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Solutions to Chapter 6 Problems

S.6.1

Referring to Fig. P.6.1 and Fig. 6.3

Member 12 23 34 41 13
Length L L L L V2L
AMcos0) 1V/2 —1N2 —1V2 12 0
w(sin®) 142 V2 =12 —1UV2 1

The stiffness matrix for each member is obtained using Eq. (6.30). Thus

11 -1 —17 1 -1 1 1
AE| 1 1 —1 —1 AE | -1 1 1 -1
Kel=571_0 1 1 |BBI=5p |0 1 1 4
-1 -1 1 1] 1 -1 -1 1
T 11 =1 =17 T 1 -1 —1 1]
AE| 1 1 -1 -1 AE | -1 1 1 -1
Kd=sr 10 o 0 |BI=5p o0 0 1 4
-1 -1 1 1] 1 -1 -1 1

0 00 0

AE [0 1 0 -1

[K13]=E O 00 0

0 -1 0 1

The stiffness matrix for the complete framework is now assembled using the method
described in Example 6.1. Equation (6.29) then becomes

Fe C 2 0 -1 -1 0 0 —1 1] (=0
Fy) 0 2++42 -1 -1 0 -2 1 -1 vy

Fyo -1 -1 2 0 -1 1 0 0||luw=0
Fya| _AE -1 -1 0o 2 1 -1 0 0||w=0 @
Fy3 2L 0 0 -1 1 2 0 -1 =1 |;z=

Fy3 0 -2 1 =1 0 2442 -1 -1 v3

Fra -1 1 0o 0 -1 -1 2 0f]ua=0
Fya ! -1 0 0 -1 -1 0 2] lvw=0

In Eq. (i)

Fy,l:_P Fx,l:Fx,3:Fy,3:0
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Then
AE .
Fyi=-P="2-10+ V2)u1 — v/213] (ii)
AE
Fy3=0= Z[—ﬁvl + 2+ V2)3] (iii)
From Eq. (iii)
vi = (1+v2)v3 (iv)
Substituting for v; in Eq. (ii) gives
0.293PL
vy = —
AE
Hence, from Eq. (iv)
0.707PL
V] = —
AE
The forces in the members are obtained using Eq. (6.32), i.e.
S AE [1 1] (z)_7(§)7PL r S14 fi t
_ ) =— = rom symmetr
12 L 0+ 5 14 y y
AE
Si3=——[0 1] 0.293PL  0.707PL ; = 0.293P
VoL TTAE A
Sy = ——[—1 1] 0.293PL = —0.207P = S43 from symmetr
V2L g 0 ymmety

The support reactions are Fy 2, Fy 2, Fy 4 and Fy 4. From Eq. (i)

AE
Fra = 7 (—vi +v3) = 0207P

F 2=A—E(—v1—v3)=05P
Vs 7L .
AE
Fx’4 = Z(Ul — U3) = —0.207P

F —AE( ) = 0.5P
y’4_2L V] v3) = 0.

S.6.2

Referring to Fig. P.6.2 and Fig. 6.3
Member 12 23 34 31 24
Length /3 /3 l l 1//3
AcosO) 372 0 12 —12 V312

u(sing) 172 1 =32 =32 —12
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From Eq. (6.30) the member stiffness matrices are

T 3V3/4  3/4  —3J3/4 -3/4
(K1y] _AE | 3/4 V3/4 —3/4 —/3/4
I | =3J3/4 =3/4 3J3/4  3/4
L —3/4  —V3/4  3/4 V3/4
0 0 0 0
AE|0 V3 0 -3
Ksl==10 0o 0o o
0 —v3 0 V3
1/4  —=J3/4 —1/4 /3/47
© _AE —V3/4  3/4 V3/4  —3/4
[Kaal == /4 V34 14 —3/4
L V3/4  -3/4 —V3/4  3/4 ]
1/4 V3/4 =14 —/3/47
[K31]=f£ V3/4 3/4  —V3/4 -3/4
I | =174 —=V3/4 1/4 V3/4
| —V3/4  =3/4  V3/4  3/4 ]
[ 3J3/4  —3/4 —3J3/4 3/4
K JAE | —3/4 V3/4 0 3/4 0 —3/4
(Kol = _3J3/4  3/4  3J3/4  —3/4
| 3/4 —V3/4 —3/4  J3/4

