Problems and Solutions Section 2.1 (2.1 through 2.15)

2.1  To familiarize yourself with the nature of the forced response, plot the solution of a
forced response of equation (2.2) with @ = 2 rad/s, given by equation (2.11) for a variety
of values of the initial conditions and w, as given in the following chart:

Case X, Vv, fo On
1 0.1 0.1 0.1 1
2 -0.1 0.1 0.1 1
3 0.1 0.1 1.0 1
4 0.1 0.1 0.1 2.1
5 1 0.1 0.1 1
Solution: Given: @ = 2 rad/sec.
From equation (2.11):
x(t):v—osin o, t+ (X, - fo ~) Cos @, t+ o ~ cosmt
o, 0] ®, -0
Insert the values of x,,v,, f,, and o, for each of the five cases.
x10t) :=0.1-sin(t) + 0.133-cos(t) — 0.0333 - cos(2-1)
x2it) '=0.1-sin(t) — 0.0667-cos (1) — 0.0333 coz (2-1)
x30t) = 0.1-sin(t) + 0.433-cos(t) — 0.0333 cos (2-1)
x4 (1) = 0.0467-5in (2.1-1) + 0.244-co3 (2-1) — 0.144-co3 (2.1-1)
x501) = 0.1-sin(t) + 1.033-cos(t) — 0.0333 coz (2-1)
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2.2

2.3

Repeat the calculation made in Example 2.1.1 for the mass of a simple spring-mass
system where the mass of the spring is considered and known to be 1 kg.

Solution: Given: m , =1 kg, Example 1.4.4 yields that the effective mass is

mg, 1
m, =m+ 3 :10+§:10.333kg.

Thus the natural frequency, X and the coefficients in equation (2.11) for the system now
become

o, = 1000 =9.837 rad/s, w = 2a)n =19.675 rad/s
\/10 + %

f 2.338 Y,
0 = . ~=—8.053x 10° m, -2 =0.02033 m
' -w* 9.837°-19.675 ®

Thus the response as given by equation (2.11) is

X =

x(t) = 0.02033sin9.837t + 8.053x 10~3(c0s9.837t — c0s19.675t) m

A spring-mass system is driven from rest harmonically such that the displacement
response exhibits a beat of period of 0.2z s. The period of oscillation is measured to be
0.027 s. Calculate the natural frequency and the driving frequency of the system.

Solution: Given: Beat period: T, = 0.27 s, Oscillation period: T,=002xs

O -0 o +o
Equation (2.13): x(t) = 22 fo = sin [ ”2 t}sin[ ”2 t}
So, T.=027= 2%
®, -0
0, -0 = AT 20 rad/s
0.27
T,=0027 = —F
o, +0
dr
0, to = =200 rad/s
0.02r

Solving for w,and o gives:
Natural frequency: o, =110 rad/s
Driving frequency: @ =90 rad/s
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2.4 Anairplane wing modeled as a spring-mass system with natural frequency 40 Hz is
driven harmonically by the rotation of its engines at 39.9 Hz. Calculate the period of the
resulting beat.

Solution: Given: ®,=2mr (40) =80x rad/s, w =2m (39.9) =79.87 rad/s
4r Ar

= =20s.
w,-0 80r—-79.87

Beat period: T, =

2.5  Derive Equation 2.13 from Equation 2.12 using standard trigonometric identities.

Solution: Equation (2.12):  x(t) = Zfo > [cos wt—cos w,1]
W, -0
fO
o’ -
X(t) = A[coswt-cos w,t]

=A[l+coswt-(1+cos w,t)]

Let A=

2

= A[2c0s% 2t - 2c0s? &t]
2 2

= 2A [(cos® Lt - cos? D 52 @ty - (cos? Dt cos? Lot cos? 20
2 2 2 2 2 2

» O

=

=2A[(1 - cos? &t) cos? Lt —(1-cos? £t) cos
2 2 2
= 2A [sin? Lt cos? Lt - cos? Lt sin? L]
2 2 2 2

=2A [sin&t cos 2t - cosLnt singt] [sin&t cos 2t - cosPnt singt]
2 2 2 2 2 2 2
Jo,—0,] . [o,to ]
=2Asin | ——1t sin | —/——t
L 2 170 2 7]

_2f, . Jo,-o,] . |o,to.] .. . :
X(t) = . smL > tJ smL > tJ which is Equation (2.13).

n



2.6

2 -

Compute the total response of a spring-mass system with the following values: k = 1000
N/m, m = 10 kg, subject to a harmonic force of magnitude F, = 100 N and frequency of

8.162 rad/s, and initial conditions given by x, = 0.01 mand v, = 0.01 m/s. Plot the
response.

Solution: Given: k =1000 N/m, m = 10 kg, Fo=100 N, o = 8.162 rad/s

X0=0.01m, vo=0.01 m/s
From Eq. (2.11):

Vo . f f
x(t) = ~9 sin opt + (X —2—02) cos wnt +2—02cos ot

Wn (P () wp°—o
wn:\/K:,/@:lorad/s f,=0 =190 1oN/m
m 10 m 10
In Mathcad the solution is
x =001 v =001 wh = 10 w:= 8162 =10
xt) = ﬂ-si.n(c-.;tn-'f,) + [0 - _ 0 -cos(wn-t) + L-cos(w-t)
whn 2 2 ( 2 2)
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2.7

Consider the system in Figure P2.7, write the equation of motion and calculate the
response assuming a) that the system is initially at rest, and b) that the system has an
initial displacement of 0.05 m.

= 10 zin LN
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Solution: The equation of motion is
mx + kx =10sin10t
Let us first determine the general solution for
X+’ x=f,snot
Replacing the cosine function with a sine function in Eq. (2.4) and following the same
argument, the general solution is:
X(t) = Asinw,t+ A, cosm,t +%sinwt

n

Using the initial conditions, x(0) = x, and X(0) = v,, a general expression for the

response of a spring-mass system to a harmonic (sine) excitation is:

v, f . f .
X(t) = (=% -— —2—)sinw,t + X, cosw,t + ———sinwt
. 0, 0 -0 0," -0

Given: k=2000 N/m, m=100 kg, =10 rad/s,

\/7 2000 = /20 rad/s = 4.472 rad/s fo,= irrol - 10 = 0.1N/kg

n

100
a) X=0 m,vo—O m/s
Using the general expression obtained above:

10 0.1 0.1
X(t) =(0 - . st 20t + 0 + ———sin10t
= J20 ,/202—102) J20° - 10?

=2.795%103sin4.472t —1.25x1073sin10t
b) Xo=0.05m,vp=0 m/s

10 0.1
x(t) = (0 - siny/20t + 0.05c08/20t + ————sin10t
®=( V20 J —102) J2 0 -10?

= 0.002795sin 4.472t +0.05c0s4.472t — 0.00125sin10t
=5.01x107%sin(4.472t +1.515) — 1.25x 10 sin 10t




2.8

Consider the system in Figure P2.8, write the equation of motion and calculate the
response assuming that the system is initially at rest for the values k, =100 N/m, k, =

500 N/m and m = 89 kg.

ky &
e o e lbsm N
—
Solution: The equation of motion is
. ) 1
mx + kx =10sin10t where k:ﬁ
—_—t —
ko k

The general expression obtained for the response of an underdamped spring-mass system
to a harmonic (sine) input in Problem 2.7 was:

. fs .
X(t) = ( —Z)smwnt + X, COSw, t + ———=Sinwt
o, w 0, -0 0, -0
Substituting the following values
k= 1/(1/100+1/500) 83.333 N/m, m =89 kg o =10 rad/s

and initial condltlons Xo=0, Vo=
The response of the system is evaluated as
X(t) =0.0117sin 0.968t —0.00113sin10t



2.9

Consider the system in Figure P2.9, write the equation of motion and calculate the
response assuming that the system is initially at rest for the values 6 = 30°, k = 1000 N/m
and m = 50 kg.

dapn L2 h

Figure P2.9

Solution: Free body diagram:
Assuming x = 0 to be at equilibrium:

5

Fs

F=40 sin .5 (Forces that are normal
to the x direction are
neglected)
D F = mx =—Kk(x +A) + mgsin§ +90sin25t (1)

where A is the static deflection of the spring. From static equilibrium in the x direction
yields
—kA+mgsing 2
Substitution of (2) onto (1), the equation of motion becomes
mx + kx = 90sin2.5t
The general expression for the response of a mass-spring system to a harmonic (sine)
excitation (see Problem 2.7) is:

v, f . f .
X(t) = (=% —-— —2—)sinw,t + X, cosw,t + ———sinwt
o, 0, 0 -0 0," -0

n

Given: vg=0, X0=0, =25 rad/s

o = | %= 190 _ o5 4472 radis | 1, =
m 50

izﬂng/kg
m 50 5

So the response is:
X(t) =-0.0732sin4.472t + 0.1309sin 2.5t



2.10

211

2.12

Compute the initial conditions such that the response of :
mX +kx= F, cosmt

oscillates at only one frequency ().

Solution: From Eg. (2.11):
Vo . f f
x(t) =0 sin opt +(Xg — 5 0 2)cos wnpt +2—02
Wn (OPE () (P
For the response of mX +k x = F, cos wt to have only one frequency content, namely,

of the frequency of the forcing function, , the coefficients of the first two terms are set
equal to zero. This yields that the initial conditions have to be

cos wt

and v, =0

Then the solution becomes

f
X(t) = —5——; cos wt
0, -0

n

The natural frequency of a 65-kg person illustrated in Figure P.11 is measured along
vertical, or longitudinal direction to be 4.5 Hz. a) What is the effective stiffness of this
person in the longitudinal direction? b) If the person, 1.8 m in length and 0.58 m? in cross
sectional area, is modeled as a thin bar, what is the modulus of elasticity for this system?

x(1)

Figure P2.11 Longitudinal vibration of a person
cycles 2x rad
s cycles

=97 rad/s.

Solution: a) First change the frequency in Hz to rad/s: w_=4.5

Then from the definition of natural frequency:
k =mw? =65-(97)° =5.196 x10" N/m
b) From section 1.4, the value of the stiffness for the longitudinal vibration of a beam is
EA ko (5.196x10%)(.8)
= =E=—=
1 A 0.58

K =1.613x10° N/m* =1.613x10° Pa

If the person in Problem 2.11 is standing on a floor, vibrating at 4.49 Hz with an
amplitude of 1 N (very small), what longitudinal displacement would the person “feel”?
Assume that the initial conditions are zero.
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Solution: Using equation (2.12) for a cosine excitation and zero initial conditions yields
(converting the frequency from Hertz to rad/s and using the value of k calculated in 2.11):

1
2
(OME ()

a0 |
65(k _
m

F
=2

2

(4.49-2r)°

o
65/5.196 % 10*
65

=0.00443347 = 0.0043 m
—(4.49-21)°

Vibration of body parts is a significant problem in designing machines and structures. A
jackhammer provides a harmonic input to the operator’s arm. To model this situation,
treat the forearm as a compound pendulum subject to a harmonic excitation (say of mass
6 kg and length 44.2 cm) as illustrated in Figure P2.13. Consider point O as a fixed pivot.
Compute the maximum deflection of the hand end of the arm if the jackhammer applies a
force of 10 N at 2 Hz.

Figure P2.13 Vibration model of a forearm driven by a jackhammer

Solution: Taking moments about point O yields (referring to Example 1.4.6 for the
inertial of a compound pendulum):

me? . (.

