Solution: Problem is to fill in the details of example 6.7.2 by checking the
coefficients. Equation (6.155) by performing the integration.

Calculate the form of modal damping for the longitudinal vibration of the beam of
Figure 6.14 with boundary conditions specified by equation (6.157).

Solution: This is a discussion problem. The boundary condition given in

equation (6.157)
AEw (0,t) = kw(0,t) + c%

AEW (1,t) = —kw(l,t)-c ow(l, )

Do not conform readily to separation of variables and lead to time dependent
boundary conditions. However one approach is to treat the damper as applied
forces of the bar cw(0,t) and —cw(l,t). Following this approach the boundary
conditions become

AEX'(0) = kX (0) and AEX'(1) = —kX(I)
The general solution of the spatial equation of a bar has the form

X(x)=asin(ox + b)
Where o is the usual separation constant and a and b are constants. The first
boundary condition yields that ¢ = tan"*(AE / k). The second boundary condition
yields the characteristic equation

—(AE/k)o, =tan(c | +¢)
Which can be solved for o, numerically. Note that oy, are distinct so that from
problem 6.39 the eigenfunctions are orthogonal, i.e. an can be calculated such that

X (X)=a_ sin(c X +¢)
Are orthonormal. Following the procedure of example 6.8.11, the temporal
solution for the forced response is

Bt) + 0? = jo'[cwt(o,t)—cw(l,t)]xr(x)dx

_ {;[cxn(O) — X, (D] X, (x)dx }%(t)
Bring the 'F% term to the left side and comparing its coefficient to 2 w_yields

20 0 = {O'c[xn(l)— X, (0)]X, (%) }sx
The form of the modal damping ratio is thus
ca’
¢ - 20,0, [cos(anl + ¢)— cos¢]




Where a? is the normalization factor, oy are the eigenvalues o’ = c’c?
and tan'(AE / k).



Problems and Solutions Section 6.8 (6.64 through 6.68)

6.64 Calculate the response of the damped string of Example 6.8.1 to a disturbance
force of f(x,t) = (sin zx/l) sin10t.

Solution:

f(x,t) = sin{”TX] sin10t. Assume a solution of the form:
w (x,t)=T ()X (x)

where
X, (X)= sin@

Substitute into (6.158)

{p@% ”%‘TMLJ }T }S'”M‘S'”L_J it

Multiply by sin@ and integrate over the length of the string:

{pﬂﬁ;fﬁ%rknﬂ} } _{ 0_ forn =1

sinl0t forn>1

Only the particular solution is of interest since we are looking for the response to
the disturbance force. Therefore, dropping the subscripts:

oy By {f} T =sin10t

(7,\ (cr)’ sinlOt T
&FL J'&LL J . wherec_ﬁ

Solution is

T = Asin(20t — ¢)



where
A 1 _ §
; (¢ 00) 1007 \/pz(czﬂ2—100|2)2+100;/2|4
L 2 J P’
y
10-
10712
p=tan?| o—F— |-t — 2_7/ 2
cr pcr®—100pl

—-100

IZ
w(x,t) = Asin(10t — q))sinﬂTX

where A and ¢ are given above.
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Consider the clamped-free bar of Example 6.3.2. The bar can be used to model a
truck bed frame. If the truck hits an object (at the free end) causing an impulsive
force of 100 N, calculate the resulting vibration of the frame. Note here that the
truck cab is so massive compared to the bed frame that the end with the cab is
modeled as clamped. This is illustrated in Figure P6.65.

Solution: Assume constant area and constant material properties. Equation of
motion:

pAW, — EAW = f(x,t)=-1005(x —1)5(t)
Mode shapes (eigenvalues) of a fixed-free bar are (Table 6.1)
(2n -1 xx
2l
Assume a solution of the form: w (x,t) = X_(x)T (t). Substitute into the equation
of motion:

((@n-1z)" |, | . (2n-D)zx 100
{@{LTJ }c Tn}sm o _—pA5(x—I)5(t)dx

X, (X)=sin

{&er 2T, Jsin en-Hrx _ 1995 1ystt)
n n-n 2| pA

(2n—=1)zc (2n—-1)zx
21

E
wherec’=— and o_ =
Yo
over the length of the rod:

Illoo ((2n- 1)7zx} 50— 1)5(0)

. Multiply by sin and integrate

ZT - _=

_ Sin((zn—l)n\ 5(0)
pAl L 2 J
which has the solution:
200 ((2 - ) \Smwt
pAlo_ J

The total solution is:

L 400 ((2n-Dr)
W (x,t) = _Z‘{—pA(Zn —1)7zc}mk—2 J

sin{(zn ;Il)nct} sin{(zn —1)7[X}}

T (t)=-

2l
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A rotating machine sits on the second floor of a building just above a support
column as indicated in Figure P6.66. Calculate the response of the column in
terms of E, A, and p of the column modeled as a bar.

