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Solutions to Chapter 16 Problems
S.16.1

From Section 16.2.2 the components of the bending moment about the x and y axes
are, respectively

M, = 3000 x 10° cos30° = 2.6 x 10° N mm

M, = 3000 x 10’ sin 30° = 1.5 x 10° Nmm
The direct stress distribution is given by Eq. (16.18) so that, initially, the position of
the centroid of area, C, must be found. Referring to Fig. S.16.1 and taking moments of

area about the edge BC

(100 x 10 + 115 x 10)x = 100 x 10 x 50+ 115 x 10 x 5

i.e.
X =25.9mm
100 mm |
y
B ‘\ ’ A
| f1omm
E ‘\/‘:300 v F
c > X
125 mm /
X
T C IZI D
10mm
Fig. S.16.1

Now taking moments of area about AB
(100 x 104+ 115 x 10)y =100 x 10 x 5+ 115 x 10 x 67.5

from which

38.4 mm

y
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The second moments of area are then

100 x 103 , 10 x 1153 5
o = ————— 4+ 100 x 10 x 33.4* + ———" 410 x 115 x 29.1
12 12
=3.37 x 10° mm*
10 x 1003 ,  115x10° )
Ly = ——5—— +10x 100 x 24.1° + ————— + 115 x 10 x 20.9

= 1.93 x 10 mm*
Iy =100 x 10 x 33.4 x 24.1 + 115 x 10(=20.9)(—29.1)
=1.50 x 10° mm*
Substituting for My, My, Iy, Iyy and Iy, in Eq. (16.18) gives
o, = 0.27x + 0.65y (1)

Since the coefficients of x and y in Eq. (i) have the same sign the maximum value of
direct stress will occur in either the first or third quadrants. Then

oya) = 0.27 x 74.1 4 0.65 x 38.4 =45.0 N/mm? (tension)
ozc) = 0.27 x (=25.9) + 0.65 x (—86.6) = —63.3 N/mm2 (compression)

The maximum direct stress therefore occurs at C and is 63.3 N/mm? compression.

5.16.2

The bending moments half-way along the beam are
M, = —800 x 1000 = —800000Nmm M, = 400 x 1000 = 400 000 N mm

By inspection the centroid of area (Fig. S.16.2) is midway between the flanges. Its
distance x from the vertical web is given by

(A0x2+100x2+80x Nx=40x2x20+80x 1 x40
i.e.
x = 13.33mm

The second moments of area of the cross-section are calculated using the approxima-
tions for thin-walled sections described in Section 16.4.5. Then

2 x 1003
1,()C=40><2><502+80><1><502+—X12 —5.67 x 10° mm*
5 2x40° ,  1x80°
Ly =100 x 2 x 13.33* + +2 x 40 x 6.67% + o

+1 x 80 x 26.67>
= 1.49 x 10> mm*

Ly = 40 x 2(6.67)(50) + 80 x 1(26.67)(—50) = —0.8 x 10°> mm*
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40mm
y

2.0 mmi -
f
2.0mm —wla— _
y
C X 100 mm
x
‘1.0 mm ¥
f
80 mm |

Fig. 5.16.2

The denominator in Eq. (16.18) is then (5.67 x 1.49 —0.8%) x 10'°=7.81 x 10'°.
From Eq. (16.18)

400000 x 5.67 x 10° — 800000 x 0.8 x 10°
o =
7.81 x 1010 x

L (7800000 x 1.49 105 ++ 400000 x 0.8 x 10°
781 x 1010 Y

i.e.
o=2.08x—1.12y

and at the point A where x = 66.67 mm, y = —50 mm

o(A) = 194.7N/mm? (tension)

5.16.3

Initially, the section properties are determined. By inspection the centroid of area, C,
is a horizontal distance 2a from the point 2. Now referring to Fig. S.16.3 and taking
moments of area about the flange 23

(Sa + 4a)ty = S5at(3a/2)

from which
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3a

Fig. 5.16.3

From Section 16.4.5

Ly = 4at(5a/6)* + (5a)*1(3/5)*/12 + 5at(2a/3)* = 105a°1/12
Ly = t(4a)* /12 + (5a)*t(4/5)* /12 = 12a°t
Ly = 1(5a)*(3/5) (4/5)/12 = 5a°t

From Fig. P.16.3 the maximum bending moment occurs at the mid-span section in a
horizontal plane about the y axis. Thus

M, =0 My(max) = wi*/8

Substituting these values and the values of Iy, I,y and Iy, in Eq. (16.18)

wiz (7 1 i
o,=—|—x—— i
=351 \6a” T 16”

From Eq. (i) it can be seen that o, varies linearly along each flange. Thus

At L wh 5 13a wi?
where x = Za = — 0. =
Y= 76 %1 T 962
—5a —wi?
where x a 'y G 072 18302
A3 wh 5 —5a 13wi?
where x = - A= —
VT YE e %83 T 3oy

Therefore, the maximum stress occurs at 3 and is 13wi%/384421.
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S.16.4

Referring to Fig. S.16.4.