Te +mg Esme = F,/cosfcosmt
Using the linear approximation for sine and cosine and dividing through by the inertia

yields:

. 3F
6+ 3—99 = —2coswt
20 m/¢

Thus the natural frequency is



2.14

W = 1/3—9 = | 308D 527 vads (=0.92 Hz)
"\ 20 T\ 2(0.442)

and the system is well away from resonance. Referring to equation (2.13), the amplitude
for zero initial conditions is (converting the driving frequency from 2 Hertz to 2(2r)

rad/s):
2(3&4}
2f me?
6] = || = 3 =0.182 rad
@, =07 198 _ 5 opy
20

Note that sin(0.182) = 0.181 so the approximation made above is valid. The maximum
linear displacement of the hand end of the arm is just

\x\ = r\e\ =0.442-0.182 =0.08 m

Consider again the camera problem of Example 2.1.3 depicted in Figure P2.14, and
determine the torsional natural frequency, the maximum torsional deflection experienced
by the camera due to the wind and the linear displacement corresponding to the computed
torsional deflection. Model the camera in torsional vibration as suggested in the figure
where Jp = 9.817x10° m* and L = 0.2 m. Use the values computed in Example 2.1.3 for
the mass (m =3 kg), shaft length (¢ = 0.55m), torque (Mp = 15 x L Nm) and frequency (®
= 10 Hz). Here G is the shear modulus of aluminum and the rotational inertia of the
camera is approximated by J = mL2. In the example, torsion was ignored. The purpose
of this problem is to determine if ignoring the torsion is a reasonable assumption or not.
Please comment on this assumption based on the results of the requested calculation.

+—> .
e L wind M coswt

camera — ®_

_ —
( mounting
«—

bracket —, |7 &A1)

p— k==
/

JO(1) + kO(1) = M coswt

Figure P2.14 Torsional vibration of a camera

Solution: First calculate the rotational stiffness and inertia from the data given:
GJ, 267x10"x9.817x10°

/ 0.55
where the modulus is taken from Table 1.2 for aluminum. The inertia is approximated by

J =mL?=3(0.2)> =0.12 kg - m?

k= =4.766x10° N-m
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The torsional natural frequency is thus

o, = \/g =1.993x10° rad/s

This is well away from the driving frequency. To see the effect, recall equation
magnitude of the forced response given in Example 2.1.2:

2f, | _|amy 193] _
corf—a)z‘ - a)rf—a)z‘ -
Clearly this is very small. To change this to a linear displacement of the camera tip, use
X =r6=(0.2)(1.26x10°)=2.52x10"° m
well within the limit imposed on the camera’s vibration requirement of 0.01 m. Thus, the

assumption to ignore torsional vibration in designing the length of the mounting bracket
made in example 2.1.3 is justified.

1.26 x10° rad

An airfoil is mounted in a wind tunnel for the purpose of studying the aerodynamic
properties of the airfoil’s shape. A simple model of this is illustrated in Figure P2.15 as a
rigid inertial body mounted on a rotational spring, fixed to the floor with a rigid support.
Find a design relationship for the spring stiffness k in terms of the rotational inertia, J, the
magnitude of the applied moment, My, and the driving frequency, m, that will keep the
magnitude of the angular deflection less then 5°. Assume that the initial conditions are

zero and that the driving frequency is such that @? - »* >0.

D
-«
-«

<—
«u(t)=M coswt
‘_
‘_
‘.—
‘.—

Figure P2.15 Vibration model of a wing in a wind tunnel
Solution: Assuming compatible units, the equation of motion is:
.. .. M
JO(t) + ko(t) = M cosmt = 6(t) + ge(t) = Tocosa)t

From equation (2.12) the maximum deflection for zero initial conditions is



A
0 = J | <50
max k
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mrad _
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Problems and Solutions Section 2.2 (2.16 through 2.31)

2.16 Calculate the constants A and ¢ for arbitrary initial conditions, x, and v, inthe case

of the forced response given by Equation (2.37). Compare this solution to the transient
response obtained in the case of no forcing function (i.e. F, = 0).

Solution: From equation (2.37)

X(t) = Ae ™" sin(w t + ¢) + X cos(wt — ) =

X(t) =—Cw Ae " sin(w,t +¢) + Awe " cos(w t + ¢) — Xwsin(ot—6)
Next apply the initial conditions to these general expressions for position and

velocity to get:
x(0) = Asing + Xcos@

x(0) = -{w,Asing + Aw, cosp + Xwsino
Solving this system of two equations in two unknowns yields:

o= tan‘l( (X, — X cosO)m, ]

v, + (X, — X cos0)lw, — Xwsing
A= X, — X 0s6

sing
Recall that X has the form

X = F/m
V(@ - %) +(2f0,0)°
Now if Fo = 0, then X = 0 and A and ¢ from above reduce to:

¢ = tan‘{—xowd ]

VO + XOC(Dn

2
and 6= tan‘l[%]

n_

A Ko [+ LX) + (xgy
sing oZ
These are identical to the values given in equation (1.38).



2.17 Show that Equations (2.28) and (2.29) are equivalent by verifying Equations
(2.29) and (2.30).

Solution: From equation (2.28) and expanding the trig relation yields
x, = X cog(wt — 8) = X[ coswt cosh + sinwtsinb]
= (X cos@)coswt + (XsnO)sinwt
T T
Now with As and Bs defined as indicated, the magnitude is computed:

x=Ji el

B, _ Xsn@ 4 B
—== =0=tan"| =
A, Xcoso A

2.18 Plot the solution of Equation (2.27) for the case thatm =1kg, { =0.01, @, =2
rad/s. F, =3 N, and @ =10 rad/s, with initial conditions x, =1 mandv, =1
m/s.

and

Solution: The particular solution is given in equations (2.36) and (2.37).
Substitution of the values given yields: x; = 0.03125cos(10t + 8.333x 10°%).

Then the total solution has the form:
X(t) = Ae % sin(2t + ¢) + 0.03125cos(10t + 0.008333)

= e "% (Asin2t + Bcos2t) + 0.03125 cos(10t + 0.008333)
Differentiating then yields
X(t) = -0.02¢7°% (Asin2t + Bcos2t) + sin(2t + ¢)
+2e°% (Acos2t — Bsin2t) — 0.3125sin(10t + 0.008333)

Apply the initial conditions to get:
x(0) =1= B+ 0.03125c05(0.00833) = B = 0.969

X(0) =1=-0.02B + 2A - 0.3125sin(0.00833) = A = 0.489
So the solution and plot become (using Mathcad):



FO:=3 w=10 wn=2 =002 e mn[z_ Lo w ] 5 i3
FO Wl — w
AF =
J( 5 2)2 5 AF = 003125
wn - wf + (2 Cwen) B=1-AFcos(¢) B=00969
apo Lt lU~AF-s1;1(6) - 002B .

X =¢e 0'02't~(A1-sin(2-t) + B-cos(2:t)) + AF-cos(10-t - €) +




2.19 A 100 kg mass is suspended by a spring of stiffness 30 x10° N/m with a viscous

2.20

damping constant of 1000 Ns/m. The mass is initially at rest and in equilibrium.
Calculate the steady-state displacement amplitude and phase if the mass is excited
by a harmonic force of 80 N at 3 Hz.

Solution: Given m = 100kg, k =30,000 N/m, ¢ = 1000 Ns/m, Fo =80 N and w =
6m rad/s:

A _E:Q:ogm/sz, , = /5 =17.32 rad/s
m 100 m
c
= =0.289
6 27km
¥ = 0.8 =0.0041m

\/(17.322 +3672)° +(2(0.289)(17.32)(67))°
Next compute the angle from

oo tanl[ 188.702)

—55.323

Since the denominator is negative the angle must be found in the 4" quadrant. To
find this use Window 2.3 and then in Matlab type atan2(188.702,-55.323) or use
the principle value and add = to it. Either way the phase is 8 =1.856 rad.

Plot the total solution of the system of Problem 2.19 including the transient.
Solution: The total response is given in the solution to Problem 2.16. For the

values given in the previous problem, and with zero initial conditions the response
is determined by the formulas:



X=0.0041, 6=1.856
wn = 1732 ¢ = 0.289 2.0.289.17.32.6.9r
g = atan - ; + T
17.327 = (6.71)

X = 0.0041

wd = wnyf 1- 2 & = 1.856

b - atan[ ~¥-cos(8) -wd J o

~X-cos(8)-¢-wn — X-wn-sin(8) b = 2.844

a = -X.cos(9) 3

sin( @)

A=3934x%x10"

x(t) = (Ae— a"wn'tsin(wd't+ ¢u)) + X-cos(6-mt— 8)

Plotting the result in Mathcad yields

6x107 >
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2.21  Consider the pendulum mechanism of Figure P2.21 which is pivoted at point O.
Calculate both the damped and undamped natural frequency of the system for small
angles. Assume that the mass of the rod, spring, and damper are negligible. What
driving frequency will cause resonance?



|
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Solution: Assume the driving frequency to be harmonic of the standard form. To get the
equation of motion take the moments about point O to get:

D M, = 36(t) =me?6(t)
= —k¢,sn6(/,cosb) - cﬁzé(éz coso)
—mg(/sinf) + K, cosawt(/ cosh)
Rearranging and approximating sin® ~ 6 and cos6 ~1 yields:
me2e(t) + c20(t) + (k¢? +mgr)6(t) = F,/cosat
Dividing through by the coefficient of the inertia term and using the standard definitions for {
and o yields:

k£i+mg£

= povi which is the resnonant frequency

_ cl3
2,J(ke? + mgoymg!

2 244
0, =0, 1—C2:Jkgl+mf[l CEZ ]

4

m? " 4AKkZ +mg)mg!



2.22  Consider the pivoted mechanism of Figure P2.21 with k = 4 x 10° N/m. I, =0.05
m. 1, =0.07 m.andl=0.10 m. and m =40 kg. The mass of the beam is 40 kg; itis
pivoted at point 0 and assumed to be rigid. Design the dashpot (i.e. calculate c) so that
the damping ratio of the system is 0.2. Also determine the amplitude of vibration of the
steady-state response if a 10-N force is applied to the mass, as indicated in the figure, at a
frequency of 10 rad/s.

Solution: This is similar to the previous problem with the mass of the beam included this
time around. The equation of motion becomes:
M, + C,0 + K0 = Fylcos wt
Here:
mb
l+10;

my, = m¢? +%(€3 +/03) =0.5kg-m?

Cq = Cl5 = 0.25¢C

Ko = K07 + Mgl +%(£ —(,)m,g = 4.326 x10>* Nm

Using the formula the damping ratio and these numbers:
2
(=—C  _02-c=3797.1C° ky's

2mk,

Next compute the amplitude:
10/0.5

X = =2.336x10° rad
‘/(keq /m,—10%)° +(2-0.2-10- o,)*




2.23 In the design of Problem 2.22, the damping ratio was chosen to be 0.2 because
it limits the amplitude of the forced response. If the driving frequency is shifted
to 11 rad/s, calculate the change in damping coefficient needed to keep the
amplitude less than calculated in Problem 2.22.

Solution: In this case the frequency is far away from resonance so the change in
driving frequency does not matter much. This can also be seen numerically by
the following Mathcad session.

L1 :=0.05 k = 4-10° Lz = 0.07 L:=01
m = 40 mh =40
1 mh '=
meq = m L + = (L% + L1¥) ——— meq = 0.5 g 1= 9.8
3 L +L1
¢ = L2d c=49-107"
keq = kL% + mez + : h
1T METIIL oL (e} geq = 4.326-10°
. 0.2 2 afmeq - keq
S c ceq = 3.79710°
won = ﬂ L 1
meq wn = 9302 ¥ =10

e 2 2 2
J[:um —112) + (2.2 wn 1]

W= 2341107

The new amplitude is only slightly larger in this case. The problem would be more
meaningful if the driving frequency is near resonance. Then the shift in amplitude will be
more substantial and added damping may improve the response.

2.24  Compute the forced response of a spring-mass-damper system with the following
values: ¢ = 200 kg/s, k = 2000 N/m, m = 100 kg, subject to a harmonic force of
magnitude F, =15 N and frequency of 10 rad/s and initial conditions of x, =

0.01 mand v, = 0.1 m/s. Plot the response. How long does it take for the
transient part to die off?

