Solutions to Chapter 10 Problems

Taking moments of areas about the skin

[(19.042x31.84+2x%x9.5)x094+48 x 1.6]y =19 x 0.9 x 31.8
+2x31.8x09 x15.9

from which y = 8.6 mm.
Then

0.9 x 31.83
12

+2x95x09x86>+48 x 1.6 x 8.6

Ly = 19.0 x 0.9 x 23.2%> +2 < +0.9 x 31.8 x 7.32)

i.e.
Ly = 24022.7 mm*
From Egq. (8.5)
72 x 69000 x 24022.7

168.212
Therefore
2 7% x 69000 x 24022.7
- 168.2 x 200.1
i.e.
L = 697 mm
say
L =700 mm

Solutions to Chapter 10 Problems
S.10.1

Referring to Fig. S.10.1(a), with unit load at D (1), Rc = 2. Then
My =1z (0<z<]
My =1z—Rc(z—1)=2l—z (<z<2])
M =-1z-2) Ql<z<3])
M,=0 (0=<z=2])
M, =1(z-2l) 2QI<z<3])
Hence, from the first of Eqs (5.21)
21 31

Sy = — ZM2d+1 M2d+1 M:d
WSE o VS T m ), YRR ), T
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Fig. S.10.1(a)

Substituting for M| from the above

1 ! 21 31
S11 = — _/ 2 dz + 2l —z)*dz + (z -2 dz
EI[Jo i 21

which gives

&
S = z
Also
1 3
80 = i ), (z —20)*dz
from which
B
8 = 3L
and
1 3
b= =4 G —20)*dz
i.e.
B
S12 =821 = 3
From Eqgs (10.5) the equations of motion are
mv1811 + 2mvxd1p +v1 =0 (1)
mv1821 + 2miva2éan +vp, =0 (i)

Assuming simple harmonic motion, i.e. v = vg sin w¢ and substituting for 1, §12 and
822, Eqs (i) and (ii) become

—3)»0)21)1 + 2)»(1)21)2 +v1=0

)\a)zvl — 2}»0)21)2 +uv, =0
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in which A = mI3/3EI or, rearranging
(1 = 3r0®)v; + 220V =0
r0?v) 4+ (1 = 220%) vy = 0

(iii)
(iv)

From Eq. (10.7) and Eqgs (iii) and (iv)

(1 —3r0?) 2hw?
2 YN 0
Aw (1 —2Aw°)

from which
(1 = 3r0?)(1 — 220%) — 2(00*)* =0
or
40?)? =500 +1=0
i.e.
4ro” — H(Ao* = 1) =0 v)
Hence
rw? = % or 1
so that
P o =
dmil3 mil3
Hence

| 3EI |3EI

w1 = — W = —_—

! dmiB ? mi3
The frequencies of vibration are then

w1 [3E f_l 3El
~ 22V amB 7?7 22\ i

= o
From Eq. (iii)
V] 2)w? (vi)
—_—=— vi
vy 1 —3rw?

When o = w1, v1/vs is negative and when w = w», vi/v> is positive. The modes of

vibration are therefore as shown in Fig. S.10.1(b) and (c).
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Fig. S.10.1(b) and (c)

$.10.2

Referring to Fig. S.10.2

4

El

1 3EI 2 El 3

AL ° A
—>» Z
I I
1
Fig. 5.10.2

M2=—%Z O=<z=<D
My=—3Q2l—z2) (<z<2l)
M>, =0 O=<x=<)
My = 1x O=<x=<)
My = %Z O=<z=<)

My=-3Q2l—2) (<z<2]

Then from the first of Eqs (5.21)

