Solutions to Chapter 2 Problems

1.29 4+ 8.14 = /72 +4T)%y

from which 7y, =3.17 N/mm?.
The shear force at P is equal to Q so that the shear stress at P is given by
30
2 x 150 x 300

1.€.

Ty =317 =

from which
0 =95100N = 95.1kN.

Solutions to Chapter 2 Problems

S.2.1

The stress system applied to the plate is shown in Fig. S.2.1. The origin, O, of the axes
may be chosen at any point in the plate; let P be the point whose coordinates are (2, 3).
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where f1(y) is a function of y. Also

0 2.75 2.75
v _ZPP sothat v = ——py + f>(x) @iv)
ay E
in which f>(x) is a function of x.
From the last of Eqs (1.52) and Eq. (1.28)
4 0 0 a a
Yy = E” - a_;) n 8—;’ - f;ix) + 4 g;y) (from Egs (iv) and (iii))
Suppose
0
ho) _ A
dy
then
fH(y) =Ay+B (v)
in which A and B are constants.
Similarly, suppose
)
() _ c
0x
then
Hx)=Cx+D (vi)

in which C and D are constants.
Substituting for f1(y) and f>(x) in Eqs (iii) and (iv) gives

3.5
u=—Ly 1Ay +B (vii)
E
and
2.75p
v = Ty—l— Cx+D (viii)

Since the origin of the axes is fixed in space it follows that whenx =y =0, u =v=0.
Hence, from Eqs (vii) and (viii), B = D = 0. Further, the direction of Ox is fixed in space
so that, when y = 0, dv/dx = 0. Therefore, from Eq. (viii), C = 0. Thus, from Eqs (1.28)
and (vii), when x =0.

] 4
M_P _ 4
ay G
Egs (vii) and (viii) now become
3.5 4
u= ——px + —py (ix)
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2.75
v= 220 (x)

E
From Eq. (1.50), G=E/2(1 4+ v) = E/2.5 and Eq. (ix) becomes
= %(—S.Sx + 10y) (xi)
At the point (2, 3)
23
u="2""(from Eq. (xi))
E
and
8.25p
v = 5 (from Eq. (x))

The point P therefore moves at an angle « to the x axis given by

8.25
a=tan"! == =19.73°

23
S.2.2
An Airy stress function, ¢, is defined by the equations (Eqs (2.8)):
3% 3¢ )
Oy == —— Oy == —— T —_ —
T2 YT w2 Y ox dy

and has a final form which is determined by the boundary conditions relating to a
particular problem.

Since
¢ = Ay> + By’x + Cyx @)
e e o
_— O _— —_—
ox4 oyt ox20y?2
and the biharmonic equation (2.9) is satisfied. Further
32
oy = —(f = 6Ay + 6Byx (i1)
dy
82
oy = % =0 (iii)
32
Ty = — o _ —3By* - C (iv)
i ox oy

The distribution of shear stress in a rectangular section beam is parabolic and is zero
at the upper and lower surfaces. Hence, when y = £d /2, 7, = 0. Thus, from Eq. (iv)

—4C
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The resultant shear force at any section of the beam is —P. Therefore
dJ2
/ Tytdy = —P
—d/2
Substituting for Ty, from Eq. (iv)
d/2
/ (=3By? — C)tdy = —P
—d/2

which gives

2t Bd3+Cd =P
8 2 )

Substituting for B from Eq. (v) gives

3P .
= ﬁ (Vl)
It now follows from Eqs (v) and (vi) that
—2P ..
= l’d_?’ (Vll)

At the free end of the beam where x =/ the bending moment is zero and thus o, =0
for any value of y. Therefore, from Eq. (ii)

6A+ 6Bl =0
whence
2Pl
= Pl (viii)
Then, from Eq. (ii)
12PI 12P
Oy = td_3y - td_?’xy
or
12P(l — x) .
Ox=—"3 Y (ix)

Equation (ix) is the direct stress distribution at any section of the beam given by
simple bending theory, i.e.
My
Oy = —

I
where M = P(l —x) and I = td3/12.
The shear stress distribution given by Eq. (iv) is
6P , 3P
Ty = —=V — —
VT T 2
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6P (, d°
1/'er:td_3( —Z> (x)