Solution:
Calculate the parameters



\/7 ‘/2000 4472 radls ;= F :%20.15 N/kg

-0
m
= 4.472\1- 0.224% = 4.359 rad/s

200
C —_

=0.224
2mw 2 -100-4.472
Initial conditions: Xo=0.01 m, vo=0.1 m/s

Using equation (2.38) and working in Mathcad yields

X(t) = €"(0.0104 c0s4.359t + 0.025sin4.359t) +1.318 x 10°(0.335c0s10t + 37.7sin10t)
£=200 k= 2000 m:=100 FO =15 w:= 10
k FO C
= = x0 =001 vil=01 f=— =— 2
wn J; m < 2 o wd = w1 =g
2 2
A= o - fU-(wn - w )

2
wn2 - wz) + (2-(;~w-wn)2

B an. ﬂ]~[wn2 - wz)

2 d
“ (wn2 - w2)2 + (2‘(}w-um)2 wd[[an - w2) + (2~(;-w-um)2:| Y
il
&

2
(wn2 - wz) + (2-(}w-um)2

Xt =e Gown. (A-cos(wd-f) + B-sin(wd-f)) + C-I:[Lon2 = wz)-cos(wvt) + 2-Q~um-w~sin(w~t):|
0.0z
|r'1
[l
| |I
0.017 h
|
ﬂ || IIlrlllI
|| ||I [II' W |I( A ‘f‘\.'n 1’\ ‘(:". l'I\ A |
o] [ 2y Y VaV VWV Vel WV V3
| \
l'u.f"l
-00r

a plot of m vs seconds. The time for the amplitude of the transient response to be
reduced, for example, to 0.1 % of the initial (t = 0) amplitude can be determined by
€' =0.001, then t =—In0.001= 6.908sec



2.25 Show that Equation (2.38) collapses to give Equation (2.11) in the case of zero damping.

Solution:
Eq. (2.38):
f 2 _ 2
(%= O(f)g ) -)COS o, t
(0," - 0°)" + (20w o)
o {o. f (0 ?—w®)
X(t):egnt (Xo_ 2 022 2
o, (0 - 0°) + (2w o) )
+ , sin w,t
20w o f, Vo
W, |:(wn2 - w2)2 + (Zé’wnw)z:l 0,

f
+(w " 0?)? i(zgw e [(wn2 — m®)cos ot +2Ca)na)sinwt]

In case of =0, this equation becomes:

{(xO — (#) cos ot
[0

n2_w2)+o f
x(®)=1- +-———2—cos wt
v, ). (0,” - %)
+| 0-0+— |sinw,t
wd
VO i f0 fO
=—sino t+(X,————)cos ot +———cos wt
o, o' -0 0° -0

(Note: mg= o, for { = 0)

2.26  Derive Equation (2.38) for the forced response of an underdamped system.

Solution:
From Sec. 1.3, the homogeneous solution is:
x (1) = €' (Asinot + A cosm,t)
From equations (2.29) and (2.35), the particular solution is:
_ (@, —0*)f, 20w ok
X, (t) = 2 22 2 N2
(wn - ) + (Zgwnw) (wn - ) + (ZCa)na))
Then the general solution is:
X(t) = %, (1) + X, (t) = € (A sinwgt + A coswyt)

~COS Wt + =Sinot

2 2

2 (wnZ 2 2 )fo 2 Coswt+ 2 Zg(:)nwfo 2
(wn -0 ) + (ZC(UnCU) (wn - ) + (chnw)
Using the initial conditions, x(0) = xo andx(0) = v,, the constants, A; and Ay, are
determined:

+ sinwt




(a)n2 — wz) fO

A o 0+ @07
_ VY% o 2o ,of @, (0,2 - o)1,
S P I To AP I PR o

Then, Eq. (2.30) is obtained by substituting the expressions for A; and A; into the general
solution and simplifying the resulting equation.

2.27 Compute a value of the damping coefficient ¢ such that the steady state response
amplitude of the system in Figure P2.27 is 0.01 m.

L A

L0 ko S hhcos 6.3 ™

.:.IH'..H:H:: m h:;l
Figure P2.27

Solution:
From Eq. (2.39), the amplitude of the steady state response is given by
— 0

V@7 - 0?) +(2{0,0)’

2 2, 2Y2
Then substitute, 2{a, = c/m, ¢ :J 2F° s —m’ (@, 2(0 ) into this equation
o X 0]
and solve for c:
Given:
X=0.01m ®=6.3rad/s FF,=20N  m=100kg
w’ = k 2000 20 (rad/s)* = ¢ =55.7 kg/s
" m 100 —_—

2.28 Compute the response of the system in Figure P2.28 if the system is initially at
rest for the values k, =100 N/m, k, =500 N/m, ¢ = 20 kg/s and m = 89 kg.

. g
! _7:-'_.‘i..|2_.$.= = ::__.ﬁ. r'-..'.:r:.‘l T s T ooa h

Solution:

The equation of motion is:
1
1k +1/k,
Using Eq. (2.37) in an alternative form, the general solution is:

mX + cX + kx = 25cos3t where k=
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X(t) =e ' (Asino,t+ A cosm,t) + X cos(wt - 6)

where
B f, B 25/89 B
X = = — _=0.0347m
J(@.2 - 0% +(2o,w)?  (0.966% — )2 +(2.0.116 - 0.966 - 3)
0 =tan 2{“’““’2 = ot 20110 '20'96;6' 3 3.088rad (see Window 2.3)
0, -0 0.966" - 3

Using the initial conditions, x(0) = 0 and x(0) = 0, the constants, A; and A,, are
determined:

A, =0.0345 A; =-0.005

Given: clz 20 kg/sec, m =89 kg

k = = =83N/m
1/k +1/k, 1/100+1/500

wn:‘/zz‘/gﬁzo.geerad/s ;=S - 20 _p116
m V8o 2mw,  2.89.0.966

0, = ,J1- % = 0.966v1— 0.1167 = 0.9595rad/s
Substituting the values into the general solution:
X(t) = € ****(~0.0055n0.9595t + 0.0345¢c0s0.9595t) + 0.0347 cos(3t — 3.058)

Write the equation of motion for the system given in Figure P2.29 for the case
that F(t) = F cosw t and the surface is friction free. Does the angled effect the
magnitude of oscillation?

Solution:
Free body diagram:

4

Fs

(Forces that are normal
to the x direction are F(t)=F cos ot
neglected)

Assuming x = 0 to be at the equilibrium:
) F = F+mgsind - F, = mx



where F, =k(x + mgsing

) and F(t) = Fcoswt

Then the equation of motion is:
mx + kx = F coswt

Note that the equation of motion does not contain 6 which means that the
magnitude of the response is not affected by the angle of the incline.

2.30 A foot pedal for a musical instrument is modeled by the sketch in Figure P2.30.
With k = 2000 N/m, ¢ = 25 kg/s, m = 25 kg and F(t) = 50 cos 2 tN, compute the
steady state response assuming the system starts from rest. Also use the small
angle approximation.

i}

[
.
i
=

Ve
Ry 09" m

P Beonde

Summing the moments with respect to the point, O:
Y M, =F@-a)-F(2-a)-F(a)=10
where 1 =m(3a)* =9a’m, F, =kasing
F =c(2-a-sinf) = 2cacosHd
Substituting these equations and simplifying (sin@ =6 , cos6 =1,for small 6):
9a’mé +4a’ch+a’ko =3aF(t)
Given: k =2000 N/m, ¢ =25kg/s , m =25 kg , F(t) =50cos2at , a=0.05m
The equation of motion becomes:  0.56256 +0.250 + 56 = 7.5c0s 2xt

Observing the equation of motion, equivalent mass, damping and stiffness
coefficients are:

Coq=0.25, Meq=0.5625  kyq=5, f =—C=—"_=1333 , @=2xn

K C
o, = ‘/ & =‘/ > _ o081 {=—=—=0.0745
my, 0.5625 2m,, o,
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From Eqg. (2.36), the steady-state response is:

f 20 W
o(t) = Oed cos(owt — tan™* %)
\/(a)nz — %)’ + (24w w)? 0 -0

= 6(t) =0.434cos(2rt —3.051) rad

Consider the system of Problem 2.15, repeated here as Figure P2.31 with the
effects of damping indicated. The physical constants are J =25 kg m?, k = 2000
N/m, and the applied moment is 5 Nm at 1.432 Hz acting through the distance r =
0.5 m. Compute the magnitude of the steady state response if the measured
damping ratio of the spring system is { = 0.01. Compare this to the response for
the case where the damping is not modeled ({ = 0).

<—
=
‘o

D U([) = M() coswt
D
<«
<«
D

Figure P2.31 Model of an airfoil in at wind tunnel including the effects of damping.

Solution From equation (2.39) the magnitude of the steady state response for an
underdamped system is
M,/J

[ tomer

Substitution of the given values yields (here X = r6)
6] =0.2 rad and X =0.1m for {=0
6] = 0.106 rad and X =0.053 m for £=0.01

where X is the vertical displacement of the wing tip. Thus a small amount of
damping can greatly reduce the amplitude of vibration.

o=



Problems and Solutions Section 2.3 (2.32 through 2.36)

2.32

Referring to Figure 2.10, draw the solution for the magnitude X for the case m = 100 kg, ¢

= 4000 N s/m, and k = 10,000 N/m. Assume that the system is driven at resonance by a
10-N force.

Solution:
Given: m =100 kg, ¢ =4000 N s/m, k=10000 N/m, F,=10 N,

w:wn:‘/%:lorad/s

¢ =tan™ =tan™ (40,000) =90° =~ rad
k — mw? (10,000 —10,000) 2
Fo
coX
o
(k-mw?)X
From the figure:
K 10

 Jk—mw?)? +(cw)® /(10,000 —10,000)2 + (40,000)>2
X = 0.00025 m



2.33  Use the graphical method to compute the phase shift for the system of Problem 2.32 if ®
= w,/2 and again for the case ® = 2wy

Solution:
From Problem 2.32 w,= 10 rad/s

€)] W= % =5rad/s

X= 10 =.000468m

/(10,000 2500)? +(20,000)?
kX = (10,000)(.000468) = 4.68 N
cwX = (4000)(5)(.000468) = 9.36 N
ma?*X = (100) (5)2 (.000468) = 1.17 N

From the figure given in problem 2.32:

o =tant —230 _1_ 6940=121rad
| 4.68-1.17]

(b) ® =2m, = 20 rad/s
« 10
/(10000 — 40000)? + (80000)>
kX = (10000)(.000117) = 1.17 N
cwX = (4000)(20)(.000117) = 9.36 N

me?X =(100) (20)? (.000117) = 4.68 N
From the figure:

=.000117m

9.36

¢ = tanl{m} =-69.4°=-1.21rad



2.34 A body of mass 100 kg is suspended by a spring of stiffness of 30 kN/m and dashpot of
damping constant 1000 N s/m. Vibration is excited by a harmonic force of amplitude 80
N and a frequency of 3 Hz. Calculate the amplitude of the displacement for the vibration
and the phase angle between the displacement and the excitation force using the graphical
method.

Solution:
Given: m = 100kg, k =30 kN/m, F,=80 N, ¢ = 1000 Ns/m,
o =3(2r)=18.85 rad/s
kX = 30000 X
cwX = 18850 X
Mo X =35530 X

Following the figure given in problem 2.32:
co X
=tan™’
¢ [‘ k — mw? ’ X ]

¢ :tan‘1r (18850) X —|:106.4°:1.86rad
(30000— 35530)X |

I:0
(k=mo) +(co)
_ 80
/(30000 —35530)? + (18850)°

Also from the figure, X =

X =0.00407 m




2.35 Calculate the real part of equation (2.55) to verify that it yields equation (2.36) and hence

2.36

establish the equivalence of the exponential approach to solving the damped vibration
problem.
Solution:

Equation (2.55) xp(t) = J(k— mw':; v pi(@-0)

wheree:tanl{ co }

k — mw?
Using Euler’s Rule:  x,(t) = J(k mwlZ:;Z o) [cos(wt—0) + j sin(wt — 6)]
The real part is: X, (1) = J(k— mw':‘;z — o) cos(wt - 60)
. F,/m L2 [OX0) 1
Rearranging: X, (t) = N CETRETTT; cog at —tan 1Lw§—w2Jj

which is Equation (2.36).

Referring to equation (2.56) and Appendix B, calculate the solution x(t) by using a table
of Laplace transform pairs and show that the solution obtained this way is equivalent to
(2.36).