Solution: Referring to equation (6.55) for the equation of a bar and summing
forces to get the effect of the applied force yields

pAW, — EAW = 5(x-I1)F, sinwt
subject to the boundary conditions w(0,t) = w (0,t) =0. Following the method of

example 6.8.1, use separation of variables where the spatial function is the
clamped-free mode shapes used in example 6.3.1:

2n-1
2l

w(x,t)= X (X)T (t)=(a sinc x)T (t), o, = T

Substitution into the equation of motion yields
(oAT(t) + EAGZT, (1) Jp, sin o, x = 5(x - 1) F, sinot

(the minus sign in front of EA goes away because of the second derivative of sine
being negative). Next, let a, = 1 (recalling that eigenvectors have arbitrary
magnitude) and multiply by sin o.x and integrate over the length of the beam to
get:

|
(pAﬂ;f(t) + EAG?T. (t)}; = F,sinot [ 8(x - )sin o, xdx
0

The integral on the right is a bit tricky as the delta function acts at the end of the
interval. The details are below, however integrating yields

(pA@(t) + EAGT (t))— ZF sinot
Dividing by the appropriate constants this S|mpI|f|es to

E n— 1
B(t)+—o’T (1) = D B ot
p PA

sin O'

= (-)"* °sma)t

This has particular solution
ot FE) E(2n-1
T (t)= () L — 2Jsma)t where o= E@n-Dr
P PA \o - p 2l
Combined with the homogenous solution, the total temporal solution is
FE

— i 0 i
T (t)=C_sino t+C, cosw t +L PA - a)ZJ sinot

So the total solution is

o i F )
W(x,t):Z{Cmsina)nHCchoswnH(/BA\ L — zjsma)t}smk

1 o, -0

(2n— 1)7rx\




The following it the evaluation of the Dirac integral used about (courtesy of Jamil
Renno)
Start with the integral at hand

.:[5(x - I)sin(omx)dx = Imﬂ[ d (x - I)sin(omx)dx

1
— l—r<x<l+ .

where dT(x—I): 27 ¢ ¢ is the pulse over the
0 X<l-zorx>l+7

interval[l -7, + r] .

Hence, the integral can be subdivided over two intervals
[ (x=1sin(ox ¥ - Ifiirg{l.[fdr(x— pin(o )+ | d (k- I)sin(amx)dx}
0 0 I-7
= |I_I’B _I.([TOSin(omx)dx + I.Ifrz—lrsin(amx)dx} = Im{ .I[ isin(amx)dx}
=Iim_ii[—cos(amx)]:l=lfi£rg cos[ (I )] cos o, I

—0 To-m

L'Hopital's Rule 7%03 (l )} COS o, | }

:Im

T ey
— lim J(Sm[ L )D:Si”(am')

0
T—> Zo-m

m
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6.67 Recall Example 6.8.2, which models the vibration of a building due to a
rotating machine imbalance on the second floor. Suppose that the floor is
constructed so that the beam is clamped at one end and pinned at the other, and
recalculate the response (recall Example 6.5.1). Compare your solution and that
of Example 6.8.2, and discuss the difference.

Solution:

Clamped-pinned beam conditions yield mode shapes (eigenfunctions) of the form:
X,(x)=a,[coshB,x—cos B x - o, (sinh B,x —sin B, x) |
where tan g | = tanh 3 | and

1.0008 forn=1
O =
"1 forn>1

Normalize the mode shape as follows:
I 2
jo X dx=1=

|
a’ [ [cosh B x - cos B x - o, (sinh B,x —sin B, x)]’dx =1
0

From Mathematica

a’ =48 1 {41 +20, cos(28,1)- 20, cosh (2,1 )~ 4cosh (B, fin(B,1)
—40? cosh(ﬁnl)sin(ﬁnl)Jr sin(Z,BnI)— oﬁsin(Z,Bnl)
—4cos(,6nl)sinh(,6nl)+ 4o? cos(ﬁnl)sinh(ﬁnl)
+80, sin (8,1 Jinh (8,1 )+ sinh (28,1 o2 sinh (28,1}