Fig. 5.16.4
In DB
M, = —W(i—2) ()
My =0
In BA
My = —W(l—2) (i)
M, = —2w (é - z) (i)

Now referring to Fig. P.16.4 the centroid of area, C, of the beam cross-section is at the
centre of antisymmetry. Then

S RER
=) e (]
o (5) () () ()

Substituting for Iy, Iy, and Iy, in Eq. (16.18) gives

1 .
0: = —5[(3.10My — 1.16My)x + (1.94M, — 1.16My)y] (iv)
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Along the edge 1, x =3d/4, y =d/2. Equation (iv) then becomes
1
01 = td—2(1.75My + 0.1M,) v)
Along the edge 2, x = —d/4, y =d/2. Equation (iv) then becomes

1
022 = —5(=1.36My + 1.26M.) (vi)

From Eqgs (i)—(iii), (v) and (vi)

In DB
0.1w 0.05WI
0l = T 5 (1 —z) whenceo,(B)=— 7
1.26W(1 ) b ®) 0.63WI
02 =———>—(—2) whenceo =
2,2 tdz 7,2 td2
In BA
w 1.85Wi
0z1 = td—z(3.6z — 1.85/) whence o, 1(A) = — e
w 0.1WI
072 = td—z(—l.46z +0.1/)  whence 0,2(A) = o
5.16.5

By inspection the centroid of the section is at the mid-point of the web. Then

21(2h)>  10K%t

Ly = ﬁ QO +hth* + ——— =

o 12 3
2t(h/2)3 th*  5h’t

= 312

3h3
1)0_2;( )( )(h)-i—ht( )( h) = -

Since My, =0, Eq. (16.18) reduces to
—M, I, 4 M, Iy 0

Lodyy — 13" " Iy — I,

o; =

Substituting in Eq. (i) for I, etc.

M, 3/4 5/12
%= T [(10/3)(5/12) - (3/4)2x * (10/3)(5/12) — (3/4)24

. M, .
ie. o, = E(O.91x + 0.50y) (i)
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2t

h
t
I S S
2 f
h
Fig. 5.16.5
Between 1 and 2, y = —h and az is linear. Then
0.41
01 = 3(091xh 0.5h) = th
0.5
02 = (O 91 x 0 — 0.5h) = hthx
Between 2 and 3, x =0 and o; is lmear. Then
0.5
GZ,Z = —EMX

M; 0.5

M, h 0.04
= (091 x Ly 05h) = o
T4 = 15 ( 3t ) e M

5.16.6

The centroid of the section is at the centre of the inclined web. Then,

1(2a)? sin? 60°

L = 2 ta(asin 60°)% + —G = 243t
I ) a3 n 1(2a)? cos? 60° a3t
= X — - =
> 12 12 3
#(2a)? sin 60° cos 60° f 3a3t

= 12 6
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2
Fig. 5.16.6
Substituting in Eq. (16.18) and simplifying (M, =0)
M, (4 23 0
o, =—|=zy— —x i
T\ T
On the neutral axis, o, = 0. Therefore, from Eq. (i)
V3
= —x
YT
and
NE]
tanog = —
2
so that
a =40.9°

The greatest stress will occur at points furthest from the neutral axis, i.e. at points 1

and 2. Then, from Eq. (i) at 1,
M, (4 a3 23 a)
X — + — X

Oz max = =

St\77 2 T 7 T2

3V3M, _ 074

i.e. Oz max — =
¢ 7a%t a2

5.16.7

Referring to Fig. P.16.7, at the built-in end of the beam
M, =50 x 100 — 50 x 200 = —5000 N mm
M, = 80 x 200 = 16 000 N mm
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and at the half-way section