Solution: Taking the Laplace transform of the equation of motion is given in Equation

(2.56): X, = (ms® +cs+ K)X(s) = 2F°S
s"+tw

2

Solving this expression algebraically for X yields

X(S) = 2 FOS 2 2 = 2 fos 2 2 2
(ms® +cs+Kk)(s"+o°) (s°+20w,5+0°) (s +w°)
Using Laplace Transform pairs from the table, this last expression is changed into the
time domain to get:

fo

t)=
O ooy  @2toor

cos (at-6)




Problems and Solutions Section 2.4 (2.37 through 2.50)

2.37

2.38

The magnitude is: X = w,Y {

A machine weighing 2000 N rests on a support as illustrated in Figure P2.37. The
support deflects about 5 cm as a result of the weight of the machine. The floor under the
support is somewhat flexible and moves, because of the motion of a nearby machine,
harmonically near resonance (r =1) with an amplitude of 0.2 cm. Model the floor as base
motion, and assume a damping ratio of ¢ = 0.01, and calculate the transmitted force and
the amplitude of the transmitted displacement.

Rubber mount Machine of mass m
modeled as a A = static deflection
stiffness & and \. I
a damper ¢ k
C
|
Flexible floor T (0)
Figure P2.37

Solution:

Given: Y =0.2cm, {=0.01, r =1, mg = 2000N. The stiffness is computed from the

static deflection and weight:
Deflection of 5 cm implies: k= mg_mg _ 2000 = 40,000 N/m
A 5cm  0.05

1+(2Lr)°
(1-r°)" +(2r)y

Transmitted displacement from equation (2.70): X =Y [ } =10cm

2 1/2
Transmitted force from equation (2.77): F,. =kyr? 1+(267) =4001N
(1—r%)? +(2Lr)?

Derive Equation (2.70) from (2.68) to see if the author has done it correctly.
Solution:
Equation (2.68) states:

o, +(28o,)’
() —0)" +(2w,0,)°

1/2
X, (t):wnY{ } cos(w,t—6,-6,)

o’ +(2w,)’ Tz

() - )" +(2w,0,)°



- o { (0,0} + (2%0,)) }
o))

(@, )(@; - ;)" + (28w,

0.y {(wgz)m(zm%} .
(1-r) + ()’
Ao 77
o, [ (1=r')*+ ()’

X :Y[ 1+(20r)° r

(1-r*)*+(2r)’
This is equation (2.71).

n

2.39  From the equation describing Figure 2.13, show that the point (+/2, 1)
corresponds to the value TR > 1 (i.e., for all r <2, TR > 1).

Solution:

Equation (2.71)is TR = X :[ 1+(28r)’ }
Y (1- I’Z)2 +(2§r)2

Show TR> 1 forr < /2
TR:K :|: 1+(2§I’)2 :| >1
Yo [ @-r?)?+(2Lr)
1+ (2r)?
(1-r%)*+(2r)?

1+(20r)* > (@-r*)* +(28r)°
1> (1-r?)?

1-r’<+lor 1-r’<-1=

Take the real solution:
12> 2=r2<2=r <42

28
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2.40 Consider the base excitation problem for the configuration shown in Figure P2.40. In this
case the base motion is a displacement transmitted through a dashpot or pure damping
element. Derive an expression for the force transmitted to the support in steady state.

N \ J\\ \ ]Support
S

P

m

T ¢ T)'(l) =Y sin wyl

| I
Figure P2.40
Solution: The entire force passes through the spring. Thus the support sees the force Fr=
kX where X is the magnitude of the displacement. From equation (2.65)

F =KX= 2fw, o, kY
J(@? - 02) +(2lw,0,)*
20rkY

L Ja- o+ ery?

2.41 A very common example of base motion is the single-degree-of-freedom model of an
automobile driving over a rough road. The road is modeled as providing a base motion
displacement of y(t) = (0.01)sin (5.818t) m. The suspension provides an equivalent
stiffness of k = 4 x 10°> N/m, a damping coefficient of ¢ = 40 x 10% kg/s and a mass of
1007 kg. Determine the amplitude of the absolute displacement of the automobile mass.

Solution:
From the problem statement we have (working in Mathcad)

wh := 5818 k:=410° NMm  c:=40-10° kgh
Y:=001 m  m:=1007 kg
k N c

t = on = 1993 . o wb ,
= 0.997 ri=— 1=029
i 2 -n,fm ‘k . wll

still underdamped, but very high damping. Fom equation (2.70)

wh =

1+ (2-t1)?
¢ |t

X =
J(l - 12)2 + (3.;.1-)2 X=00I11 m




2.42 A vibrating mass of 300 kg, mounted on a massless support by a spring of stiffness
40,000 N/m and a damper of unknown damping coefficient, is observed to vibrate with a
10-mm amplitude while the support vibration has a maximum amplitude of only 2.5 mm
(at resonance). Calculate the damping constant and the amplitude of the force on the
base.

Solution:

Given: m =300 kg, k =40,000 N/m, w, = w,(r =1), X=10mm, Y = 2.5 mm.
Find damping constant (Equation 2.71)

Y (1-r?)*+ (2§r)2 2.5 4L?
2
16 = 1+ 4§ L=t c
4L° 60 4km
[0 _ gy

Amplitude of force on base: (equation (2.76))

1/2

F = kyr?| LT 80

' (1— r2)2 +(2§r)2

1 1/2
o)
F. = (40,000)(0.0025)(1)? — | =
()
60

F. =400 N
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2.43 Referring to Example 2.4.1, at what speed does car 1 experience resonance? At what
speed does car 2 experience resonance? Calculate the maximum deflection of both cars
at resonance.

Solution:
Given: m, =1007 kg, m, =1585 kg, k = 4x10° N/m; ¢ = 2,000 kg/s, Y = 0.01m

Velocity for resonance: (from Example 2.4.1)
®,=0.2909v (v in km/h)

4
Carl: o, = \/% = ,/4;;;3 = @, = 0.2909v,

v, = 21.7 km/h

4
Car2: w,= \/% = ,/4;;;2 = @, = 0.2900v,

v, =17.3 km/h

Maximum deflection: (Equation 2.71 with r = 1)

1 + 4C2 1/2
X:Y[ } =

4
Carl: {,=—— = 2000 =0.158
2/km,  2,/(4x10°)(1007)
2 1/2
X, = (0.01) | L AQL8 6 033 1m
4(0.158)
Car2: {,=—— = 2000 =0.126
2/km,  2,/(4x10*)(1585)
2 1/2
X, = (0.01) | 1AL 16 041 m
4(0.126)



2.44

2.45
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For cars of Example 2.4.1, calculate the best choice of the damping coefficient so that the
transmissibility is as small as possible by comparing the magnitude of { =0.01, {=0.1

and ¢ = 0.2 for the case r = 2. What happens if the road “frequency” changes?

Solution:

From Equation 2.62, with r = 2, the displacement transmissibility is:

é_ l+(2§l’)2 1/2_ 1+16§2 1/2
Yol @-r2)2+@er)? | | 9+1602

For £ =0.01, é: 0.334

For {=0.1, é: 0.356

For {=0.2, é: 0.412
The best choice would be = 0.01.
If the road frequency increases, the lower damping ratio would still be the best choice.

However, if the frequency decreases, a higher damping ratio would be better because it
would approach resonance.

A system modeled by Figure 2.12, has a mass of 225 kg with a spring stiffness of 3.5
x10* N/m. Calculate the damping coefficient given that the system has a deflection (X)
of 0.7 cm when driven at its natural frequency while the base amplitude (Y) is measured
to be 0.3 cm.

Solution:

Given: m = 225 kg, k = 3.5x10* N/m, X =0.7cm, Y =0.3cm, 0 = @, .
Base excitation: (Equation (2.71) with r = 1)

2 1/2 2 1/2
X [1+4¢ 0.7 _[1+4¢
—= ; = —= - =
Yo 4 03 | 4

£=0237=

C
2Jkm
¢ = (0.237)(2)[(3.5x10*)(225)] V>
c = 1331 ka/s
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2.46 Consider Example 2.4.1 for car 1 illustrated in Figure P2.46, if three passengers totaling
200 kg are riding in the car. Calculate the effect of the mass of the passengers on the
deflection at 20, 80, 100, and 150 km/h. What is the effect of the added passenger mass
on car 2?

(1)
Figure P2.46 Model of a car suspension with the mass of the occupants, my, included.

Solution:

Add a mass of 200 kg to each car. From Example 2.4.1, the given values are:
m, = 1207 kg, m, = 1785 kg, k = 4x10* N/m; ¢ = 2,000 kg/s, @, = 0.29v.

4
Carl: o, = \/% = ,/4;;;3 =5.76 rad/s
c

2000

¢, = = =0.144

bo2Jkm 2(4x10%)(1207)

4
Car2: ,= \/E = |22 - 473 radss
m 1785

Cz = ¢ = 2000 =0.118

2Jkm,  2,/(4x10°)(1785)

1+(2Lr)?

1/2
Using Equation (2.71): X :Y{ } produces the following:

(L= )+ (@r)’

Speed (km/h) , r r, X X,
(rad/s) (cm) (cm)

20 5.817 1.01 1.23 3.57 1.77

80 23.271 3.871 4,71 0.107 0.070

100 29.088 5.05 6.15 0.072 0.048

150 2.40 7.58 9.23 0.042 0.028

At lower speeds there is little effect from the passengers weight, but at higher speeds the
added weight reduces the amplitude, particularly in the smaller car.
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2.47 Consider Example 2.4.1. Choose values of ¢ and k for the suspension system for
car 2 (the sedan) such that the amplitude transmitted to the passenger compartment is as
small as possible for the 1 cm bump at 50 km/h. Also calculate the deflection at 100
km/h for your values of ¢ and k.

Solution:

For car 2, m = 1585 kg.
Also, w,=0.2909(50) = 14.545 rad/s and Y = 0.01 m.

From equation (2.70),

X :Y{ 1+(20r)° Tz

(1-r?)*+(2r)’
From Figure 2.9, we can choose a value of r away from resonance and a low damping
ratio. Choose r=2.5and ¢ =0.05.

So, r=25= Do _ 14.545

@ +k/1585
k =53,650 N/m

c
=0.05=
¢ 2\ km
c =922.2 kg/s

1/2

1+[2(0.05)(2.5)]

So, X =(0.01) =0.00196 m

[1- (25| +r00s29r

At 100 km/h, @, = 29.09 rad/s and r = —>— =5,
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Consider the base motion problem of Figure 2.12. a) Compute the damping ratio needed
to keep the displacement magnitude transmissibility less then 0.55 for a frequency ratio
of r = 1.8. b) What is the value of the force transmissibility ratio for this system?

Solution: Working with equation (2.71), make a plot of TR versus { and use equation
(2.77) to compute the value of the force transmissibility. The following Mathcad session
illustrates the procedure.

r:i=13
M(i) =055
TR ()
0
|:|=.Ei =1
Flg) = AR
F{.2) = 1.607

From the plot a value of {'= 0.2 keeps the displacement transmissibility less then 0.55 as
desired. The value of the force transmissibility is then 1.697. Precise values can be
found by equating the above expression to 0.55.

Consider the effect of variable mass on an aircraft landing suspension system by
modeling the landing gear as a moving base problem similar to that shown in Figure
P2.46 for a car suspension. The mass of a regional jet is 13, 236 kg empty and its
maximum takeoff mass is 21,523 kg. Compare the maximum deflection for a wheel
motion of magnitude 0.50 m and frequency of 35 rad/s, for these two different masses.
Take the damping ratio to be { = 0.1 and the stiffness to be 4.22 x 10° N/m.

Solution: Using a Mathcad worksheet the following calculations result:
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Y= 05m k=422x10"kgs ? mf = 21523kg me = 13236.kg
From equation (2.70): rad
wh wh = 35—
i [l =01

— re? + (2- Cre) ¥e = 0.187m
b
k.

’ k -1
— = 14.002s
Yo = j l+(2 (re) of

if =

=25

ﬁ

1+ (2:810)°

2
(167" + @0
Note that if the suspension stiffness were defined around the full case, when empty the
plane would bounce with a larger amplitude then when full. Note Mathcad does not have
a symbol for a Newton so the units on stiffness above are kg/sec? in order to allow
Mathcad to compute the units.