The stiffness matrix for the complete framework is now assembled using the method
described in Example 6.1. Equation (6.29) then becomes

(1433
4
3+43
4
Fra 33
Fy,l _T
Fro 3
Fya AE 4
Fi3 T 1
Fy3 4
Fra _é
Fya 4
0
0

343 33
4 4
3443 3
4 4
3 33
4 2
VAR
4
3
V3,
4
3
-2 0
4
0 _3V3
4
3
0
4

3t
4 4
V3 V3
4 4
0 0
33 0
2
1
O —
2
-3 0
3 1
4 4
V3 V3
4 4

J3

N W

0 0
0 0
33 3 up =0
T4 4 vy =0
3 \@ uy =0
4 T4 v
1 V3 uz3 =0
4 4 v
@ _§ us =0
4 4 va=0
1433 3443
4 T4
3443 3+43
T4 4 |

®
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In Eq. (1) Fx,g =Fy’2 =O, Fx’3 =O, Fy’3 = —P, Fx’4 = —H. Then

3
Fyo=0="—~ L—vz —3u3 (i)
1\ 2
and
AE 3
Fyy=—P="—F [—ﬁm + (5 + ﬁ) v3:| (iii)
From Eq. (ii)
2
vz = 33 (iv)

Now substituting for v, in Eq. (iii)

—% = —%_vg + 3v3 + /303
Hence
6P!
CO+2V3NAE
and, from Eq. (iv)
4pPI
O +2V3AE

Also from Eq. (i)

AE (3 V3
Fra=—H="=7 (1”2 + 7”3)

Substituting for v, and v3 gives

H = 0.449pP

S.6.3

Referring to Fig. P.6.3 and Fig. 6.3

Member 12 23 34 45 24
Length l l l l l
AlcosO) —1/2 12 —-172 12 1

u(sin@) 312 V312 V32 V32 0
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From Eq. (6.30) the member stiffness matrices are

1/4
—V3/4
—1/4
V3/4
1/4
_AE | V3/4
[K23] =T 14
| —V/3/4
[ 1/4
~V/3/4
—1/4
V3/4
1/4
_AE | V3/4
[K45] =7 14
| —V3/4

AE
[Ki2] =T

AE
[K34] =T

—V/3/4
3/4
V3/4
—3/4
V3/4
3/4
—/3/4
—3/4
—V/3/4
3/4
V3/4
—3/4
V3/4
3/4
—/3/4
—3/4

= el e el

—1/4
V3/4
1/4
—J3/4
—1/4
—J3/4
1/4
V3/4
—1/4
V3/4
1/4
—/3/4
—1/4
—J3/4
1/4
V3/4

-1
0
1
0

= el e e

V3/4 ]
—3/4
—V/3/4
3/4 1
—V/3/4]
—3/4
V3/4
3/4
V3/4
—3/4
—V/3/4
3/4 ]
—/3/4]
—3/4

V3/4
3/4

The stiffness matrix for the complete truss is now assembled using the method described
in Example 6.1. Equation (6.29) then becomes

Fy1 (1 =3 -1
o -3 3 V3 -3
Fus -1 V3 6 0
Fyo V30 -3 0 6
Fy3 AE| O 0 -1 V3
Fal 4| 0 0 —v3 -3
Fua 0 0 -4 0
Fy4 0 0 0
Fys 0 0 0
Fys 0 0 0

0 0
0 0
-1 =3
-3 -3
2 0
0 6
—1 ﬁ
V3 -3
0 0
0 0

0 0 0
0 0 0
0 0 0
0 0 0
V30 0
-3 0 0
0 -1 =3
6 —v3 -3
-3 1 V3
-3 V3 3

u3; =0

v3 =0

uy

v4

us =0
vs =0

®
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InEq. () Fxp =F,2=0,F4=0,F,4=—P. Thus from Eq. (i)

From Eq. (v)

From Eq. (iii)

and from Eqgs (ii) and (iv)

Hence, from Eq. (6.32)

which gives

AE
Fip=0= E(@tz — 4uy) (ii)
AE
Fyp=0= Z(6v2) (ii1)
AE .
Fra=0= I(—4u2 + 6uy) @iv)
Fy4=—-P= AE (6v4) (v)
TR Y
2Pl
Vg = ———
3AE
v, =0
Uy = Ug4 =
AE 0—-0
So4 = 7[1 0] { —2pP1
3AE
S =0