M, = —50 x 100 = —5000 N mm
My = 80 x 100 = 8000 N mm

AY
X
24 mm 1.25mm
ol

c > X

i1 .225mm y

2 i 3
36 mm
I

Fig. 5.16.7
Now referring to Fig. S.16.7 and taking moments of areas about 12
(24 x 1.25+36 x 1.25)x =36 x 1.25 x 18

which gives

x = 10.8 mm

Taking moments of areas about 23

(24 x 1.254+36 x 1.25)y =24 x 1.25 x 12

which gives
y=4.8mm
Then

125 x24°

o = > +1.25 x 24 x 7.22 +1.25 x 36 x 4.8% = 4032 mm*
1.25 x 363
12

Iy = 1.25 x 24 x (—10.8)(7.2) + 1.25 x 36 x (7.2)(—4.8) = —3888 mm*

Ly = 1.25 x 24 x 10.8% + +1.25 x 36 x 7.2* = 10692 mm*
Substituting for Iy, Iy, and I,y in Eq. (16.18) gives

o, = (1.44M, + 1.39M,) x 107%x + (3.82M, + 1.39M,) x 1074y (1)
Thus, at the built-in end Eq. (i) becomes

o, = 1.61x + 0.31y (ii)
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whence o, | = —11.4N/mm?, 0,5 = —18.9N/mm?, 0,3 =39.1 N/mm?. At the half-
way section Eq. (i) becomes

o, = 0.46x — 0.80y (iii)

whence o, 1 = —20.3 N/mm?, 0,5 = —1.1 N/mm?, 0,3 = —15.4 N/mm?.

$.16.8

The section properties are, from Fig. S.16.8
T
Ly = Zf t(r — rcos 9)2r do = 37t
0
T
Ly =2 / 1(rsin6)*r do = mtr
0

T
Ly = 2/ 1(—rsin0)(r — rcos O)r dg = —4tr°
0

Fig. 5.16.8

Since My, =0, Eq. (16.22) reduces to

Ly 4¢3
tane = —— = —
Ly tr

1.€.

o=51.9°
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Substituting for M, =3.5 x 10? N mm and M, =0, Eq. (16.18) becomes

_10?

o; = —3(1.029x + 0.808y) 6)
tr

The maximum value of direct stress will occur at a point a perpendicular distance
furthest from the neutral axis, i.e. by inspection at B or D. Thus

103
o,(max) = 3 (0.808 x 2 x 5)

0.64 x
ie.
o.(max) = 101.0N/mm?

Alternatively Eq. (i) may be written

103
o, = t—3[1.029(—r sin 0) + 0.808(r — r cos 6)]
r
or
808
o, = —2(1 —cosf — 1.27sin6) (i1)
tr

The expression in brackets has its greatest value when 6 =, i.e. at B (or D).

5.16.9

The beam is as shown in Fig. S.16.9

90 kN/m
30 kN/m
A
A B
/
Rafl——>z Rs
l< >|
[ 6m |
Fig. 5.16.9
Taking moments about B
30x 62 60
RA X 6 — —— x6x=-=0

2 2 3
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which gives
Rp = 150kN
The bending moment at any section a distance z from A is then

2

30z Z\ /2 (Z
M = —150z + == + (90 — 30 (—) (—) (—)
7+ > +( ) FACIAC
i.e.
5 3
M = —150z + 152 + %
Substituting in the second of Eqs (16.33)
d?v 573
El|— | =150z — 152 - =
(dzz) ¢ ¢ 3
e () 2752 _s53 %% 4 ¢
Z) = Z z B 1
524 2
Elv=257—-=" > 4 Ciz+C
v Z " 12-i- 12+ G

When x =0, v=0 so that C; =0 and when z=6m, v=0. Then

5x64 6 L 6C
4 12 !

0=25x6 —

from which
C, =-522

and the deflected shape of the beam is given by

Elvmig-span =25 x 3 — == — =~ — 522 x 3 = —1012.5kNm*

Therefore

—1012.5 x 10!2 410 @ @)
VUmid- = = — .Umm ownwards
mid-span = 150" 106 x 206 000
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$.16.10

Take the origin of x at the free end of the cantilever. The load intensity at any section a
distance z from the free end is wz/L. The bending moment at this section is given by

3
we=((T)G) =%
Substituting in Eqs (16.32)

d?v —wz?
El| — )= ——
dz? 6L

dv —wz?
EI = + Cq

dz 24L
5

Elv = £+C12+Cz
120L

When z =L, (dv/dz) =0 so that C; = wL3/24. When z=L, v=0, i.e. C, = —wL*/30.
The deflected shape of the beam is then

Elv = — (L) (> — 57L% + 4L5)
120L
At the free end where z =0
wL*
~ T 30EI

S.16.11

The uniformly distributed load is extended from D to F and an upward uniformly
distributed load of the same intensity applied over DF so that the overall loading is
unchanged (see Fig. S.16.11).