X=71 Xf = 0.106m

Consider the simple model of a building subject to ground motion suggested in Figure
P2.50. The building is modeled as a single degree of freedom spring-mass system where
the building mass is lumped atop of two beams used to model the walls of the building in
bending. Assume the ground motion is modeled as having amplitude of 0.1 m at a
frequency of 7.5 rad/s. Approximate the building mass by 10° kg and the stiffness of
each wall by 3.519 x 10° N/m. Compute the magnitude of the deflection of the top of the
building.

Figure P2.50 A simple model of a building subject to ground motion, such as an
earthquake.

Solution: The equation of motion is
mX(t) + 2kx(t) = 0.1cos 7.5t

The natural frequency and frequency ratio are

® = ,/% ~8389 rad/s and r=2=_"" —0gos
"\ m ®,  8.389



2- 37

The amplitude of the steady state response is given by equation (2.70) with { = 0 in this
case:

X=Y =0.498 m

2

1-r
Thus the earthquake will cause serious motion in the building and likely break.
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Problems and Solutions Section 2.5 (2.51 through 2.58)

2.51

2.52

A lathe can be modeled as an electric motor mounted on a steel table. The table plus the
motor have a mass of 50 kg. The rotating parts of the lathe have a mass of 5 kg at a
distance 0.1 m from the center. The damping ratio of the system is measured to be { =
0.06 (viscous damping) and its natural frequency is 7.5 Hz. Calculate the amplitude of
the steady-state displacement of the motor, assuming @, =30 Hz.

Soltuion:
Given: m=50kg, m, =5,e=0.1m, { =0.06, w, = 7.5Hz
Let w,=30 Hz
So, r= O - 4
wn
From Equation (2.84),
y = Mee r _(5)(0.9) 4?
m Ja-r?)?+@r)? 50 \J(1-4%)? +[2(0.06)(4)]
X =0.011m
X=11lcm

The system of Figure 2.18 produces a forced oscillation of varying frequency. As the
frequency is changed, it is noted that at resonance, the amplitude of the displacement is
10 mm. As the frequency is increased several decades past resonance the amplitude of
the displacement remains fixed at 1 mm. Estimate the damping ratio for the system.

Solution: Equation (2.84) is

2

m,e r
X =
m J@-r?)?+(2r)?
Atresonance, X=10mm = moei
2¢
10m _ 1
m,e 28

When r is very large, ;(_n; =1 and X=1mm, so
m o
m,e
1
2
¢ =0.05

Therefore, 10(1) =
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2.54

2.55
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An electric motor (Figure P2.53) has an eccentric mass of 10 kg (10% of the total mass)
and is set on two identical springs (k = 3200 /m). The motor runs at 1750 rpm, and the
mass eccentricity is 100 mm from the center. The springs are mounted 250 mm apart
with the motor shaft in the center. Neglect damping and determine the amplitude of the
vertical vibration.

Solution:
Given mg = 10 kg, m=100 kg, k =2x3.2 N/mm,, e=0.1m
in 2
o =17508 (MIN_27 1ady 10 26139 radss
' min "60sec rev S

Vertical vibration:

o = 1{—2(3.2)(1000) =8 rad/s
" 100

. :&: 183.3: 299
w 8

From equation (2.84)
m_r
m|1-r?|

==0.01m

Consider a system with rotating unbalance as illustrated in Figure P2.53. Suppose the
deflection at 1750 rpm is measured to be 0.05 m and the damping ratio is measured to be
¢ =0.1. The out-of-balance mass is estimated to be 10%. Locate the unbalanced mass

by computing e.

Solution: Given: X=0.05m, £ =0.1, m, =0.1m, and from the solution to problem
2.53 the frequency ratio is calculated to be r = 22.9. Solving the rotating unbalance
Equation (2.84) for e yields:
m e 2 1-r?)*+(2%r)?
X = -0 [ e M YD o4
ma-ry et m r
This sort of calculation can be introduced to discuss the application of machinery

diagnostics if time permits. Machinery diagnostics deals with determining the location
and extend of damage from measurements of the response and input.

99 m

A fan of 45 kg has an unbalance that creates a harmonic force. A spring-damper system
is designed to minimize the force transmitted to the base of the fan. A damper is used
having a damping ratio of { = 0.2. Calculate the required spring stiffness so that only

10% of the force is transmitted to the ground when the fan is running at 10,000 rpm.

Solution: The equation of motion of the fan is
mX + cX + kx = myen’sin(ot + 6)
The steady state solution as given by equation (2.84) is
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2

X(t) = m,e r
M J@-r?) +(2r)’
where r is the standard frequency ratio. The force transmitted to the ground is

kr? | 2
F(t) = kx+ cx = 12 [ T R —

m J@-r?)* +(2r)’ m J@-r?)* +(2r)
Taking the magnitude of this quantity, the magnitude of the force transmitted becomes
_me r’Jk+cdo® . J1+ (20
m LY@ - ()
From equation (2.81) the magnitude of the force generated by the rotating mass F; is
F = meo’
The limitation stated in the problem is that Fo = 0.1F, or

, N1+ (2r)’
JA=r?) +(24r)?
Setting = 0.2 and solving for r yields:
r‘-17.84r-99=0
which yields only one positive solution for r, which is

snot

coswt

F

=0.1myew’

m,ew

2 2
(2 =9pog= @ _ Kk _[10000x27 ) 1
V m 60 22.28
m

=2.21x10° N/m

2
k= 45(1OOOO><275J 1

60 22.28
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2.56  Plot the normalized displacement magnitude versus the frequency ratio for the out of
balance problem (i.e., repeat Figure 2.20) for the case of { = 0.05.

Solution: Working in Mathcad using equation (2.84) yields:

12
Xm(T, 1) =

l:l - 12)2 + (S-t_,~1')2

10 +
Xm (0.05,r)

¥m (0.25,¢) |

|
Xm (0.707, ) s 4 || '|
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2.57 Consider a typical unbalanced machine problem as given in Figure P2.57 with a machine
mass of 120 kg, a mount stiffness of 800 kN/m and a damping value of 500 kg/s. The out
of balance force is measured to be 374 N at a running speed of 3000 rev/min. a)
Determine the amplitude of motion due to the out of balance. b) If the out of balance
mass is estimated to be 1% of the total mass, estimate the value of the e.

Gaide Gride
Iy

Maoline oFtotd mesm \
r.-"‘ """"" LT -
K 1.
II e

[
| ™
| B
T
—"

[nlf

e L
- Enbber Roarmannting, T mﬁf:; =
{ 'l:'{_:. medeled i w spring tj’ .':, =

- ‘ﬁ- and @ damper

Figure P2.57 Typical unbalance machine problem.

-

Solution:
a) Using equation (2.84) with mee = Fo/,? yields:
k 1= 800- 1000 mo= 120 ¢ =500 FO =374
wr 1= 1001 . k = 5-10°
k q [ —
R P 2 ofem
l gl.e5
Ii=— wn = 81,
- r=3.543 & = 0.026

=

o .o _FD
or-m n'{(l _ sz + (2-§-r]2 X = 3.386°10

-5

b) Use the fact that Fo= meea;” to get
. Fo
BT &= 315810 "
oor - (0.01-1m)

in meters.
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2.58 Plot the response of the mass in Problem 2.57 assuming zero initial conditions.

Solution: The steady state response is the particular solution given by equation (2.84)
and is plotted here in Mathcad:

m =120 k=120 ¢ 1= 500 FO =374

man .= E 30002 wir C
m W= — = — &=

ol i 2 afm b
1.2

o _FO (
T s B = atam
W J(1—F]2+(2-q-r)2 -

x(t) 1= }i-sm(mr-t - EIII

5107 -

CNANANN
* PFEUE U

k

—5-10""



2-42

Problems and Solutions Section 2.6 (2.59 through 2.62)

2.59 Calculate damping and stiffness coefficients for the accelerometer of Figure 2.23 with

2.60

moving mass of 0.04 kg such that the accelerometer is able to measure vibration between
0 and 50 Hz within 5%. (Hint: For an accelerometer it is desirable for Z / m?Y =
constant.)

Solution: Use equation (2.90):

Given: m =0.04 kg with error < 5%
0.2f=50Hz — f=250 Hz > w=2xf =1570.8 rad/s

Thus, k= mw?= 98,696 N/m
Whenr = .2, 0.95< ! <1.05 (x5% error)
V@-1r7)? +(24r)?
This becomes 0.8317+0.1444 ¢ *<1<1.016+0.1764¢ *
C
Therefore, {=07=

2:Jkm
¢ = 2(.7)/(98696)(.04)

¢ = 87.956 Ns/m

The damping constant for a particular accelerometer of the type illustrated in Figure 2.23
is 50 N s/m. It is desired to design the accelerometer (i.e., choose m and k) for a
maximum error of 3% over the frequency range 0 to 75 Hz.

Solution: Given 0.2f=75Hz —» f=375Hz - @,=2xaf =2356.2 rad/s. Using
equation (2.93) when r = 0.2:

0.97 < ! <1.03  (* 3% error)
V@-r?)? + ()
This becomes 0.8671 + 0.1505¢ *<1<0.9777+0.1697 ¢ ®
Therefore, 0.3622 < ¢ <0.9395
Choose {=0.7= ¢ - >0
2mw  2m(2356.2)
m = 0.015 kg

k = mw’ = 8.326 x10* N/m
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The accelerometer of Figure 2.23 has a natural frequency of 120 kHz and a damping ratio
of 0.2. Calculate the error in measurement of a sinusoidal vibration at 60 kHz.

Solution:

Given: =120 kHz, { =.2, w,=60 kHz

So, ! = 1 =1.288>1
JA=r)2+20r)?  1-5%)2 +(2(:2)(5))’
The error is 1.288-1 x100% = 28.8%

Design an accelerometer (i.e., choose m, ¢ and k) configured as in Figure 2.23 with very
small mass that will be accurate to 1% over the frequency range 0 to 50 Hz.

Solution:

Given: error < 1% ,0.2f =50 Hz - f=250 Hz — w=2xaf = 1570.8 rad/s

When r =0.2, 0.99< ! <1.01 (x 1% error)
\/(1— r?)? +(24r)?

This becomes 0.9032 + 0.1568¢ *<1<0.9401 + 0.1632¢

Therefore, 0.6057 < ¢ <0.7854

Choose m = 0.01 kg, then k = mw? = 24,674 N/m

Thus {=07= ¢ implies that: ¢ = 21.99 Ns/m

2:Jkm
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Problems and Solutions Section 2.7 (2.63 through 2.79)

2.63  Consider a spring-mass sliding along a surface providing Coulomb friction, with stiffness
1.2 x 10* N/m and mass 10 kg, driven harmonically by a force of 50 N at 10 Hz.

Calculate the approximate amplitude of steady-state motion assuming that both the mass
and the surface that it slides on, are made of lubricated steel.

Solution: Given: m =10 kg, k = 1.2x10*N/m, F,=50 N, ® =10(27) = 20 rad/s

0= \/E = 34.64 rad/s
m

for lubricated steel, u=0.07

1- 4umg
: F n(F,
From Equation (2.109) X ==
ka-r

\/1_ [4(.07)(10)(9.81) T
50 n(50)

X:12X104 20 2
' T
‘(1—( Ik

2

34.64

X =1.79%103m

2.64 A spring-mass system with Coulomb damping of 10 kg, stiffness of 2000 N/m, and
coefficient of friction of 0.1 is driven harmonically at 10 Hz. The amplitude at steady
state is 5 cm. Calculate the magnitude of the driving force.

Solution:
Given: m =10 kg, k =2000 N/m, u=0.1, ®=10(27) =10(27) = 20 rad/s,

W= \/% =14.14 rad/s, X =5cm

I:O

2
Equation (2.108) X = K - — FO — Xk\/(l— r2)2 +|:4ukr;](gj|
(1-r?)*+ 4Hmg d
kX

F, =(0.05)(2000) [1—[ 207 } J +[4(O'1)(10)(9'81)j =1874 N

14.14 7(2000)(.05)
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2.65 A system of mass 10 kg and stiffness 1.5 x 10* N/m is subject to Coulomb damping. If

the mass is driven harmonically by a 90-N force at 25 Hz, determine the equivalent
viscous damping coefficient if the coefficient of friction is 0.1.

