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Then
—2-y) 0 —(1 —x)7
0 —(1-=x) =2-y)
| : —c2—=y) —d(1—x) ... ... ...
(BI'[DI[B] = o : —dQ2—y) —c(1—X) ..o oo ...
’ —e(l—x) —e2—y) ... ... ...
Therefore

2 1
K= / f [e2 — ) + e(1 — x)*1dx dy
64 ) 2J

t
which gives K1] = 8(46 +e)

2 1
Km:é/ / [d(2 — (1 — %) + e(1 — )2 — y)dxdy
—2J-1

which gives K12 = £(d + ).

Solutions to Chapter 7 Problems
S.7.1

Substituting for ((1/p0x) + (v/py)) and ((1/py) + (v/px)) from Eqs (7.5) and (7.6),
respectively in Eqgs (7.3)

Ez M, Ez M, .
“i—wp ™M YTioap v

Ox

Hence, since, from Eq. (7.4), D = E3/12(1 —v?), Egs (i) become

12zM, 12zM, ..
Oy = 3 oy = 3 (i1)
t 1-
The maximum values of o, and oy will occur when z = 4-#/2. Hence
(max) = =22 o (max) = + 22 (iif)
oy(max) = o oy(max) = 2 iii



Solutions to Chapter 7 Problems

Then
6 x 10 x 103
o (max) = i% — £600N/mm>
6 x5 x 103 )
oy(max) = ————— = £300 N/mm
102
S.7.2
From Eq. (7.11) and since My, =0
M, — M
M, = % sin 2« (i)

M, will be a maximum when 2o = 71/2, i.e. « = /4 (45°). Thus, from Eq. (i)

10-5
M;(max) = — = 2.5Nm/mm

$.7.3

The relationship between M), and M,, My and My, in Eq. (7.10) and between M; and
My, My, and M,, in Eq. (7.11) are identical in form to the stress relationships in Eqs
(1.8) and (1.9). Therefore, by deduction from Eqs (1.11) and (1.12)

M, +M .
My = =7 \/ (M — My)? + 4M2, (i)
and
Mo+ M, 1 }
My = =5 — 5\/(Mx — M,)? +4M, (ii)

Further, Eq. (7.11) gives the inclination of the planes on which the principal moments
occur, i.e. when M; = 0. Thus

2M,y

tan2¢ = ——————
M, — M,

(iii)
Substituting the values M, =10Nm/mm, M, =35Nm/mm and M,, =5Nm/mm in
Eqs (i), (ii) and (iii) gives

M1 = 13.1 Nm/mm
My = 1.9Nm/mm

and

a=-31.7° or 58.3°
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The corresponding principal stresses are obtained directly from Eqs (iii) of S.7.1. Hence

o] = iM = 4786 N/mm?
102
6 x 1.9 x 103 )
oy = 1—02=:|:114N/mm

5.74

From the deflection equation

3w qoa

Ty Ty TYy\ . T7IX
— = 1+A cosh— B— sinh— ) sin —
ax2 D2 ( + + a
2w qoa . TTX
— (Aco h— +2Bcosh— +B— smh—) sin —
a2  Dn? a a a

Now w=0and M, =0 at x =0 and a. From Eq. (7.7) this is satisfied implicitly.
Also w=0and M, =0 at y = %a so that, from the deflection equation

qoa
Drm

X
0= 4(1+Acosh71—I—Byrsmhyr)sm—
a

i.e.
1+ Acoshm + Brsinhmr =0 (1)
Also, from Eq. (7.8)

0O=-— ;1)0_[(14 cosh w 4+ 2B cosh 7 + B sinh )

—0.3(1 + A cosh 7 + Bt sinh )] sin —
a

or
O =-0.34+0.7Acoshm 4+ 2Bcoshm + 0.7Br sinh & (i)
Solving Eqgs (i) and (ii)
= —0.2213 B =0.0431

S.7.5

The deflection is zero at x = a/2, y = a/2. Then, from the deflection equation

4
3 3
— —a4(l —V) — Za*tv+A

o=%
42 4



Solutions to Chapter 7 Problems

Hence

4
a

A=—(5-3
4( V)

The central deflection, i.e. at x =0, y =0 is then

ga*

= 96(1 — v)D

_qa4 5—3v
T 384D\ 1—v

1
X Z(S — 31))

5.7.6

From the equation for deflection

*w m\4 X 3wy
W =Wy (;) COS ; CcoS 7
*w 3r\* b4 3my
W =wo| — COS — SIn 7
*w 7\2 (372 X 3wy
= wy (—) — ] cos —cos —
0x2 3y? a a a a

Substituting in Eq. (7.20)

, 3 4
9(x,5) =wocosﬂcosﬂ(l +2x9+81) (z)
D a a a

ie.

4
b4 X 3

q(x,y) = w0D100—4 COS — COS 2
a a a

From the deflection equation
w=0 atx==a/2,y==xa/2

The plate is therefore supported on all four edges.