5.6.4

The uniformly distributed load on the member 26 is equivalent to concentrated loads
of wl/4 at nodes 2 and 6 together with a concentrated load of wl/2 at node 4. Thus,
referring to Fig. P.6.4 and Fig. 6.3

Member
Length

A(cos 6)
(sin 6)

12 23 24 46 56 67
! Iy 2 1

0 —1/4/2 1 1 0 12
1 1//2 0 0 1 12
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From Eq. (6.47) and using the alternative form of Eq. (6.44)

[ 12 SYM |
0 0
[K12]=g 6 0 4
Bl-12 0 -6 12
0O 0 0 0 0
| 6 0 2 6 0 0
m 6 SYM T
6 6
[K23]=g 6/v2 62 )
Bl 6 6 —6J2 6
-6 -6 —6/V/2 6 6
[ 6/v/2 6/4/2 2 6/v2 —6/v2 —4/v2]
K SYM |
0 96
EI|0 —24 8
[K24]=[K46]=l_3 0 0 0 0
0 —96 24 0 96
0 —24 4 0 24 8 |
[ 12 SYM |
0 0
[K56]=E 6 0 4
Bl-12 0 -6 12
0 0 0 0 0
6 0 2 6 0 0 |
6 SYMT
-6 6
CEI|6/V2 —6/¥2 4
Kel=T7 1 ¢ 6 —6/V2 6
6 -6 6/v/2  —6 6
[6/v/2 —6//2 2 6/v2 6/v2 4/V2_

The member stiffness matrices are then assembled into a 21 x 21 symmetrical matrix
using the method described in Example 6.1. The known nodal displacements are
up =v1 =01 =us =vs5 =605 =up = us = ug = 03 = 07 =0 and the support reactions are
obtained from {F} = [K]{é}. Having obtained the support reactions the internal shear
force and bending moment distributions in each member follow (see Example 6.2).
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5.6.5

Referring to Fig. P.6.5, up =0 from symmetry. Consider the members 23 and 29. The
forces acting on the member 23 are shown in Fig. S.6.5(a) in which F»g is the force
applied at 2 in the member 23 due to the axial force in the member 29. Suppose that
the node 2 suffers a vertical displacement v,. The shortening in the member 29 is then
vy cos 6 and the corresponding strain is —(v, cos 6)/1. Thus the compressive stress in
29 is —(Ev; cos 6)/I and the corresponding compressive force is —(AEv; cos 8)/I. Thus

Fr9 = —(AEv; cos? 0)/1
Now AE = 6+/2EI/L?. § =45° and [ = /2L. Hence

Fig. S.6.5(a)
and
P 3EI .
Fyp = —5 - sz 1)
Further, from Eq. (3.12)
do 03 2EI .
M3z =GJ]— = -2 x08El— = ——03 (ii)
dz 0.8L L
From the alternative form of Eq. (6.44), for the member 23
Fy» 12 -6 —-12 -6 )
My/L| EI| —6 4 6 21 16.L=0 (iii)
Foa [T3|-12 6 12 6|)wum=0 ‘“
M3 /L -6 2 6 4 03L
Then, from Eqgs (i) and (iii)
P 3EI 12EI 6El
fo=—g-pu=Tp

12
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Hence
150, — 663 = 1L (iv)
— = i
T 2EI Y
From Egs (ii) and (iii)
M3 2EI 6El 4E1
PN E R Tt
which gives 63 = vo/L.
Substituting for 63 in Eq. (iv) gives
rL?
V= ——
18EI
Then
PL?
03 = ———
18EI
From Eq. (i)

P P+3EIPL3_ P
VT2 T IBEL T3

and from Eq. (ii)

2EI PL> PL
3= —— T/ = — = —Ml
L 18EI ~ 9
Now, from Eq. (iii)
M, EI N 2151(9 . 2PL
— = ——0v _ —_ —
L~ T T
12EI 6EI P
mETTp Rt sl

The force in the member 29 is Fpg9/cos 0 = V2F»9. Thus

3EI PL? 2P

Spo = Spg = 2o = V2
29 = 0% fL3 18E 6

(tension)
The torques in the members 36 and 37 are given by M3/2, i.e.
M3¢ = M37 = PL/18

The shear force and bending moment diagrams for the member 123 follow and are
shown in Figs S.6.5(b) and (c), respectively.
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P73
+
3
1 2