— d
4 T E 5 ¢

80 = —

1.2 21 2
1 20—
/ a4 @-a
3E J,

which gives
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Also
1 l 1 l Z2 1 21 (2l — Z)Z
Sg4 = — 2dx 4+ — —d — —d
4 EI/OX t3m )y T m ), .
from which
Sus — 43
“ = 9E1
and
1.2 21 2
Z 1 2l -2
==y | 7% e 4 °
Thus
13
Oar = 0oy = ——
42 24 13E]
From Eqgs (10.5) the equations of motion are
mvgbaq + 2mivoday +v4 =0 @)
mU4824 + 2mvndyy +v2 =0 (ii)

Assuming simple harmonic motion, i.e. v = vy sin wt and substituting for d44, 847 and
822, Eqs (i) and (ii) become
—8rw?vy — 220? vy +v4 = 0 (iii)
—Aw2v4 — 4rw? v +vy=0 @iv)
in which A = m/®/18EI. Then, from Eq. (10.7)

a- sxg)z) —2,\0)22 _0
—Aw (1 —4rw?)
which gives
(1 = 820°)(1 — 4rw?) — 2(Aw?)? =0

i.e.

30(ha?)? — 1200” +1=0 )
Solving Eq. (v)

rw? =0.118 or Aw® =0.282

Hence

3 18EI 2 18EI
0" =0.118 x —— or w* =0.282x —
mi3 mi3

Then, since f = w/27, the natural frequencies of vibration are

. | [213EI P 5.08E]
YoV e 2T 2N B
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$.10.3
The second moment of area, I, of the tube cross-section is given by
T4 4
I=—D"—-d
64 ( )
in which D and d are the outer and inner diameters respectively. Now,

D=254+125=2625mm d=25-1.25=23.75mm

Thus
I= %(26.254 —23.75%) = 7689.1 mm*

The polar second moment of area, J, for a circular section is 2/, i.e. J = 15378.2 mm?.
From Eqgs (5.21)

S = iy ds + —i J ds (1)
g
c (1,2

A ﬁ}

Fig. 5.10.3(a)
Then, referring to Fig. S.10.3(a)

Mi=1ly (0O=y=a)
My =1z (0=z=2a)

T = O=<y=<a
T)=1la (0<z<2a)
M, = O=<y=<a

Ih=1 (0<z<2a)

Thus, from Eq. (i)

a (2 2a 2 2a 2

y z a
sn=[ Ld g L
=) B y+/0 El Z+/0 GJ '~
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which gives

2 3 2
511 = a + =)= 50° +
EI GJ 70000 x 7689.1 28000 x 15378.2

i.e.
811 =0.16
Also
12
8 = /— y+/0 adz
ie.

12 1 2
520 = =) =2
2 ”( * GJ) 50 (70000 % 76891 28000 x 15 378.2)
which gives

8 = 1.63 x 1070

8120 = 8y = - —d
12 21 = / y+/0 GJ Z

Finally

so that

b = b =’ (% + E) = 250° (2 x 70003 X 76891 28000 ><215 378.2)
Thus
812 =380 =348 x 1074
The equations of motion are then, from Eqgs (10.5)
mvs | + mr*0s;, +v =0 (ii)
mvday + mr68yy +60 =0 (iii)

Assuming simple harmonic motion, i.e. v = vg sin wt and 6 = 6 sin wt, Eqs (i) and (ii)
may be written

—m311a)2v — mr2512a)29 +v=0
—m821a)2v — mr2822w29 +0=0
Substituting for m, r and &1, etc.

—20 x 0.16w°v — 20 x 62.5% x 3.48 x 10 %w?0 +v =0
—20 x 3.48 x 10 %% — 20 x 62.52 x 1.63 x 10 %020 +6 =0
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which simplify to
v(l —3.20%) —27.20°0 =0 (iv)
—0.0070*v 4+ 6(1 — 0.1270%) =0 )
Hence, from Eqgs (10.7)
(1-320%)  —27.207

—0.0070> (1 —0.1270%)| ~ 0

which gives
(1 —3.20°)(1 — 0.127w?) — 0.190* = 0

or

ot —15.40° +4.63 =0 (vi)
Solving Eq. (vi) gives
w®*=15.1 or 0.1

Hence the natural frequencies are
f=0.62Hz and 0.09Hz

From Eq. (iv)

v 27 2w?