Also
ow T, TX 3wy
— = —wp— sin — cos ——
0x a a a
ow 3n X 3wy

— = —wp— CcO0S — sin ——
ay a a a
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When
:I:a ow £0
x=x- —
2 ox
_ :I:a ow £0
r= 2 9y
The plate is therefore not clamped on its edges.
Further
3w (n 2 X 3wy
— = —Wp —) cos — cos ——
ox2 a a a

3w 372 X 3my
— =—-wp | — ) cos— cos —
dy? a a

Substituting in Eq. (7.7)

2 3
M, = —Dwy (z) cos ™ cos ﬂ(—1 — %)
a a a

Similarly, from Eq. (7.8)

T\2 X 3wy
My, = woD (—) cos —cos —— (9 +v)
a a a

Then, at x = £a/2, M, =0 (from Eq. (i)) and at y = +a/2, M, =0 (from Eq. (ii)).
The plate is therefore simply supported on all edges.
The corner reactions are given by

82
2D(1 —v) (see Eq. (7.14))
ax dy
Then, since
9w w3r . wx ., 3my
=wp——sin —sin — atx =a/2, y=a/2
dx dy a a a a
T\ 2
Corner reactions = —6wyD (—) (1—-v)
a

From Eqgs (7.7) and (7.8) and the above, at the centre of the plate

M, = woD (%)2(1 + 9v), My, = woD (g)z(g + ).

(ii)



Solutions to Chapter 7 Problems

S.7.7

Substituting g(x, y) = gox/a in Eq. (7.29) and noting that the plate is square and of side a

. mmx niw
Jrm—— / / qo— sin —— sin —ydx dy
a
ie.
4q0 ¢ . max a nmy 4
amn = —5 xsm—[——cos—] dx
a Jo a nw a lo
Hence
4g0 ¢ . mux
apn = —— x sin ——(cosnmw — 1)dx
a‘nm Jo a

The term in brackets is zero when 7 is even and equal to —2 when » is odd. Thus

8 a
Uy = — 2% / xsin dx (1 0dd) (i)
a*nm Jo a

Integrating Eq. (i) by parts

840 a mmx a mmx ¢
amn = — —X—Ccos —— + | —cos dx
a‘nw mim a mi a 0
i.e.
8g0 mix a . mmxia
Amp = ——— | —xcos —— + ——sin —
amnyw a mi a o

The second term in square brackets is zero for all integer values of m. Thus

840
A = = (—acos mm)
amnrw

The term in brackets is positive when m is odd and negative when m is even. Thus

8
qO ( 1)m+1

Amn =

Substituting for a,,, in Eq. (7.30) gives the displaced shape of the plate, i.e.

1 o0 o0 Sqo(_l)erl . mmx nmwy
W=3 Z Z m n2 2SI SHT
m=123n=135 > [(_2> + <_2>}
a a
or
84oa = (=pmH! mux . nuy
=D 2 2 i R S s

m=1,2,3n=1,3,5
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S.7.8

The boundary conditions which must be satisfied by the equation for the displaced
shape of the plate are w = 0 and dw/dn = 0 at all points on the boundary; » is a direction
normal to the boundary at any point.

The equation of the ellipse representing the boundary is

= (i)

Substituting for x2/a? + y*/b* in the equation for the displaced shape clearly gives w =0
for all values of x and y on the boundary of the plate. Also

ow owadx 0w dy
J— + _—

o0~ axan | dy on W
Now
w=wy(1l- ﬁ - ﬁ ’
a? b
so that
3 4 22
L I S (ii)
ox a? az b2
and
ow 4woy x2 P )
—=—(1-=-= (iv)
dy b? a’> b2

From Egs (i), (ii) and (iv) it can be seen that dw/dx and dw/dy are zero for all values
of x and y on the boundary of the plate. It follows from Eq. (ii) that dw/dn =0 at all
points on the boundary of the plate. Thus the equation for the displaced shape satisfies
the boundary conditions.

From Egs (iii) and (iv)

Fw 24wy Fw  24wy  d'w  Bwg
ot at ayt bt aw29yr a2b?

Substituting these values in Eq. (7.20)

24 16 24\ p
Y\ e ) o

whence
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Now substituting for D from Eq. (7.4)

B 3p(1 —1?) -
M= (3 23 v
2Et s + 202 + e
From Eqgs (7.3), (7.5) and (7.7)
Ez [®w N 3w i)
ox=————|—5+trv— vi
* 1 —v2 \ ax2 ay?
and from Eqgs (7.3), (7.6) and (7.8)
Ez 3w n 3%w (vii)
oy=——"m——| — +v—>s vii
Y 1 —v2 \ 9y? ox2
From Egs (iii) and (iv)
Fw __dwo (3PN Pw w2 3P
ax2 a? a’> b2 dy? b? a’? b2

Substituting these expressions in Eq. (vi) and noting that the maximum values of direct
stress occur at z = £t/2

(max) = + Et 4wyg 1 3x% y? 4wov 1 x2 3y?
max)=+——[— (1 - = —-= ] — _
o 20— | & &) P P

(viii)
At the centre of the plate, x =y =0. Then
2Etwq 1 v .
ax(max) = im (a_2 + ﬁ) (IX)
Substituting for wg in Eq. (ix) from Eq. (v) gives
3pa’b*(b* + va?)
=+
Oxma%) = £ 5 St 228 + 3% ®
Similarly
3pa’b*(a® + vb?) ,
oy (max) = £ o b 2425 + 3% (1)
At the ends of the minor axis, x =0, y = b. Thus, from Eq. (viii)
( )=+ 2Etwg 1 1 n v 3v
ox(max) =t— | - — =+ 5 — —
* 1—v)\a® a b b?
ie.
4Etwov .
ox(max) = £ (xii)

p2(1 —12)
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Again substituting for wg from Eq. (v) in Eq. (xii)
6pa*b?
2(3b* 4 2a%b? 4 3a*)

oy(max) = +

Similarly
6pb*a?