Equation (x) is identical to that derived from simple bending theory and may be found
in standard texts on stress analysis, strength of materials, etc.

or

S.2.3
The stress function is
b= 20h3 ——(15h%x%y — 5x%y° — 21%y° +°)
Then
P o
w20 So5B0Ry = 10y) = o
3%
8y2 20h3( 30x%y — 12h%y + 20y%) = o
3% w
=y W(?)thx —300y%) = —Tyy
84
T _y
x4
3o w
— = —(120
oyt = 203 120
3o

w
ox2oy? — 20800

Substituting in Eq. (2.9)
Vi =0

so that the stress function satisfies the biharmonic equation.
The boundary conditions are as follows:

e Aty=h, o, =w and 1, =0 which are satisfied.
e Aty=—h, o, =—w and 1, =0 which are satisfied.
o Atx=0, o, =w/20h> (—12h%y + 20y3) # 0.

Also
h
/_ hcrxdy S0 / (—12h%y + 20y)dy
2Oh3[ 6h%y* + 5y,
=0

i.e. no resultant force.
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Finally

h w h
/_ Jow dy= o / (—12h%y* 4 20y*)dy
20h3[ —4n*y? + 4y°1",

=0

i.e. no resultant moment.

S.2.4

The Airy stress function is

¢ = [5(° — )y + d)* (v — 2d) — 3yx(y* — d*)*]

12Od3
Then
3o . e _ 3pxy e _ 3pxy
axt Tyt A ax2ay?r 24P

Substituting these values in Eq. (2.9) gives

3pxy  3pxy
04+2x == -2 =90
tEXOB TR

Therefore, the biharmonic equation (2.9) is satisfied.
The direct stress, oy, is given by (see Eqs (2.8))

Po  px

W = 08 L[5y — 17) — 10y° + 6d°y]

oy =
When x =0, oy =0 for all values of y. When x =1
pl 3 2
= ——(—10 6d
Ox 20d3( y~ + y)

and the total end load = [* 4 0xldy

20d3 / (—10y° + 6d%y)dy = 0

Thus the stress function satisfies the boundary conditions for axial load in the x direction.
Also, the direct stress, oy, is given by (see Eqgs (2.8))

82¢ px

3 2 3
oy = pro d3(y — 3yd” —2d°)
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When x =0, o, =0 for all values of y. Also at any section x where y = —d
bx 3 3 3
=—(—d’+3d°—-2d°)=0
o=y d3( + )

and when y = +d
_ pX 3 3 3y _
O’y—w(d —3d —2d)——px

Thus, the stress function satisfies the boundary conditions for load in the y direction.
The shear stress, tyy, is given by (see Eqs (2.8))

2
= =28 P 5322 — Py — d?) — 5yt + 6y2d? — ]
Y ax dy 4043
When x=0
p
Ty = —407[—512( y? —d?) — 5y* + 6y2d* — d*

so that, when y = +d, 7., =0. The resultant shear force on the plane x =0 is given by

pl?

d d
p 2.2 2 4 2 12 4
ddy = ——— —512(y* — d*) — 5y* + 6y*d* — d*)dy = —
/d% Y 4Od3/d[ (& )=y by ldy 6

From Fig. P.2.4 and taking moments about the plane x =1/,
1 2
Ty(x = 0)12d] = 511’151

i.e.

PP
Ty =0) = 6d

and the shear force is pi2/6.

Thus, although the resultant of the Airy stress function shear stress has the same
magnitude as the equilibrating shear force it varies through the depth of the beam
whereas the applied equilibrating shear stress is constant. A similar situation arises on
the plane x =1.