6 1—3202

Thus, when w? = 15.1, v/6 is negative and when w? = 0.31, v/@ is positive. The modes
of vibration are then as shown in Figs S.10.3(b) and (c).

o? = 15.1 T

Fig. S.10.3(b) and (c)
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$.10.4

Choosing the origin for z at the free end of the tube

M=z, S1=1 and T =0
M=z, S)=1 and T, =2a

in which the point 1 is at the axis of the tube and point 2 at the free end of the rigid bar.
From Eqgs (5.21) and (20.19)

L L L
Ml'Mj / T;T; / % qiqj .
8 = d —d —ds|d
ij | E zZ+ , GJ Z+ A Gt s)dz 6))

in which ¢g; and g; are obtained from Eq. (17.15) in which S,; =S, j=1, Sy =0 and
I, =0. Thus

N

1
9i=dqj=—7" tyds + ¢s0
xx JO

‘Cutting’ the tube at its lowest point in its vertical plane of symmetry gives g;0=0.
Then, referring to Fig. S.10.4

Fig. 5.10.4
1 0
qi =qj = —/ ta cos Ba do
Ixx 0
i.e.
a*tsin 0
q9i =¢qj = 7
XX

From Fig. 16.33, I, = ma’t. Hence ¢; = gj = sinf/ma and

T oinl
iqi 0 1
FUamn [T
Gt o Gnlad’t Grat
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Also in Eq. (i) the torsion constant J is obtained from Eq. (18.4), i.e.

447 A(ma®)?

J = = = 2na’t
$ds/t  2malt

Therefore from Eq. (i)

5 /Lzzd +/L | B2 L (ii)
= —dz = — 11
1 o EI ¢ o Grmat ¢ 3El  Gmat
Putting A = 3Ea®/GL?, Eq. (ii) becomes
3

811 = L (I+21)
U= 3k

5 [LZZd +/L 4612 q +/L 1 q
2=, BET )y Gamad T )y Grar C

L3
822 = =—(1+32)

Also

which gives

3EI
Finally
S12 =8 —/Lzzd+/L L g
12—21—0EIZ oGnatZ
1.e.

3

L
S1p =581 =—(10+Ax
12 = 821 3EI( +A)

From Eqgs (10.5) the equations of motion are

mv1811 + mvadip + vy =0 (ii1)

mv1821 + mivadyy + v =0 @iv)
Assuming simple harmonic motion, i.e. v = vg sin wt, Egs (iii) and (iv) become
2 2 _
—méjjw-vy —méppwvy +v; =0
—m521w2v1 — m822w2v2 +vy; =0
Substituting for 811, 872 and §12 and writing u = L3 /3EI gives

vi[l = mo? (1 4+ 2] — ma*u(l + Avy =0
—ma? (1 4+ My + v2[1 — me’u(1 +31)] =0
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Hence, from Eqs (10.7)

[1 — ma?u(l + )] —ma? (1 + 1) —0
—m*u(l+21) [l —mo?u(l+30]
Then

[1 — mo?u(l + M1 — mo* 1l +31)] — m*o* 1?1+ 2> =0

which simplifies to

1
— — —2mp(1 4+ 20) + 2m* (1 + 1) = 0
w

w
Solving gives
1 24172
_mu(l 4+ 20) £ mu(l + 21 4+ 2A4°)
w?
i.e.
1 ’ 24172
— 1+20 £ +21 421
= = g1+ 2h (14 2042207
$.10.5

Choosing the origin for z at the free end of the beam
My=z S =1

Also, from Eqgs (5.21) and Eq. (20.19)