6 kN 4 kN
1kN/m
A B C I l l l; v JF
p* A A3
RA—P R HF
z 1kN/m
| | .
im | 2m | 2m | im

Fig. 5.16.11

The support reaction at A is given by

RAX6—-6x5—-4x3—-1%x2x2=0
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Then
Ra =7.7kN
Using Macauley’s method, the bending moment in the bay DF is

Iz =3P 1[z—5P

M=-77z+6[z—1]+4[z— 3]+ 5 5

Substituting in Eqs (16.33)

[z — 3]? L [z —5]%

d?v
El (d_z2> =77z—6[z—1]—4[z—3] —

2 2
dv\  7.72 ) 5 =3P [z-5P
EI{=—)= 3l — 1P -2z -3 - - c
(dz) > [z —1] [z — 3] G G + Cy
7.773 2[z - 3)3 —- 3 — 5
pro= """ ppoqp o2 R SR e,

3 24 24
When z =0, v=0 so that C; =0. Also when z=6m, v=0. Then

0o 17x6 o 2x3 3 14+6C
T 6 3 24 !

which gives
C; =-21.8

Guess that the maximum deflection lies between B and C. If this is the case the slope
of the beam will change sign from B to C.

AtB
d 7.7 x 12
EI (—U> = L 21.8 which is clearly negative
dz 2
AtC
d 7.7 x 32
El (—”) = X 3422218 = 4085
dz 2

The maximum deflection therefore occurs between B and C at a section of the beam
where the slope is zero.

i.e.
7.77%
0="" _3;-11?=218
Simplifying
2 4+7.062—292=0
Solving

z=29m
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The maximum deflection is then

7.7 x 2.93 3
Elvpey = ———— — 197 = 21.8 x 2.9 = -38.8

ie.

—38.8
VUmax = —E (downwards)

5.16.12

Taking moments about D
Rax4+100—-100x2x1+200x3=0
from which
Ry = —125N
Resolving vertically
Rg —125—-100x 2 —-200=0

Therefore
R = 525N
The bending moment at a section a distance z from A in the bay DF is given by
100[z — 2]° 100[z — 47°
M = +125z — 100[z — 11° + % — 525z — 4] — %

in which the uniformly distributed load has been extended from D to F and an upward
uniformly distributed load of the same intensity applied from D to F.
Substituting in Eqs (16.33)

dZ
EI ( v) = —1257 4+ 100[z — 11° — 50[z — 2]* + 525[z — 4] + 50[z — 4]?

dz2
dv —12572 \ 50[z—2 525[z—4]> 50[z— 4]}
EI|=)= +100[z — 11" — + + +Cy

dz 3 2 3

—12573 50[z — 2]*  525[z —4)
Elv = T sop 1y - e =2l 5250 — 4

12 6
50[z — 4]*
+%+CIZ+C2

When z =0, v=0 so that C; =0 and when z =4 m, v =0 which gives C; =237.5. The

deflection curve of the beam is then

1 [(—12573 50[z —2]* 525[z —4]° 50[z — 4]*
( > S0z —2* | 525( —4F | 50z — 4]

— 50[z — 1
v=g\ T 0 12 12

+ 237.52)
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5.16.13
From Eqgs (16.30) the horizontal component of deflection, u, is given by

1

MLy — Myl

= (1)
E(Lely — 12)

in which, for the span BD, referring to Fig. P.16.13, M, = —Rpz, M, =0, where Rp is
the vertical reaction at the support at D. Taking moments about B

Rp2l+ Wl =0

so that
Rp = —W/2 (downward)

Eq. (i) then becomes
” Wi,y

U =—
2E(Luclyy — I2)

Z (i1)

From Fig. P.16.13

3 3 2 3
Lo = 2 L aray 12 [—t(a/z) + 12 (3—0) } _ Ba

12 12 2\ 4 4
t2a)? a . o, 543t
I, = 2—t = —
w =Ty TAi@T =

3 3 Tat
o = Yit-a) (z) var(-2) @+ 2t (_;) var (2) o= -4

Equation (ii) then becomes

! 2w (iii)
U =———-:
113Ea3t
Integrating Eq. (iii) with respect to z
P 21W 2
113Ea3t
and
W 4 .
= - Az+ B
33~ T )

When z =0, u =0 so that B=0. Also u =0 when z = 2]/ which gives

28w
~ 113Ed’t

199
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Then
W
U= ——-:x
113Ea3t
At the mid-span point where z =1, Eq. (v) gives

(—2° + 41%7) )