Solution:
Given: m = 10 kg, k = 1.5x10* N/m, F,=90N,®=252r) =507 rad/s,

o= \/%: 38.73rad/s, u=0.1
Steady-state Amplitude using Equation (2.109) is

1_{wmg T \/1_[4(0.1)(10)(9.81)}2
x=5EY L7R)] __ 90 =80 =3.85x10™* m
k Ja-r  15x10° sor )
l_(38.73j

From equation (2.105), the equivalent Viscous Damping Coefficient becomes:
_4umg _ 4(0.1)(10)(9.81)
“ moX m(507)(3.85x107)

=206.7 Ns/m
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2.66 a. Plot the free response of the system of Problem 2.65 to initial conditions of x(0) = 0
and x(0) = |F,/m| =9 m/s using the solution in Section 1.10.

b. Use the equivalent viscous damping coefficient calculated in Problem 2.65 and plot
the free response of the “equivalent” viscously damped system to the same initial
conditions.

Solution: See Problem 2.65
€)) x(0)=0and x(0) = R =9 m/s

m
4
W= \/K = 1/1'5)(10 =38.73 rad/s
m 10

From section 1.10:

mx + kx = umg for x <0
mx + kx = —umgfor x>0

Let F, = umg= (0.1)(10)(9.81) = 9.81 N

To start, X(0)=w,B, =9

Therefore, A = %and B = S
[0)

F 9 F
So, x(t) = ~% cosw,t + —snw,t — -2
k W k
This will continue until x = 0, which occurs at timet, :
: F
X(t) = A, cosm,t + B,sinw,t + ?“
X (1) = -w,A,Snhot +,B,cosw,t
: F
X(t,) = A, cosw,t, + B,sSnao,t, + ?“

X(t,))=0=-w,A,sno,t, +®,B,cosw,t,
Therefore, A, =(x(t,)— F, /k)cosw,t,and B, = (x(t,) - F, /k)sne,t,

So, x(t) =[ (x(t,)— F, / k)cosw,t, |cosw,t +[ (x(t,) - F, /k)sinw,t, |sna,t + %
Again, when x=0 at timet,, the motion will reverse:

. F
X(t) = A;cosm,t + B;snw,t — ?d
X (1) = —w,A;Sho,t +w,B;cosw,t

: F
X(t,) = A,cosw,t, + B,sSinw,t, — ?“
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X(t,)=0=-w,A;snw.t, + w,B,cosw,t,
Therefore, A, =(Xx(t,) +F,/k)cosw,t,and B, =(x(t,) - F, /k)sna,t,

So, x(t) =[(x(t,) + F, / k)cosw,t, |cosm,t +[ (x(t,) + F, / k)snw,t, |snw,t - %
This continues until x=0and kx < umg=9.81 N

nz T
Nz A

0.1 A

‘u\lu\uhjh
i

— - wm

—.3

=

—

(b) From Problem 2.65, C,, = 206.7 kg/s

The equivalently damped system would be:
mX+c, X+kx=0

4
Also, \/7 «/1 510 =38.73 rad/s

2067
2% 2\/(1 5x10*)(10)

Wy = w,1-¢* =37.33 rad/s

The solution would be found from Equation 1.36:

0.2668

X(t) = Ae ™ sin(w,t + ¢)

X(t) = —Cw, Ae " sin(w,t + ¢) + w,Ae " cos(m,t + ¢)
x(0)=Asng =0

X(0) = —fw,Asng + w,Acosp = 9
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Therefore, A= 9. 0.2411mand ¢ =0 rad
@y

So, x(t) = 0.2411e7%*5in(37.33t)

x (1) = 024116 P ain (37,331

0.z -
0.1 4
x[t)
e ' : :
0 VD.E 0.4 0.6 0.s 1
0.1t

Referring to the system of Example 2.7.1, calculate how large the magnitude of the
driving force must be to sustain motion if the steel is lubricated. How large must this
magnitude be if the lubrication is removed?

Solution:

From Example 2.7.1 m =10 kg, k= 1.5x10* N/m, F,=90 N,
® = 25(2r) = 507 rad/s

Lubricated Steel u=0.07
Unlubricated Steel ¢ =0.3
Lubricated: F > 4umg _ 4(0.07)(10)(9.81)
7 T
F,=874N
Unlubricated: F > 4pmg _ 4(0.3)(10)(9.81)
7 /4

F=375N
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2.68 Calculate the phase shift between the driving force and the response for the system of
Problem 2.67 using the equivalent viscous damping approximation.

Solution:

From Problem 2.67: m=10kg, k=1.5x10* N/m, F, =90 N,
o = 25(2r) =157.1rad/s

0, = \/E = 38.73rad/s
m

From Equation (2.111), and since r>1

—4pmg

2

Since in Problem 2.67, nF, = 4;_1mg, this reduces to

6 =tan*

0 =tan %1} = % rad = -90°
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Derive the equation of vibration for the system of Figure P2.69 assuming that a viscous
dashpot of damping constant c is connected in parallel to the spring. Calculate the energy
loss and determine the magnitude and phase relationships for the forced response of the
equivalent viscous system.

I OO Wi

Solution: Sum of the forces in Figure P2.69
mMX = —kx — cx— umg sgn (X)
mX + cx + umgsgn (X)+ kx =0
Assume the mass is moving to the left (x(0) = 0,x(0) = X,)
mMX—cX+ umg+ kx =0
X+ 20w, X— g+ w>x=0
The solution of the form:

X(t) aert + 72 I‘lg
a)

n

Substituting:
ar’ed' +2{w are" — ug+w, *a€* + ug=0
r’+2lor+w?=0

_2Ca)n_\/4CCO - o, +w\/—1

—_— (7§wn+wn § 7l)t (7§wn7wn 4271)t Hg
So, X(t) =ae v +a,€e + P

n

ng

n

X(t) =e ' (ae " +ae ) + —

X(t) = Xe ' sn(w,t +6) + — H g
wn

Initial conditions

x(0) = Xsn(@) +— =X,
wn
X(0) = X(-¢w, )(snB) + Xw, cos6 =0
—Xlw,sn6 + Xw, cos6 =0

tanG:&:w =tan™ Oy
¢o (o,

n
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H9 2 2
(Xo - U)nz] a)d + (Ca)n)

X =

o8

(x<0) - a‘ng 0,2+ (o,)’
e “sin (wdt +tan™ [&D + 11_92 (1)
wd Ca)n wn

This will occur until x(t)=0:
X(t) = X(~¢w, )e " sin(w,t + ) + Aje v, cogw,t +6) =0
—{w,sSn(w,t +0) + w, cos(w,t +0) =0

x(t) =

)
= tan(w,t +6) = -

n

T
t=—
Wy

So Equation (1) is valid from0<t < S
@y
For motion to the right

Initial conditions (From Equation (1)):

Hg
n X(O)_ ]gw
X(EJ:Xe [“’d)cose+ H% = n e’ "(”’d)+u—%
wd n wd wn
X{l] =0
Wy
X(t) = A" sin(,t +6,) - L2
wn
o2k iy
x(0) = Asin6, - £9 = e ) K
o, o, o,

X(0) = A (-fw,)sin6, + Xw, cosb, =0

Solution: x(t) = Ae ™ sin(w,t +6,) - ”_?
®

n

_H9
e —

wd wd n
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®
6 =tan?| —-
[Cwn}

Forced Case:
mX — cx + umg sgn (X) + kx = F, cog(wt)

Approximate Steady-state Response:
X<(t) = Xsin(wt - 0)

Energy Dissipated per Cycle:
2r

dx dx
AE=[Fdx= [|cx—+ nx— |dt
[F, ﬂ -+ UGSy dt}
2 2
= | (cxdlt) + umg | sgn(x)xdt
2 2
AE = rcooX? + 4umgX

This results in an equivalent viscously damped system:
%+ 2(8 + g )w X+, ?x = F, cosowt

2g
where {_ =
= W, wX
The magnitude is:
F

_0

X = k
JA=1? +2(C+L)r)?

Solving for X:

2 2 2.2 2 2
8ugcr + 8ugcr —2| (@=r?y? +l 4ugr _ i
ko ko km Tw k

2.2
al@-ryz+ 0
{( pell

The phase is:
4ugr
20r+ ————
2(C+C )r X
6=tan™ A+ o) Cezq) =tan™ —71'(02”(0
1-r 1-r
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2.70 A system of unknown damping mechanism is driven harmonically at 10 Hz with an
adjustable magnitude. The magnitude is changed, and the energy lost per cycle and
amplitudes are measured for five different magnitudes. The measured quantities are:

AEQ) ]0.25 0.45 0.8 1.16 3.0
X (M) [0.01 0.02 0.04 0.08 0.15
Is the damping viscous or Coulomb?
Solution:

For viscous damping, AE = rcwX?
For Coulomb damping, AE = 4umgX

r0.01
0.0z
¥ = |0.04 i=0,1.4 . 5
¥ = (%)
D08 | +
0.15
) ) [0.25 T
0.45
E:=|08
1.16
- 3 =
4 I I 4 I I
Ej 2 - — E 2 - —
a | | a | |
0 0.05 0.1 0.15 0 001 002 002
i ¥

For the data given, a plot of AE vs X? yields a curve, while AE vs X yields a straight
line. Therefore, the damping is likely Coulomb in nature
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Calculate the equivalent loss factor for a system with Coulomb damping.

Solution:
Loss Factor: n= AE
27U
For Coulomb damping: AE = 4umgX
Umax = l kx2
2
__ApmgX _ 4umg
2%(1kX2) X
2
Substituting for X (from Equation 2.109):

_4umg__[1-r7)

2
o | (4umg
k,

A spring-mass system (m = 10 kg, k = 4 x10° N/m) vibrates horizontally on a surface
with coefficient of friction u =0.15. When excited harmonically at 5 Hz, the steady-

state displacement of the mass is 5 cm. Calculate the amplitude of the harmonic force
applied.

n

Solution: Given: m =10 kg, k = 4 x 10°N/m, p=0.15, X =5cm =0.05m,
k
® =5(2r) =107 rad/s, @, = \/% = 20 rad/s

Equation (2.109)
I:0

X = k =

oz, [4umg )’
\/(1—r ) +( kX j
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F, = kx\/ (1-r2)2+ (—4“ rrg]z = (0.05)(4x 10°) \/{1— (10_”)2} ' ( 4(0.15)(10)(9.81)
kX 20 7(4x10°)(0.05)

F,=294N

;



2.73  Calculate the displacement for a system with air damping using the equivalent viscous
damping method.

Solution:
The equivalent viscous damping for air is given by Equation (2.131):
Cy = ioca)X

< 3

From Equation 2.31:

X = F° = Fo
J(w? -0?) + (20,0 J(wg_wz o[ a,j
m
X = F, _ F,m

2 8 2 8 ?
(wf—wz) +(awxj k (1—r2)2+(arzx)
3rm 3rm

Solving for X and taking the real solution:

2 2
Lyl [ oy o 1R
2 2 3km

8ar?
3rm

X =

2-55
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2.74  Calculate the semimajor and semiminor axis of the ellipse of equation (2.119). Then
calculate the area of the ellipse. Use ¢ =10 kg/s, @ = 2 rad/s and X = 0.01 m.

Solution: The equation of an ellipse usually appears when the plot of the ellipse is
oriented along with the x axis along the principle axis of the ellipse. Equation (2.1109) is
the equation of an ellipse rotated about the origin. If k is known, the angle of rotation can
be computed from formulas given in analytical geometry. However, we know from the
energy calculation that the stiffness does not effect the amount of energy dissipated. Thus
only the orientation of the ellipse is effected by the stiffness, not its area or axis. Thus we

can use this fact to answer the question. First re-write equation (2.119) with k = 0 to get:

F2 + CZwZXZ - CZa)ZXZ

F 2 X 2
(5] (3
co X X

This is the equation of an ellipse with major axis a and minor axis b given by

a=X=0.01m, and b=cwX =0.2kgm/s’
The area, and hence energy lost per cycle through the damper then becomes

mcw, X* = (3.14159)(10)(2)(.0001) = 0.006283 Joules.
Alternately, realized that Equation 2.119 is that of ellipse rotated by an angle 6 defined
by tan26 = -2k/(c’w? + k* —1). Then match the ellipse to standard form, read off the

major and minor axis (say a and b) and calculate the area fromzab. See the following
web site for an elipse http://mathworld.wolfram.com/Ellipse.html

2.75 The area of a force deflection curve of Figure P2.28 is measured to be 2.5 N- m, and the
maximum deflection is measured to be 8 mm. From the “slope” of the ellipse the

stiffness is estimated to be 5 x10* N/m. Calculate the hysteretic damping coefficient.
What is the equivalent viscous damping if the system is driven at 10 Hz?