(b) P/3

PL/9 I\ / PL/9

+

(c) 2PL/9

Fig. 5.6.5(b) and (c)

5.6.6

The stiffness matrix for each element of the beam is obtained using the given force—
displacement relationship, the complete stiffness matrix for the beam is then obtained
using the method described in Example 6.1. This gives

Fy T 24 —12 —24 12 T(w
My /L ~12 8 12 4 o)L
Fya —24 12 36 6 —12 —6 v
MyL| EI|-12 4 6 12 6 2 6oL
I —12 6 36 —24 —24 —12|] v
Ms/L -6 2 —6 12 12 4]||esL
Fy4 24 12 24 12| w
My/L i —12 4 12 8] e

@)
The ties FB, CH, EB and CG produce vertically upward forces F, and F3 at B and C,
respectively. These may be found using the method described in S.6.5. Thus

(alE cos?60°  ayE cos? 45°>
Fr=— V2

2L/3 AL
But a; = 3841/5+/3L* and a, = 1921/5+/2L? so that
F=— @ vy
513
Similarly
o 96EI ”
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Then
96EI 96E1
STUQ and Fy’3 =—-P- STU:;

In Eq. (i), vi =601 =v4 =04 =0 and M, = M3 =0. Also, from symmetry, v, = v3, and
6> = —63. Then, from Eq. (i)

Fyp=—P—

M> =0 = 6vy + 120,L + 6v3 + 2603L
i.e.
12vy + 106,L =0

which gives

6
60, = —5—Lv2

Also from Eq. (1)

Fy,=—-P— %Uz = %(361)2 + 60,L — 12v3 — 603L)
ie.
96E1 48EI
—P-—mgu=_gwn
whence
5PL3

2T Taapr T
and

6, = P —63

24El

The reactions at the ends of the beam now follow from the above values and Eq. (i).
Thus

El

Fyi = [5(=2402 — 1260) =

W~

=1Iya4
EI PL
M| = 17(121)2 +46,L) = _T = —My

Also

96EI 5PL® 2P
5L 144E1 3

The forces on the beam are then as shown in Fig. S.6.6(a). The shear force and bend-
ing moment diagrams for the beam follow and are shown in Figs S.6.6(b) and (c),
respectively.

Fr=F3 =
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i

P/3 ) p s p P/3
< p=- < p_ T
3 P 3
Fig. 5.6.6(a)
P/3
+
4
1 2 3
(b) P/3
PL /4 PL/4
2 3 -
4

1 \\ ! N L/
() PL/12 PL/12

Fig. S.6.6(b) and (c)

The forces in the ties are obtained using Eq. (6.32). Thus

G g _ @E | 1V3If0-0
BF = CH—2L/\/§ ) vy — 0

i.e.
384E1/3 1 5PL3 2
SBF = ScH = > =z
53 x 2132 144E1 3
and
= 5[ ][00
BE = 8¢cG = - —=
V2Ll V2 V21 (v =0
1.€.

192E1 1 5PL3 2P
SBe = Scg = — =
542 x £/213 /2 144E1 3
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S.6.7

The forces acting on the member 123 are shown in Fig. S.6.7(a). The moment M, arises

from the torsion of the members 26 and 28 and, from Eq. (3.12), is given by

) 0>
My = -2GJ— = —EI—=
1.6/ )
1 5 \MZ 3 DM‘B
Fy, TT TF%Q i P2
| e
| | |
Fig. 5.6.7(a)
Now using the alternative form of Eq. (6.44) for the member 12
Fy1 12 -6 —-12 -6 v
Myl _EI| -6 4 6 2| |6/
Fo[ B |-12 6 12 6 vy
M/l -6 2 6 4] |6L
and for the member 23
Fyo 9 —-24 -—-96 24 V2
My/l|  El | 24 8 24 41 |6.L
Fs | B |-96 24 96 24 U3
M/l —24 4 24 8] 6L

Combining Eqgs (ii) and (iii) using the method described in Example 6.1

Fy 1 12 -6 —-12 -6 0 0 V]

M/l 6 4 6 2 0o ofleu
Fy» EI|-12 6 108 —18 —96 —24| | v
|yt | =6 2 —18 12 24 4|6
Fy3 0 0 -9 24 96 24|
Ms)l 0 0 —24 4 24 8] |6

@

(i)

(1ii)

(iv)