The equation of motion for the system is: (constant properties)
A B
pAW, +Elw = f(x,t)= 1003|n3t5Lx - EJ

Assume a solution of the form: w_(x,t) = X ()T (t)

X+ ETnx;"'z 100, 3t5{x - l}
PA PA 2



Using the mode shapes given above:

er_ﬁ4x _w_§X

n~ Fn'tn T Cz n
where

’84:P_Aa)z CZZE

TR PA

The equation of motion reduces to:
{ﬁ% w }X = _Sln3t5LX__J
Multiply by X, and integrate over the length of the beam:

et 0T :@sinmrx (x)5(x—D dx
n nn pA 0 n L ZJ

100 (1]
PA 2
100 | | ( |
=—a”sin3t cosh’B—”—cos’B—”—a sinh’B—”—
PpA 2 ”L 2
or:
(1)
100X | —
'\ 2)

Tn(t) = m sin3t

The solution is then:

W(X,t) = i {an [cosh BXx—cosB x-o, (sinh BXx— sinﬁnx)}

{ 109 }Xn{ }sm3t
pAa)—9




where a,, an, and [, are given above. The free time response is stiffer for the
clamped case as the frequencies are higher (See Table 6.4).

The comparison of the solution between the two models (one with a pinned end
and one with a fixed or clamped end) had two purposes: design and modeling.
From the design point of view it is important to know how to construct the floor
for a minimum value of response. From the modeling point of view it is
important to know how much the solution is effected by the choice of boundary
conditions as part of the modeling.

Here the comparison can be made by calculating the response and then evaluating
it and plotting it using a truncated solution (say 3 modes, as given in Equation
6.181) at a given point of interest (i.e. for a particular value of x). This gives an
accurate comparison.

Next you can compare the differences in the details. For instance the clamped-
pinned natural frequencies are lower then the clamped-clamped frequencies (just
look at Table 6.4) because the clamped-clamped system is stiffer. Next, one of
these sets of frequencies is going to have a natural frequency that is closer to the
driving frequency, and hence produce a larger response. To make such
comparisons, pick a value for the physical parameters (let omega = beta squared
for instance) and check. In this case the clamped-pinned frequency is about 3.9
rad/s, which is much closer to the driving frequency of 3 rad/s then the clamped-
clamped first natural frequency of 4.7 rad/s. Thus the first term in the series
solution for the example will be larger then the corresponding term in the series
solution for the clamped-clamped case.
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6.68 Use the modal analysis procedure suggested at the end of Section 6.8 to calculate
the response of a clamped free beam with a sinusoidal loading Fesinat at its free
end.

Solution:

The equation of motion is:

pAW, +Elw = f(x,t)=Fd(x-1)sinwt
Assume a solution of the form w_(x,t) = X_(x)T_(t)
X —T X" H —25(x,1)sinwt
pA " PA

The mode shapes are given in Table 6.4 for a fixed-free beam:

X, (X)=a, [coshﬁnx —COsB X—o, (sinh,an - sin,an)]

Where
sinhB | —sing |
o =
" coshpl+cosp |
4 pA
b= El n
And

cosp lcoshpB | =-1

From the unforced vibration problem:

X +—T X"=0
pA "
-&;L ( EI\ XHH 2

A X, T

Therefore



pA 2 4
X"” X — X
EI n ﬁn n

Substitute into the equation of motion and rearrange:

{&ﬁ oI, X, = h 5(x Dsinot
Normalize the mode shapes as follows:

[ x2dx =1

a’ .[OI [cosh BX—COSB X0, (sinh B X sin,an)]2 dx =1

a’=4p | {4,8nl +20, cos(z,BnI)— 20 cosh (Zﬁnl)— 4cosh (,Bnl )sin(,BnI)
—40? cosh(ﬁnI)Jr sin(Z,BnI)— oﬁsin(Z,Bnl)
—4cos(,3nl)sinh(,6nl)+ 4o? cos(ﬁnl)sinh(ﬁnl)

+80, sin (8, Jinh (8,1 )+ sinh (28,1 o2 sinh (28,1}
Multiply the equation of motion Xn(x) and integrate over the length of the beam:
F
Bt 02T =2 [ X (x)5(x - )dxsinwt
pA°L

F .
=—X (Dsinwt
A NQ)

Solving:
(N X (1))
T (t)= _ALa) a)Jsma)t

The total solution is:

w(x,t) = i {an [cosh Bx—cosBx—o, (sinh B.x— sinﬁnx)}

BEO.
pA)| 0F - &

Where on, W, are given above and cos fnl cosh Syl = -1