) = :l:
oy(Max) = & T 22b% 1 3%

$.7.9

The potential energy, V, of the load W is given by
V=-Ww

ie.

g mi nw
=—WZZAmnsin p 51 Tn

m=1n=1

Therefore, it may be deduced from Eq. (7.47) that the total potential energy, U + V, of
the plate is

U+V=— ZZA2 nab( —> WZZAmnsm—m ?

m=1 n=1
From the principle of the stationary value of the total potential energy

2

U +V Yab (m>  n?
—( +V) = DA, ram Ty - W sin _mzr$ sin n 0
0Amn 4 b? b
Hence
4W sin _mnf sin ]
Amn — a b

o] () + ()]

so that the deflected shape is obtained.

$.7.10

From Eq. (7.45) the potential energy of the in-plane load, Ny, is

1 [a b w2
—— N (ZE) dxd
2/0/0 *(ax> Y
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The combined potential energy of the in-plane load, Ny, and the load, W, is then, from
S.79

1 [ b ow nmn
V=—§f0 /0 NX(§> dxdy — WZZAmnsm—m >

m=1n=1

or, since,
o0 0
aw mi mmx . RNy
— = ZZAmn—cos—sm—
0x b
m=1 n=1
1 [e [t & m2m? mi nm
v=—3 /NXZZA,%M T cos” T sin? e
0 Jo m=1 n=1
nmn
—WZZAW,Sln—Sl -
m=1 n=1
i.e.

=——N,62:2:A2 mr —WZZAmnsmm—nésm?

m=1 n=1 m=1n=1

Then, from Eq. (7.47), the total potential energy of the plate is

U+v== Zzznab(2+—) NXZZAZ'"”

m=1n=1 m=1n=1
nmn
4 Z ZA,,," sm — s1n7
m=1 n=1
Then, from the principle of the stationary value of the total potential energy
2
U +V) mtab (m* n? ab m*m? mmé& nmn
—=DAyp—— | 5+ — ——NAwm—— — Wsin—=sin— =0
dAn g b2 4 g2 a b

from which

4W sin m_né sin ?

a
Amn =

2 25\ 2 2

m n m-N,
Dt | (= + =) — ———
ave |:(a2 bz) w2a’D
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S.7.11

The guessed form of deflection is

4x2 4y2 )

Clearly when x = £a/2, w =0 and when y = +a/2, w =0. Therefore, the equation for
the displaced shape satisfies the displacement boundary conditions.
From Eq. (i)

* A 497\ & A 4x?
oW _ Al () IW Al
0x2 a? a? 0y? a? a?

Substituting in Eq. (7.7)

8A11D 4 4x2
a a

Clearly, when x = £a/2, M, #0 and when y = +a/2, M, # 0. Similarly for My. Thus
the assumed displaced shape does not satisfy the condition of zero moment at the simply
supported edges.
From Eq. (i)
92w _ 64A11xy
xdy  at

Substituting for 8?w/dx2, 8>w/dy*, #*w/dx dy and w in Eq. (7.46) and simplifying gives

a/2 324%,D 16 ) 4
U4V = — 4— (x+ )+ (x +22% +yh - 14
—a/2

—a/2 a
5.6 67.2x7y
+a—2(x2 )+ —]
4x2  4yr 16x%y?
ot (18 AT 1 g,
a a a

from which
62.4A%1D _ 4q0A11a2
a? 9
From the principle of the stationary value of the total potential energy

U+V =

WU +V) 1248A11D  4qoa®

= =0
0A1] a? 9

Hence, since D = E£3/12(1 — v?)

A = 0.0389¢oa” /Er
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$.7.12

From Eq. (7.36) the deflection of the plate from its initial curved position is

. X, 7y
w1 = Bp1 sin — sin —
a b
in which
AN
B = 5 2x 3
D a
2 \te)
The total deflection, w, of the plate is given by
w = w1 + wo
ie.
A1N.
w= T 3 + A sin—sin—y
7D a* b
2 \Itp) M
ie.
A11 . TTX Ty
w= sin — sin —

Nya? a? 2 a
-2 /(1+=
72D < * b2>

Solutions to Chapter 8 Problems

5.8.1

The forces on the bar AB are shown in Fig. S.8.1 where

dv .
Mp =K (—) (1)

dz B

and P is the buckling load.
From Eq. (8.1)
gl p (ii)
— = —Pv 11
dz?

The solution of Eq. (ii) is
v=Acosuz+ Bsin uz (ii1)
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