Solution:
Given: Area=2.5Nem, k=5x10" N/m, X =8 mm, w =10(27) = 20r rad/s

Hysteric Damping Coefficient:
AE = Area=rkBX?
2.5 = 1(5x10")(0.008)*
B =0.249

Equivalent Viscous Damping:
_kB _ (5% 10%)(0.249)
0] 207

Ceq

Ceq = 198 kg/s
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2.76  The area of the hysteresis loop of a hysterically damped system is measured to be 5
N mand the maximum deflection is measured to be 1 cm. Calculate the equivalent

viscous damping coefficient for a 20-Hz driving force. Plot ¢, versus o for2z < o <
1007 radfs.

Solution:
Given: Area=5Nem, X=1cm, w = 20(2r) = 407 rad/s

Hysteric Damping Coefficient:
AE = Area=rkBX?
5 = kB(0.02)
k3= 15,915 N/m

Equivalent Viscous Damping:
_ kB _ 15915
“ o 407
Cq = 126.65 kgfs

To plot, rearrange so that
TC,X? = AE
AE 5 50,000

CaeX®  ro(01)? o

Ceq

1000 1
¢ [ea]

a00 -

] 100 200 300
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2.77  Calculate the nonconservative energy of a system subject to both viscous and hysteretic
damping.

Solution:

AE = AE,, + AE,,
AE = rewX? + knBX?
AE = (co + kB)m X?

2.78  Derive a formula for equivalent viscous damping for the damping force of the form, F , =
c(x)"where n is an integer.

Solution:

Given: F, =c(X)"
Assume the steady-state response x = Xsinwt.
The energy lost per cycle is given by Equation (2.99) as:

2 2
AE = pF,dx = T c(X)"xdt = cT ()" dt
0 0

Substituting for X:

2r
AE = T [oo””X”+l cos””(wt)]dt
Letu :Ocot )
AE = cX””a)“T(cos””u)du
Equating this to Equation 2.91O yields:

2r
MCX? = X" " j (cos™™ u)du
0

CXn—lwn—l 2n
= J' (cos™ u)du
T

0

€q
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Using the equivalent viscous damping formulation, determine an expression for the
steady-state amplitude under harmonic excitation for a system with both Coulomb and
viscous damping present.

Solution:

AE = AE\nsc + AEcoul
AE = rcooX? + 4umgX

Equate to Equivalent Viscously Damped System
TC,X? = wewX? + 4pmg

= meoX + 4umg _ ., AHMY = 20,M
X X
2g
=C+
b =6 mww, X
Amplitude:
L} L}
X = k - k
1—r2)? + (20 1)? 2
Ja-r2? +@20.r) Jﬂ—ﬂf+(%T+an)
kX
Solving for X:

_( 8uger? N 8ugcer? 2_4 (112 + ccre || 4ugr 2_(&)2
ko rkaw km w,m k

2,2
ol a—r2z+ S
[( A

X =
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Problems and Solutions Section 2.8 (2.80 through 2.86)

2.80*. Numerically integrate and plot the response of an underdamped system
determined by m= 100 kg, k = 20,000 N/m, and ¢ = 200 kg/s, subject to theinitial
conditions of x, = 0.01 mand v, = 0.1 m/s, and the applied force F(t) = 150cos5t. Then
plot the exact response as computed by equation (2.33). Compare the plot of the exact
solution to the numerical ssimulation.

Solution: The solution is presented in Matlab:

First the m file containing the state equation to integrate is set up and saved as ftp2_72.m

function xdot=F(t, x)
xdot=[-(200/100)*x(1)-(20000/100)*x(2)+(150/100)*cos(5*t); x(1)];

% xdot=[x(1)"; x(2)"]1=[-2*zeta*wn*x(1)-wn"2*x(2)+Fo*cos(w*t) ; x(1)]
% which is a state space form of

% X" + 2*zeta*wn*x" + (wn”2)*x = Ffo*cos(w*t) (fo=Fo/m)

clear all;

Then thefollowing mfileis created and run:

%---- numerical simulation ---

x0=[0.1; 0.01]; %[xdot(0); x(0)]
tspan=[0 10];

[t,x]=oded45("fp2_72" ,tspan,x0);

plot(t, x(:,2), ".%);

hold on;

%--- exact solution ----

t=0: .002: 10;

m=100; k=20000; c=200; Fo=150 ; w=5

wn=sqgrt(k/m); zeta=c/(2*wn*m); Ffo=Fo/m; wd=wn*sqrt(l-zeta”2)

x0=0.01; vO= 0.1;

xe= exp(-zeta*wn*t) .* ( (XO-Fo*(wn"2-w"2)/((wn"2-w"2)"2 ...
+(2*zeta*wn*w)”"2))*cos(wd*t) ...

+ (zeta*wn/wd*( xO0-fo*(wn"2-w"2)/((wn2-wA2)"2+(2*zeta*wn*w)"2)) ...
2*zeta*wn*w 2*Fo/ (wd*((wdN2-wr2)7"2 ..
(2*zeta*wn*w)"2))+v0/wd)*sin(wd*t) ) .
fo/((wn"2- WA2)A2+(2*zeta*wn*w)A2)*((wnA2 wh2)*cos(w*t) .
2*zeta*wn*w*sin(w*t))

+ 4+ o+

plot(t, xe, "w");
hold off;

This produces the following plot:
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Figure No. I=———— I H

0.015

0.013%

0.00% &

-0.00%

-0.m

-0.015 1 1 1 1 I I I 1 1
0
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2.81*. Numerically integrate and plot the response of an underdamped system
determined by m = 150 kg, and k = 4000 N/m subject to the initial conditions of x, = 0.01
m and v, = 0.1 m/s, and the applied force F(t) = 15c0s10t , for various values of the
damping coefficient. Usethis*“program” to determine avalue of damping that causes the
transent term to die out with in 3 seconds. Try to find the smallest such value of
damping remembering that added damping is usually expensive.

Solution: The solution is given by the following Mathcad session. A value of ¢ = 350
kg/s corresponding to £ = 0.226 gives the desired result.

a"s\)\)\)—7-——— 21— [H|H
il
m = 150 k = 4000 c .= 350 E
= [ ¢=— FO i= 15 = 10
SR 2 ofim =18 wi=
0.01 |
X =
0.1 Dit,x) = ( 2 ) FO
-2 Goonoy —on X, |+ E-sml{m-t}l

Z = rhfived (x,0,10,4000, D) 1= ¢ = 0226
=1>= - -

ti= <0 *I= 2 wn = 5.164
+

0.0

0.0

001 4

| &

—0.01 +

.0z -

4 [ D




2.82*. Solve Problem 2.7 by numerically integrating rather than using analytical
eXpressions.

Solution: The following session in Mathcad illustrates the solution:
a) zero initial conditions
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L Prob 2.74 =
—_ e
ME00 o mi=100 ki=2000 FO= 10 =10 — =]
k x0
W = |’— wi = 4.472 ¥ = [ Xy
m Gl

} Dt,X) :=[

- -Xu + fIII-stLIIUJ-tII

Z 1= rkfixed (3,0, 10,4000,
x =25

ti=g70®

0003 1

n

=005 -

A
IR

i

|

A

ey

b) Using and initia condition of x(0) = 0.05m. Note the difference in the response.



= Prob 2.74 HE
1 — F N
x0 0= 0.05 w0 :=0 m =100 k = =2000 FO =10 w =10 E E
k x0
wi = J: wn = 4,472 M= [ }
m 7l Dit,%) = 5
—mn -}s‘.u + fD'SjIL(U.'I't:l
Z := rkfived (3,0, 10,4000 ,D)
x =z 1i=z%0%
0l T
: \ /\ /\ /\ /\ /\ /\
x !
—n.os 4
-1+ +
3 ___I
-
FRE | e |
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2.83*. Numerically simulate the response of the system of Problem 2.30.

Solution: From problem 2.30, the equation of motion is

9a’ m + 4a’ccoshd + a’ksind = —3aF(t)
where k = 2000 kg, c = 25kg/s , m=25kg,F(t) =50cos2nt , a=0.05m
Placing the equation of motion in first order form and numerically integrating

using Mathcad yields
k = 2000 C:=25 m:=25 a:=0.05 o -3l
3-a- i
_ |0
xi= 0 y
Dit,X) = | -4z E
g_m-}il-cns (}iuj - —g_m-sm(}iuj + f0-coa IIE-rL-t:I
2 = rkfixed (3,0, 10,4000 ,L)
i =0
t=2 E — E{ 1=

L A pannd
N IRATRAVARVARTA'S




2- 66

2.84*. Numerically integrate the system of Example 2.8.1 for the following sets of initial
conditions:

a) X =00mandv,=0.1m/s

b) X,=0.01 mand v,= 0.0 m/s

C) X, =0.05mandv,=0.0m/s

d) x,=0.0mandv,=0.5m/s
Plot these responses on the same graph and note the effects of the initial conditions on the

transient part of the response.

Solution: The following are the solutions in Mathcad. Of course the other codes and
Toolbox will yield the same results.

I=""———?2?nh—-~———————HE
_ _ _ -
x0 = 0. =g =100 ki=2000 oo . =
k C
on = = = FO = 150 e o =
m Z afkm fD.—m wi=1n wd 1= wnal — &
- [XU] Xl
vl D1, ¥) = 3
-2 Con- ¥y —wn ¥y + f0-cos (m-t)
Z i=rkfwed (X,0,6,2000,0) =257 g
00d
: A [\ [\
-zt \/ U U
-0t |
-
<[] vz
I="—"——————2ft————————H B
_ — — -
x®0 =001 — m = 100 k= z00o = 200 n =
k C
wn = (— &= FO := 150 . O — z
m 2 ofk-m I'U.—m @ = 10 wd = wmall — &
X = [XD] %
wll D(t,¥) =
-2 Con ¥y —wn ¥y + f0-cos (Lu-t)
Z 1= odied (X,0,6,2000,0) =207 ey
004
N /\ /\ [\
-0z U \f
—amd
' - |
o [l D




2- 67

2.76 HE
x0 1= 0.05 vl =0 =100 k = 2000 o = =00 é
k c
wn = [(— &= FO := 150 ,_ F0 —
m 2 afkm W= =0 = 1—§2
_ [xﬂ] %,
¥0 Dit,¥) = a
-2 foan ¥, —wn X, + f0-cos [m-t)
+
Z = rkfed (¥,0,6,2000,D) =207 _eps
0l
t Bl
o [l DE
d)
I==———2mw—"————H|H
x0=0.00 oo M= 100 ki=2000 oo é
k C
wn = — b= FiO := 150 _Fo W
i 2 alk-m m'_E W= = 1—§2
XK= [XD } %
v Dit,X) = 3
-2 fown ¥, - wn X + f0-cos I:w-t:I
Z 1= rkfixed (X,0,6,2000,0) =207 eps
01T +
0.05 A
- ALY,
AR
-0.054
; |
A [ ]z
Note the profound effect on the transient, but of course no effect on the steady state.
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2.85*. A DVD driveis mounted on a chassis and is modeled as a single degree-degree-
of-freedom spring, mass and damper. During normal operation, the drive (having a mass
of 0.4 kg) is subject to aharmonic force of 1 N at 10 rad/s. Because of material
considerations and static deflection, the stiffnessis fixed at 500 N/m and the natural
damping in the system is 10 kg/s. The DVD player starts and stops during its normal
operation providing initial conditions to the module of x, =0.001 m and v, = 0.5 m/s.