In Eq. (iv) v =v2 =0 and 63 =0. Also M; =0 and F), 3 = —P/2. Then from Eq. (iv)

M, El

from which
02

6, =
! 2

)
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Also, from Eqgs (i) and (iv)

M, EI EI
= — 2611 + 126,1 + 24v3)

L= =
] [ERGEE
so that
13621 4+ 2611 + 24v3 =0 (vi)
Finally from Eq. (iv)
P EI
Fy’3 = —5 = 1—3(24921 + 961)3)
which gives
PP 6l (vii)
= — - ii
Ty A Y

Substituting in Eq. (vi) for #; from Eq. (v) and v3 from Eq. (vii) gives

PI?

6y = ——
2~ 48EI

Then, from Eq. (v)

PI?

0 = ———

96EI
and from Eq. (vii)

PP
1B=——
3T T 96E1
Now substituting for 61,6, and v3 in Eq. (iv) gives Fyj=—P/16, Fy,=9P/16,
M, = —PI/A8 (from Eq. (i)) and M3 = —PI/6. Then the bending moment at 2 in 12
is Fy 1/=—PI/12 and the bending moment at 2 in 32 is —(P/2) (I/2) + M3 = —PI/12.
Also M3 = —PI/6 so that the bending moment diagram for the member 123 is that shown

in Fig. S.6.7(b).
/”MZ
— 3

1 2

Pl/6
Fig. 5.6.7(b)
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5.6.8

(a) The element is shown in Fig. S.6.8. The displacement functions for a triangular
element are given by Eqs (6.82). Thus

up =og, V=04
up = +aor, vy = a4+ aas )
Uz = o] +auwz, V3 = oq + aug

Fig. 5.6.8
From Eq. (i)

ar=u; oy =(u—up/a o3 =(uz—u)/a

asg=v; as5=(—v)/a as=(v3—v1)/a

Hence in matrix form

ol 1 0 0 0 0 0 uj
an —1/a 0 1/a O 0 0 V]
a3| | —1l/a 0 0 0 1/a O u
N B 10 0 0 0|]w
o5 0 —1/a 0 1/a O 0 u3
o6 . 0 —1/a O 0 0 1/a] |v3

which is of the form
{x} =[A7"1{s%)
Also, from Eq. (6.89)

01 0 00O
[C]=]0 0 O 0 O 1
0 01 010
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Hence
—1/a 0 I/a O 0 0
Bl=[ClIA™'1=| 0 —1/a 0 0 1/a
—l/a —1/a 1/a 1/a 0
(b) From Eq. (6.94)
[—1/a 0 —1/a]
ke =| v 1 0
0 0 1/a | 1—12 0 0 L1
0 0 1/ 2=
| 0 1/a 0 |
—1/a 0 1/a O 0 0 |
x| 0 —1/a 0 0 0 1/a Ea%
—1/a —1/a 0 1/a 1/a O
which gives
[ 3—v 1+v -2 —(1=-v) —(1-v) =2v]
I4+v 3—v —2v —(1—-v) —(1-v) =2
[K¢] = Et -2 —2v 2 0 0 2v
T 40— | —=(1=v) —(1—=v) 0 1—v 1—v 0
—(1—-v) —(1—-v) O 1—v 1—v 0
| —2v -2 —2v 0 0 2]

Continuity of displacement is only ensured at nodes, not along their edges.

5.6.9

(a) There are six degrees of freedom so that the displacement field must include six
coefficients. Thus

U= ] + axx + azy

(1)
V= a4 + 05X + aey (i)
(b) From Egs (i) and (ii) and referring to Fig. S.6.9

Uy =aor+at+o3 vi=o04+as5+ag

uy = o1 +2a +a3 vy =4+ 205 + g

us = oy + 2a0 + 23 v3 = aq4 + 205 + 206

Thus

o) =uUr — Ul Q3 =Uuz—uy o1 =2u — u3

05 = V) — V] Og=UV3—V2 04 =20 — V3
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Fig. 5.6.9

Therefore

which is of the form

From Eq. (6.89)

Hence

(c) From Eq. (6.69)