0.186W/*
U= ————
Ea3t
Similarly
_0.177WP
~ Ed¥t
S.16.14
(a) From Eqgs (16.30)
u// — Mxlxy — MYéxx (1)
E(Ixxlyy - Ixy)
Referring to Fig. P.16.14
w 2 ..
My=—--(-2) (i)
2
and
My, =-T(-72) (ii1)
in which T is the tension in the link. Substituting for M, and My, from Eqs (ii) and (iii)
in Eq. (i).
1 1
" Xy 2
= (w=( - — Tl (I —
* T T EQuly, - 13) [W p (7 Tl Z)]
Then

1 Ly z3 7
/ w (2 2
= w2 1 (=) +4
" E(Ixxlyy—l)%y) |:W2 < LT3 ) xx<z 2) i|

When z=0, ' =0 so that A =0. Hence

1 |- 2 3 4 2 3
W= [wﬁ (12Z— A Z—) — TIy (lZ— - Z—) +Bi|
Elul,—12) "2\ 273712 276

When z =0, u =0 so that B=0. Hence

1 I 2 3 4 2 3
U=————— [wﬂ (lzz__lz_+z_) — Tl <ZZ——Z—>j| (iv)
E(Lulyy — Ig) 2 2 3 12 2 6
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Since the link prevents horizontal movement of the free end of the beam, u =0 when
z=1. Hence, from Eq. (iv)

Ly (1 l4+l4 a (P BY_,
"2 \2 7312 “\27%6)7

. 3wllyy
8l

whence
T
(b) From Eqgs (16.30)

_ Midyy — Myl
E(llyy — I2)

1

)

The equation for v may be deduced from Eq. (iv) by comparing Eqs (v) and (i). Thus

1 I 2 3 4 2 3
v [wﬂ (zzz— A Z—) — T, (ﬁ— - Z—)] (vi)
Eldy -1 "2\ 273712 276

At the free end of the beam where z =1

1 wlyl* - 3
VFE = — Tl —
BT Eduly, —12) \ 8 o

which becomes, since T=3wll /81,

wi*
8EL,

UFE =

5.16.15

The beam is allowed to deflect in the horizontal direction at B so that the support
reaction, Rp, at B is vertical. Then, from Eq. (5.12), the total complementary energy,
C, of the beam is given by

M
C=// d9dM — RgAg — WAC (i)
LJO

From the principle of the stationary value of the total complementary energy of the

beam and noting that Ag =0
aC oM
— = / d6— =0
oRp L ORp

aC M oM
— = =dz=0 (i)
aRs  Ji EI 3Ry

Thus

201
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In CB
M=WQ2l—-z) and 0M/0Rg =0
In BA
M=WQ2l—2)—Rg(l—z) and 0M/dRgp = —( —2)
Substituting in Eq. (ii)

!
/ W2l —z) —Re(l =)l —2)dz =0
0

from which

oo W
B=7

Then
Mc=0 Mp=WI My=-WI/2

and the bending moment diagram is as shown in Fig. S.16.15.

wi
|<—-‘ﬂ2 +ve
A
—ve B C
wi
2
Fig. S.16.15
5.16.16

From Eq. (16.50) and Fig. P.16.4
Nr = Ea(4Tydt + 2 x 2Ty dt + Tp dt)
ie.
Nt =9FEadt Ty
From Eq. (16.50)

d d
M,r = Ex [4T0 dt (5> + 2 x 2Ty dt(0) + To dt <—§>i|

1.e.

3Ead?*t Ty
My = 2
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From Eq. (16.52)

d d d d
A@T:Ea{ﬂbﬁ(z)+2ﬂﬂh<z)+2ﬂﬂh<—z)+lbw<—z)]

3Ead?*t Ty
My = —_—

1.€.

S.16.17

Taking moments of areas about the upper flange

(at 4+ 2at)y = 2ata

x|

2a

Fig. 5.16.17

which gives
2

Y=§a

Now taking moments of areas about the vertical web

_ a
3atx = at—
2

so that

=1
I
|

203
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From Eq. (16.53)

T Eoa Tot
NT=/Eaiytds= “ O/yds
A 2a 2a  Ja

But ¢ f R ds is the first moment of area of the section about the centroidal axis Cx,
i.e. [, yds=0. Therefore

Nr =0

From Eq. (16.54)

T EaT;
MxT:fEa—Otyzds: * O/tyzds
A 2a A

2a
But
[oras=ta=ar(2a) +20 o (2)
i.e.
L= 1043t
3
Therefore
My — S5Ea ;zzt To

From Eq. (16.55)

Ty EaTy
Myr = | Ea—txyds = txy ds
A 2a 2 A

a
But
a 2 a a
/A’xy ds =1y =ar(3) (§> +2ar(=5) (-5)
i.e.
a’t
Ixy = T
Then
_ Eo a*t Ty
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