M;M; Lt 1 aig;
8ij = ! dz L ds ) dz i
7 /o EI +/ <7§ Gi ) »
in which g; and ¢; are obtained from Eq. (20.11) and in which §,; =5, ;=1, Sy =0,
I,y =0 and tp =0. Thus

qgi = qj = __ZBryr + 45,0

xx r=1
where I, is given by (see Fig. S.10.5)
L =2 x 970 x 100% + 2 x 970 x 150% = 6.305 x 10’ mm*

Thus

1 n
i =4b.j = =305 % 107 ZBryr
r=1
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Fig. 5.10.5

Hence, cutting the tube at O,

qv,01 =0
970 x 100
=———— = _0.00I5N
.12 = 76305 x 107 /mm
0.0015 — 270x150 038Ny
= —VU. _— = = —U. mm
5,23 6.305 x 107
Then, from Eq. (17.27)
B 2 0.0015 x 600 0.0038 x 150
40 = 75100/1.0 + 600/1.25 + 150/1.0) 1.25 1.0
1.€.
gs0 = 0.0018 N/mm
Therefore
4i,01 = ¢j,01 = 0.0018 N/mm
qi12 = gj12 = —0.0015 4+ 0.0018 = 0.0003 N/mm
qi23 = gj23 = —0.0038 + 0.0018 = —0.002 N/mm
Then
94 2 0.00182 x 100 N 0.00032 x 600 N 0.002% x 150
99 45 —
Gt 26500 1.0 1.25 1.0
=73x%x1078
Hence

1525 2 1525 0
811 = —d 7.3 x107°d
11 /0 El z+/(; X Z
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i.e.

15253

= +73x 1078 x 1525 =3.79 x 10~*
3 x 70000 x 6.305 x 107

811

For flexural vibrations in a vertical plane the equation of motion is, from Eqs (10.5)
mv1811 +v; =0
Assuming simple harmonic motion, i.e. v=vp sin wt Eq. (ii) becomes

—m811a)2v1 +v1 =0

ie.
1 9.81 x 103
2
© T s 4450 x 3.79 x 104

Hence

w 1

f=—=—+/5816.6=12.1Hz

2n 27w
S.10.6
Assume a deflected shape given by

2
V = cos ? —1 )

where z is measured from the left-hand end of the beam. Eq. (i) satisfies the boundary
conditions of V=0atz=0and z =/ and also dV/dz=0at z =0 and z = [. From Eq. (i)

dV_ 2 . 2nz

a0t
and
d’v 47’ 2nz
@ T
Substituting these expressions in Eq. (10.22)
2

I74 47?2 2 5 272 2 472 5 27z
2 4E] —5 ) cos”| — dz + EI —5 ) cos”| — dz
0 [ 1 1/4 I l
74 2nz \* 72 2tz \? 1 S B
2 2m|cos — — 1) dz+ mlcos— — 1) dz|+2=ml(—1)* + -ml(2)
0 l 1/4 1 2 4

w?
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which simplifies to
A2 2 1/4 o) 12 )
EI (%) / 4 cos? (ﬁ) ds + / cos? (E) dz
- [ 0 [ 1/4 l
1/4 2 2 12 2 2
m / 2<cos£—1) dz+/ (cos£—1> dz+1
0 l 1/4 !

(ii)

Now

47 L/ 8
/1/2 , 272 1 ( ! 4nz)l/2 !
cos“ —dz=—-(z+ —sin — —

/4 2z 2 7411 4z 21z
cos— — 1) dz = —(14+cos— ) —2cos— +1|dz
0 [ 0 2 [ l
L L2 W .2 2 3
== —sin — | — —sin — == ——
AN ‘v 78 %

Similarly

Substituting these values in Eq. (ii)

E,(ﬁ)z(ﬂ+£)

5 2 8 ' 8

:m[Z(ﬁ—i)-}-g-f-i-f-l]
8 T 8 T

ie.
2 EI
o”=5392—
ml4
Then
w El
=—=37/—
f 2 ml*
The accuracy of the solution may be improved by assuming a series for the deflected
shape, i.e.

V(@)=Y BVi(x) (Eq.(10.23)
s=1
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