[D][B] =

YA
3(2,2)
1(1,1) 2(2,1)
oy 2 0 0 0 —1 07
a -1 0 1 0 0 O
J s 0O 0 -1 0 1 0
a4 0 2 0O 0 0 -1
o5 0O -1 0 1 0 O
a6 | 0 2 0 0 0 —1]
fa = [A7"1{5%)
01 0 0 0O
[Cl=[0 O 0 0 0 1
001 010
-1 0 1 0 0
[Bl=[Cll[A™'1=|0 2 0 0 0
0o -1 -1 11
{0} = [DI[BI{5}
Thus, for plane stress problems (see Eq. (6.92))
1 v 0 -1 0 1
v 1 0 0 2 0
1— U2 1
0 0 (I—w 0o -1 -1

ui
V1
u
v2
us3
v3

(iii)
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ie.
—1 2v 1 0 0 —v
[D][B] = —v 2 v 0 0 —1
1= 1 1 1 1
0 —3(0—=v) —50=v) z(1-v) 5(1-v) 0
For plain strain problems (see Eq. (6.93))
— v —
(1—v)
E(1—v) v
DI[B]=————— 1 0
[DIiB] A+v)(1—=2v) | A=V
0 0 (1-2v)
L 2(1 —v)
-1 0 1 0 0 O
x| 0 2 0O 0 0 -1
0O -1 -1 1 1 0
(DIB] = —— V)
T (1)1 —2v)
_ ) _
-1 Y 1 0 R
1—v 1—v
e 2 e 0 0 1
x 1—v 1—v
1—2v 1—-2v 1—2v 1—-2v
2(1 —v) 21—v) 21 —v) 2(1—v) N
$.6.10

(a) The element is shown in Fig. S.6.10. There are eight degrees of freedom so that a
displacement field must include eight coefficients. Therefore assume

U= oy + arx + azy + asxy 1)
v =as5+ acx + ayy + agxy (i1)
(b) From Eqgs (6.88) and Eqgs (i) and (ii)
ou
&y = - =02 + a4y
0x
& = 5 = a7 + agx
ou v

ny=@+§=a3+a4x+a6+asy
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YA
4 (0,2b) 3 (2a,2b)
> X
1(0,0) 2 (2a,0)
Fig. 5.6.10
Thus since {e} =[Cl{a}
01 0y 0 O0O0O0
[C]=10 O 0 0 0 O 1 «x
001 x 01 0 vy
(c) From Eq. (iii)
0 0 07
1 0 0
0 0 1
y 0 x
=
Lc] 0 0 O
0 0 1
0 1 x
L0 x yl
and from Eq. (6.92)
1 v 0
[D] = E v 1 0
1 —1? .
0 0 3(I—-w

Thus

2a 2b
/ [CI[DI[CldV = / / [CI[DI[C]t dx dy
vol 0 0

(iii)

(iv)
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Substituting in Eq. (iv) for [C]T, [D] and [C] and multiplying out gives

2a 2b
//[WWMW@
0 0

0 0 0 0 0 0 0 0 7
0 1 0 y 0 0 v VX

1 X 1 y
0 0 E(l—v) 5(1—1}) 0 E(l—u) 0 5(1—1})

X 21— X y
g e |0y SU-v) o PHEEY 0 Sd-v) vy wy+F(0-v)
/0 /0 dxdy

_ 2 2
-2 0 0 0 0 0 0 0 0
1 1
0 0 S(1-v) %(1 —) 0 S(1-v 0 %(1 —)

0 v 0 vy 0 0 1 X

0 wx %(1—1)) vxy—i—%(l—v) 0 %(1—1;) x 2+ %0-v)

ro 0 0 0 0 0 0 0 .
0 4ab 0 4ab? 0 0 4abv 4baPv

0 0 2ab(1 —v) 2a8%b(1—v) 0 2ab(l—v) 0 2ab%(1 — v)

8
0 4ab® 24%b(1 —v) g{2ab3+ 0 2a%b(1 —v) 4ab*v 24%b*(1 +v)

Et @bl —v)}
1-v2 o o 0 0 0 0 0 0

0 0 2ab(1 —v)  2a*b(1—v) 0 2ab(l —v) 0 2ab*(1 — v)

0 4abv 0 4ab?v 0 0 4ab 4a*b

8
0 4d®bv  2ab*(1—v) 2a%b*(1+v) 0 2ab*(1—v) 4d%b g{2a3b+

L ab¥(1 —v)}
S.6.11
From the first of Eqs (6.96)
Uy =) —oay —az + oy =0.1/10° @)
Uy = oy —l—Olz—Ol3—O{4=O.3/103 (i1)
uz = ay 4+ s + a3 + ag = 0.6/10° (iii)