S.2.5

The stress function is

w
40bc3

¢ = (=10 — 15c2x2y + 262y3 + 5x2y3 - y5)

21
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Then
P9 _ (12¢%y + 30x%y — 20y%) =
P C X = 0.
a2~ a0pc3 7 YAV =0
3%
2 = A0be 3( 20¢ — 30¢? v+ 10y ) =0y
32¢
8x8y 40b 3( 30¢? x+30xy ) =—Ty
84
7 _,
x4
Fo
* T~ 40be o (1200
e
o2 ay? — 40bc3 )
Substituting in Eq. (2.9)
Vi =0

so that the stress function satisfies the biharmonic equation.
On the boundary, y =+c

ayz—% Ty =0
Aty=—
oy=0 1y =0
Atx=0
Oy = A0be 3(12c‘y 20y)
Then

c
d 12 20y*)d
/_Ccrxy 40b3/(cy y?)dy

[6c*y* — 5y*1°.,

40b 3
=0
i.e. the direct stress distribution at the end of the cantilever is self-equilibrating.
The axial force at any section is

‘ w ‘ 2 2 3
./;cGXdy: 407/ .(12(: v+ 30x“y — 20y”)dy

= 10be3 [6c2y + 15x%y% — 5y4]c_c

=0

i.e. no axial force at any section of the beam.
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The bending moment at x =0 is

‘ w ¢ 2.2 4
dy = 12 —20y")d
/Coxyy 4Obc3/_0( c?y? — 20y")dy

w
- 40bc3 [402)73 - 4y5]c—c =0

i.e. the beam is a cantilever beam under a uniformly distributed load of w/unit area with
a self-equilibrating stress application at x = 0.

S.2.6

From physics, the strain due to a temperature rise 7 in a bar of original length Ly and
final length L is given by

L—1L _ Lo(1 +aT) — Ly
Lo Lo

Thus for the isotropic sheet, Eqs (1.52) become

=aT

E =

1
& = E(ox—vay)—l—ozT
= l( ) +aTl
gy = F3 0y —Voy) +

Also, from the last of Eqs (1.52) and (1.50)

2(1 +v)
yxy = E Txy

Substituting in Eq. (1.21)

2(1+v)azrxy_1<azoy Bzax) *T 1(82ax azoy> *T

E 9xdy E

e o2

o2 +E

dy? Y dy?

ay2
or
3ty 00 920y 820, 8’0o
2(1+v Y = A —v —v—= 4+ EaV?T i
( ) oxdy  ox? dy? ox2 dy? * @

From Eqgs (1.6) and assuming body forces X =Y =0

Py  Por Fry oy
dydx  0x2  dxdy  09y?
Hence
Bzrxy 920, Bzay

ax dy T 0y?

23
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and
92 Tyy 920, 92 oy

2v = —
dx dy

v v
ox2 dy?
Substituting in Eq. (i)
Fo,  Foy _ Foy  Foy

_0% - EaV*T
ox2 dy? ox2 + 0y? +he

Thus
¥ 5
@—'—W (Gx+0'y)+EaV T=0
and since
3% 3%
Oy = W oy = ) (see Egs (2.8))
2 9\ (%9 99
— 4+ — — 4+ — EaV’T =0
(ax2 " ay2> (ay2 " ax2> R
or
) _
Ve(Vp+EaT)=0
S.2.7
The stress function is
= 30 Oxy’
T 4a 4q3
Then
3%
W =0= O'y
) 30xy
—_— = — = 0
0y? 2a3 *
Po 30 30y
= — — —— = —T
oxdy  4a 4a3 v
Also

o o o
=0 — =0 —— =
x4 oyt 0x2 9y?

so that Eq. (2.9), the biharmonic equation, is satisfied.
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When x =a, o, = —3Qy/2a?, i.e. linear.

Then, when

y=0 oy =0

30
= —a Oy == —

y x =5
-30

y=ta o= 2a

Also, when x = —a, 0, = 3Qy/2a2, i.e. linear and when

y=0 ox =0

-30
= —a O, =
y X 20
3
y=+4a o= —Q
2a

The shear stress is given by (see above)

30
4a

yz
Ty = (1 — a_2> , i.e. parabolic

so that, when y = +a, 7y, =0 and when y =0, 7,, = —30/4a.
The resultant shear force at x = +a is

a 3 2
_a 4a a?
ie.
SF = Q.

The resultant bending moment at x = 4-a is

a
=/ oyydy
—da

/a 3Qay2
—a 243

i.e.

BM = —Qa.
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