The DVD drive must not have an amplitude of vibration larger then 0.008 m even during
the transient stage. First compute the response by numerical simulation to seeif the
congraint is satisfied. If the constraint is not satisfied, find the smallest value of damping
that will keep the deflection less then 0.008 m.

Solution: The solution is given by the following Mathcad session:

F
+ m =04 k =500 co=17 =]
- |k = — FO =1 = 10
on = 2 ofcm =t =
_[D.DDI] %1
| os Dit,x) = 2 F(
(—2-§-mn-x1 — Wil -xujl + —-si:nlir.u-tjl
Z .= rkfixed (x ,0,1.5,1000 ,D)
=27 1F
=20 '
0.005
: ANya
! \0_7 \\/ 15
—0.005 4
t —
1 [ DEZ

Thisyields ¢ =17 kg/s as a solution.
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2.86 Useaplotting routine to examine the base motion problem of Figure 2.12 by
plotting the particular solution (for an undamped system) for the three cases k =
1500 N/m, and k =700 N/m. Also note the values of the three frequency ratios
and the corresponding amplitude of vibration of each case compared to the input
Use the following values: @, = 4.4 rad/s, m= 100 kg, and Y = 0.05 m.

Solution; The following Mathcad worksheet shows the plotting:

kl
m := 100 k1l = 1500 wl = [—
m
K =700
e wh 1= 4.4
KBi=2500 T I I < wl = 3873
w3 = —
m
wb wb wb
1l = — 12 1= — 13 1= — w? = 2.646
wl wl w3 =5
1l = 1.136 12 = 1663 3 = 088 Y =005

y(t) = Y-sin{wb-t)  then from equation 2.68 and 2.70 with zero damping:

1 I 1 I
x1{t) =Y ————cos(wbt——| =(t) =¥ ———cos|wbt——
|1—1~12| 2 |1 - 2| 2
JT
B(t) =Y —————cos wbt——
|1 -3
03 +
02z +
A g | N 3
! A Iy g I Y I I
| | 1 ] | y |
xft) 014 | | P L H | I
| | ' | | | { 1 | 1 I
2 Lo U o T N SN T PN I N
; 4 £ «L//h\ } l’r/f\ (1 '3 lvl"\\l'. ; F‘! !
“ n » vl g 1) FEREES) ) L
(1) o nol ozl Al ferte wA led T
| b I f i
vl 01+ ! | I| Ill 1|I |I Ill ,' ||‘ ! . \I Il
II] ll lllull ll_ Jli ||~||‘ l| '|[I l[ull Il |I
02+
-3t

Note that k2, the softest system (smallest k) has the smallest amplitude, smaller
than the amplitude of the input as predicted by the magnitude plotsin section 2.3
Thuswhenr > \/E , the amplitude is the smallest.
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Problems and Solutions Section 2.9 (2.87 through 2.93)

2.87*. Compute the response of the system in Figure 2.34 for the case that the damping
islinear viscous and the spring is a nonlinear soft spring of the form

k(x) = kx — kx*
and the system is subject to a harmonic excitation of 300 N at a frequency of
approximately one third the natural frequency (o= ®,/3) and initial conditions of x, =
0.01 mand v, = 0.1 m/s. The system has a mass of 100 kg, a damping coefficient of 170
kg/s and a linear gtiffness coefficient of 2000 N/m. The value of k; is taken to be 10000
N/mé. Compute the solution and compare it to the linear solution (k, = 0). Which system
has the largest magnitude?
Solution: The following isa Mathcad ssimulation. The green is the steady state magnitude
of the linear system, which bounds the linear solution, but is exceeded by the nonlinear
solution. The nonlinear solution has the largest response.

x0 i= 0.01 - - el
vl = 0.1 m = 100 k1= 2000 ¢ =170 2 2
kL := 10000 '

F0 =300
i =

x0
o= o=
]

B
oy

I

(]

=

1]

E
=

1]

| &

%
Dft,¥) =
%) -2 Cwn X, - mnz-XD + }]:_1—1 (an + f0-cos Iim-tjl

Y1
Lit,7):= 2
7 = rkfixed (3,0, 10,4000, D) (—z-q-mn-‘fl - wn -YD) + 10 cos [w-1]

t=z0* g1z pElE W 1= rkfixed (¥ ,0,10,4000,L)

KL= WL TORE a

(mnz - mz)z + Iiz-ﬁ-mn-mjlz F .= E

04 T

AWA
2 L \E\/S \10
4 4 a

B Kl

4 [l [»
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2.88*. Compute the response of the system in Figure 2.34 for the case that the damping
islinear viscous and the spring is a nonlinear hard spring of the form

k(x) = kx+kx*
and the system is subject to a harmonic excitation of 300 N at afrequency equal to the
natural frequency (o = w,) and initial conditions of x, =0.01 mand v, =0.1 m/s. The
system has a mass of 100 kg, a damping coefficient of 170 kg/s and alinear stiffness
coefficient of 2000 N/m. The value of k, istaken to be 10000 N/m?®. Compute the
solution and compare it to the linear solution (k; = 0). Which system has the largest
magnitude?
Solution: The Mathcad solution appears below. Note that in this case the linear
amplitude is the largest!

=== PMp 2.7 ="——— [H 3
x0 =001 . — [ |
w0 1= 0.1 m = 100 k= 200 ¢ 1= 170 =
= +
" % =100 Ry = 300
wn .= |— C
= Fi (N}
om g - -
fl 1= — =__
2 ak-m m v 1

Xi
Dit,¥) =
() (—2-:’___'-r.un-15{1 - mnz-}{n] — (Xuf + 10-cos Iim-tjl ]

Yl
Lit,¥) = 2
% := rkfixed (¥ ,0,10, 4000 , D) ~2twn ¥, — wn Y, + 0-cos (1)

ti= =0 ;= pElE W= rkfixed (¥ ,0,10,4000,L)

— 1=
KL = W 4 dit) = 0

c-m = 1-10

04 -

0z

1]
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2.89*. Compute the response of the system in Figure 2.34 for the case that the damping

islinear viscous and the spring is a nonlinear soft spring of the form

k(x) = kx—kx*

and the system is subject to a harmonic excitation of 300 N at afrequency equal to the
natural frequency (o = w,) and initial conditions of x, =0.01 mand v, =0.1 m/s. The

system has a mass of 100 kg, a damping coefficient of 15 kg/s and alinear stiffness

coefficient of 2000 N/m. The value of k; istaken to be 100 N/m?®. Compute the solution

and compare it to the hard spring solution (k(x) = kx + k1x3 ).

Solution: The Mathcad solution is presented, first for a hard spring, then for a soft spring

[=——-°-———————""PFProp 280

2 =]

x0=001 gy miE 100 k=2000 o0 ci=170 FO =300

5l
C
k b= FO wi x0
wn = |— f1=— m=— M= ¥ o=K
M 2 atk-m M 1 s
15{1

Dit,¥) =
.5 |:(—2-§-mn-}s'.1 - mnz-}in) — o (an + f0-cos |[m-t]| ]

Yl
Lit,T) = ,
% := rkfixed (¥ ,0,10,4000 , ') 28 on ¥, — wn ¥y + f0-cos (wt)

t1=z%0% P W= rhfived (Y ,0,10,4000,L)
— 1= m
L= WE i =
Ch I = 1'1III‘1 —
Fi=d(t)
+
0d T+
0.2 +
x
xL

-

Next consider the result for the soft spring and note that the nonlinear response is higher

in the transient then the linear case (opposite of the hardening spring), but nearly the
same in steady state as the hardening spring.
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| Prop 2.80 HH
— — — F
M= g o gy S0 =2 = -100c =170 FD =300 =
Eop=— Fi wn %0
wn = — foi=—  w=— Ho= T =X +
T 2 otk m m 1 Gl
15'g"l
Dt,¥) = 2 .
(—E-an-}il — wn -KD] — o EXD] + 10 cos Iim-tjl
Y1
Lit,7¥) = 5
% := rkfixed (2 ,0,10,4000, D)) 2 gon Y, — wn Y, + 10003 [w-t)
1= z%0> I W= rkfixed (¥ ,0,10,4000 L}
L =W lF T = f
oem = -1 107 . a2 , —
(mn —w ) + Iiz-ﬁ-mn-mjl Fi=41(1)
t -]
A [l %
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2.90*. Compute the response of the system in Figure 2.34 for the case that the damping
islinear viscous and the spring is a nonlinear soft spring of the form
k(x) = kx—kx*

and the system is subject to a harmonic excitation of 300 N at afrequency equal to the
natural frequency (o = w,) and initial conditions of x, =0.01 mand v, =0.1 m/s. The
system has a mass of 100 kg, a damping coefficient of 15 kg/s and alinear stiffness
coefficient of 2000 N/m. The value of k, istaken to be 1000 N/m?®. Compute the solution
and compare it to the quadratic soft spring (k(x) = kx + kix2 ).

Solution: The response to both the hardening and softening spring are given in the
following Mathcad sessions. In each case the linear response is also shown for
comparison. With the soft spring, the response is more variable, whereas the hardening
spring seems to reach steady state.

OI=="—-————Frip28l=———— M0 8
x0 1= 0.01 ._ " =
o0 =01 m = 100 k = 2000 . =
. ® =100 gy - o
wn = = c
= + Fi i
m (. . .
o= —— =
2 afkom m “m

15{1
Oft,®) =
(*.%) [(—Z-Q-mn-xl - mnz-Xu) — (Xujz + f0-cos Iir.u-tjl ]

Y1
i . LI:t_.Y:I = 2
Z 1= rkfixed (¥ ,0,20,4000,D) (—z-q-mn-‘fl wn 'Yu) — ot (35)° + 1-c0s (w-)
T \oeim W= rkfixed (T ,0,20,4000,L)
ti=2 X =2 xL::‘Wil}
oem = 1+10°
4-
X
xL
t - |
4 [v] 2




2.91*.

2. 74

Compare the forced response of a system with velocity squared damping as

defined in equation (2.129) using numerical simulation of the nonlinear equation to that
of the response of the linear system obtained using equivalent viscous damping as
defined by equation (2.131). Use asinitia conditions, x, = 0.01 m and v, = 0.1 m/swith a
mass of 10 kg, stiffness of 25 N/m, applied force of 150 cos (w,t) and drag coefficient of

o = 250.
Solution:
| Prop 2.82 HHE
— — — F
M=l =g MOS0 Ei=& =250 PO 150 =
FO —
k fl = —
won = [ — m w = 1-wn
m gl req
ceq o= -f b=
ol 31 2 A, E-m
¥ = T =¥ w
Lyl 1
Dit,=) 1= 2 o, #y
—wn K, - — [le-— + 0 cos |[UJ-1::|
TiL |15{1|
N v
Lt,T)

t,=z%0F

Z = rkfixed (3 ,0,30,2000,D)

1
; [(—2-§-mn-‘fl - Lunz-“fu) + f0-cos Iim-tjl ]

W= rkiixed (¥ ,0,30,2000,L)

x = 2517
xL ::W{l} d':ﬂ' =
Jlor? )
15 +
I-W A
a5+
AL

PRI
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2.92*. Compare the forced response of a system with structural damping (see table 2.2)
using numerical smulation of the nonlinear equation to that of the response of the linear
system obtained using equivalent viscous damping as defined in Table 2.2. Use asinitia
conditions, X, = 0.01 m and v, = 0.1 m/s with a mass of 10 kg, stiffness of 25 N/m,

applied force of 150 cos (w,t) and solid damping coefficient of b = 25.
Solution: The solution is presented here in Mathcad

— — —_— F 9
=000 gy mEI0 k= b:i=25  FO:=150 —
- . =
wo = |— T w = 1-wmn ceq
m ceq = 23— g =
= =3 %
vl 1
Dit,¥) = £y
wn -3, |Xu| + 10 coz |[r.u t]l
%4
Yl
Lit,¥T) = 5
+ (—Z-Q-mn-“fl — wn -?u) + f0-cos Iir.u-tjl
% = rkfived (¥ ,0,25 2500, D)
N
t=z x =291

Wi rifixed (Y ,0,25 2500, L)

L = welF

n T

4 [ [ »

Skl