Uy =y —os + a3 —ay = 0.1/103 (iv)
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Adding Eqgs (i) and (ii)
u 4 ur =201 — 203 = 0.4/10°
i.e.
o) — a3 =0.2/103 v)
Adding Egs (iii) and (iv)
w3 + ugy = 201 + 203 = 0.7/10°
ie.
o) + a3 = 0.35/10° (vi)
Adding Eqgs (v) and (vi)
o = 0.275/10°
Then from Eq. (v)
a3z = 0.075/10°
Now subtracting Eq. (ii) from Eq. (i)
up —uy = =20 + 204 = —0.2/10°
ie.
ar — oy =0.1/103 (vii)
Subtracting Eq. (iv) from Eq. (iii)
us — ug = 20 + 204 = 0.5/10°
i.e.
oy +ag =0.25/103 (viii)
Now adding Eqs (vii) and (viii)
20 = 0.35/10°
whence
ay = 0.175/10°
Then from Eq. (vii)
ay = 0.075/10°
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From the second of Eqs (6.96)

v = as —ag — a7 +ag = 0.1/10° (ix)
vy = as +ag — a7 —ag = 0.3/10° (x)
vy = as + ag + a7 +ag = 0.7/10° (xi)
vy = a5 — o + a7 — ag = 0.5/10° (xii)

Then, in a similar manner to the above

as = 0.4/10°
a7 = 0.2/10°
as = 0.1/10°
ag =0

Eqgs (6.96) are now written

uj = (0.275 + 0.175x + 0.075y + 0.075xy) x 1073
vi = (0.4 4+ 0.1x + 0.2y) x 1073

Then, from Eqs (6.88)

gy = (0.175 + 0.075y) x 1073
gy =02x 1073
Yay = (0.075 + 0.075x 4 0.1) x 107> = (0.175 + 0.075x) x 107>

At the centre of the element x =y =0. Then

gx =0.175 x 1073
gy =0.2 x 1073
Yoy = 0.175 x 1073

so that, from Eqgs (6.92)

200 000

=103 32(0.175 +0.3 x 0.2) x 1073 = 51.65 N/mm?
200 000

=103 32(0.2 +0.3 x 0.175) x 1073 = 55.49 N/mm?
200 000

Ty = = x 0.175 x 107 = 13.46 N/mm?

2(1+0.3)
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$.6.12

Suitable displacement functions are:

U = o] + 02X + a3y + o4xy

V= o5 + 0gX + a7y + ogxy

Then
Uy = oy — 2ar — a3 + 204 = 0.001 6))
uy = o1 + 20 — a3z — 204 = 0.003 (i1)
Uz = o + 200 + a3z + 204 = —0.003 (ii1)
ug = o1 — 200 +az — 204 =0 @iv)

Subtracting Eq. (ii) from Eq. (i)
oy — agq = 0.0005 (v)
Subtracting Eq. (iv) from Eq. (iii)
ar 4+ ag = —0.00075 (vi)
Subtracting Eq. (vi) from Eq. (v)
as = —0.000625

Then, from either of Eqs (v) or (vi)

az = —0.000125
Adding Eqgs (i) and (ii)
o; — a3z = 0.002 (vii)
Adding Egs (iii) and (iv)
a1 + oz = —0.0015 (viii)
Adding Eqs (vii) and (viii)
a1 = 0.00025
Then from either of Eqgs (vii) or (viii)
a3 = —0.00175
Similarly
as = —0.001
ae = 0.00025
a7 = 0.002

ag = —0.00025
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Then

u; = 0.00025 — 0.00125x — 0.00175y — 0.000625xy
v; = —0.001 + 0.00025x 4 0.002y — 0.00025xy

From Eqgs (1.18) and (1.20)
ou

£x = == = —0.000125 — 0000625y
2
3
£y = — = 0.002 — 0.00025x
dy
ou v
Yy = 5 + == = —0.0015 — 0.000625x — 0.00025y
)y ox

At the centre of the element where x =y =0

&y = —0.000125 ¢, =0.002 y,, = —0.0015.

5.6.13

Assume displacement functions

u(x,y) = a1 + ox + a3y
v(x,y) = aq4 + asx + aey

Then
U = o
uy = ay + 4o
uz = o + 20 + 23
Solving
Uy — uq 2u3 —uy — up
oHh = onN= -
2 4 3 4
Therefore
Uy — uj 2u3 — uy — up
vm s (250 s (2,
or
Xy X oy y
(153 3
! ( 7 gt gy etgn
Similarly

X X
(15 (P

103
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Then, from Eqgs (1.18) and (1.20)

ou Uy up
Sx:—:—— —_—
ox 4 4
v vp vy U3
gy:—:—— —_— —
ay 4 4 2
_Bu 8v_ Uy Uy v v2
Yo =y T 4 4 3
Hence
- oy -
0x
-1 0 1 00
ov 1
[B]{6°} = 5 = — 0 -1 0 -1 0
4 1 -1 -1 12
Jdu  oJv
[ dy  Ox_
But
a b O
[Dl]=|b a O
0 0 ¢
so that
| —a —b a —b 0 2b
[DI[Bl]=-|-b =-—a b —a 0 2a
4
—c —c -—c c 2¢ O
and
[a+c b4+c —a+c b-c
b+c a+c —-b+c a-—c
1 |—-a+c -b+c a+c¢c —-b-—c
T —
B] [D][B]_16 b—c a—c¢c —-b—c a+c
—2c —2c —2c 2c
| —2b —2a 2b —2a
Since [K¢] = [B]T[D][B] x 4 x 1
[ a+c
b+c a+c
l1|—-a+c¢c -b+c a+c
€] — —
[K]_4 b—rc a—c¢ —-b—c a+c
—2c —2c —2c 2c 4c
| —2b —2a 2b —2a 0

—2c

—2c

—2c
2c
4c

SYM]

4a

ui
U1
uz
)
us

v3

—2b
—2a
2b
—2a

da
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S.6.14
Fora=1,b=2

u=g[(1 =2 = Yur + (1 +x)2 — yuz + (1 + 02 + yuz + (1 —x)(2

Similarly for v

Problems

+ y)ug]

Then
0
== 2= i+ Q= + 24y — @+ ]
0
gy = $0 =001 = (L 0w + (100 = (1= ]
ou v
oy T gy = $( =00 = Q= = (e 2 = e+ (s

+ 2+ yvz + 1 —xus — 2+ y)val

In matrix form
P
ox
Jdv
ay
ou v
Loy " ar

-2 -y 0 2-y 0 2+y) 0 —-Q2+y 0

:% 0 —(-x 0 —(+x 0 (+x 0 (-x
—(1-x) -C-y) —(I+x) C-y) (I+x0) 2+y) A-x) —2+y)
Also
c d 0
D=|d ¢ O
0 0 e
Then
[D][B]

—c2—y) —d(1—x) e2—y) —d(1+x) e2+y) dl+x) —c2+y)
=3 —d2—-y) —c(1—x) d2—-y) —c(14+x) d2+y) el1+x) —d2+y)
—e(1—x) —e—y) —e(1+x) e2—y) e(l+x) e2+y) e(l—x)

ug
vy
up
v2
u3
v3
L7}
v4

d(l —x)
c(l1—x)
—e(2+Yy)

105
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Then
—2-y) 0 —(1 —x)7
0 —(1-=x) =2-y)
| : —c2—=y) —d(1—x) ... ... ...
(BI'[DI[B] = o : —dQ2—y) —c(1—X) ..o oo ...
’ —e(l—x) —e2—y) ... ... ...
Therefore

2 1
K= / f [e2 — ) + e(1 — x)*1dx dy
64 ) 2J

t
which gives K1] = 8(46 +e)

2 1
Km:é/ / [d(2 — (1 — %) + e(1 — )2 — y)dxdy
—2J-1

which gives K12 = £(d + ).

Solutions to Chapter 7 Problems
S.7.1

Substituting for ((1/p0x) + (v/py)) and ((1/py) + (v/px)) from Eqs (7.5) and (7.6),
respectively in Eqgs (7.3)

Ez M, Ez M, .
“i—wp ™M YTioap v

Ox

Hence, since, from Eq. (7.4), D = E3/12(1 —v?), Egs (i) become

12zM, 12zM, ..
Oy = 3 oy = 3 (i1)
t 1-
The maximum values of o, and oy will occur when z = 4-#/2. Hence
(max) = =22 o (max) = + 22 (iif)
oy(max) = o oy(max) = 2 iii
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