14-1. 'A material is subjected to a general state of plane
stress. Express the strain energy density in terms of the elas-

tic constants E, G, and v and the stress components g,, G,,
and 7,

Strain Energy Due to Normal Stresses : ‘We will consider the application of
normal stresses on the eleraent in two successive stages. For the first stage, we
apply only' 0, on the element. Since o, is a constant, from Eq. 14 -8, we have

@ @V
U, = —dV = ——
W, = | e

When o, is applied in the second stage, the normal strain £, will be strained

bye,'=-ve, = —%. Therefore, the strain energy for the second stage is

W), = M-z"%w,e,')dv
S{EE
Since o, and 0, are constants,
(U), = zv_E( o -2vo,0,)

Strain Energy Due to Shear Stress : The application of 7, does not strain
the element in normal direction. Thus, from Eq.14- 11, we have

T 2,V
(U), = J' Xy gy =i
17,26 26

The total strain energy is

U; = (U), + (W), +(U)s

otV V 2V
=—2—E+-2—E(o§—2vo‘,o',)+—z-c—

vV, . 2,V
=5§(of+d;-2vo;o',) +—2—’5-
and the strain energy density is

A 2
%=—l-(of+of—2vc,c,)+—‘¥- Ans
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14-2 The strain-energy density must be the same whether
the state of stress is represented by oy, 0y, and 7, or by the
principal stresses oy and o3. This being the case, equate the
strain-energy expressions for each of these two cases and
show that G = E/[2(1 + v)].

U—j[1 (0'2+0'2)—!cra +L12]dv
T2 Y Y ETTT? 26 ”?
1 2 2 v
U= — (0 + 03) — =0y 0, 1dV
'[V[ZE(I 2) % 2 ]

Equating the above two equations yields.

L g +a) - el ro) -2 )
— (0, + O, - — 0;0y + —T,, = — (07 + O - — 01 O
28 TP T ETY T g T T ETT?
o, + O, o, -0, 2 2
However, o), = 3 Z + 1/( 5 L) + 1

2 2 2 2 2
Thus, (61 + 02) = 0 + Oy + 21Ty

2
010; = 0,0, — Ty

Substitute into Eq.(1)
1 2 2 v 1 2 1 2 2 2 v v 2
'Z"E(o'x + 0y) - E 0:0y + {Erxy =ﬁ(6x + 0y +217,) - Eaxoy + Erxy
2
2
Lyl -% Y
2G E E
1 1 v
—_— = — 4 —
2G E E
1
— = —=(1+vV
3G ( )
= E QED
2(1+v)
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14-3 Determine the strain energy in the rod assembly.
Portion AB is steel, BC is brass, and CD is aluminum. Ey =
200 GPa, E; = 101 GPa, Ey = 73.1 GPa.

/\}45 =2 xkn
8 kﬁ)..--lr::-"‘-—-""
2kN Ne. = 7AN
W=
2 KN y
.5/(1\) = -3kﬂ
24 2N
2N SkN
<ML
T 2AE i , i on
-3 (10°) .
3101 (03) [7(10°)1 (04 + [
) (£)(0.015%)(200)(10%) 2 (£)(0.022)(101)(10°) 2 ()(0.0252)(73.1(10%)
= 0372N.m = 0372] Ans
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*14-4 Using bolts of the same material and cross-sectional
area, two paossible attachments for a cylinder head are
shown. Compare the strain energy develaped in each case,
and then explain which design is better for resisting an ax-
ial shock or impact load.

e

Iu@?

(@)

Case (b)

= N2L2

U
Y

Since Up > Uy Jde., Ly > Ly the design for case (b) is better able to absorb energy.

Case (b) Ans
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14-5. Determine the torsional strain energy in the A-36 steel
shaft. The shaft has a radius of 30 mm.

T°L _
201G

1
U=x Z’Eto’(o.sn«3>uo’»2<o.5)+«x)uo’»z(o.sn

- 2.5(10%)
JG
2.5(10%)

=W=ZG.ZN-m=26.ZJ Ans
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146. Determine the bending strain energy in the A-36 struc-
tural steel W10 X 12 beam. Obtain the answer using the

coordinates (a) x; and x4, and (b) x, and x3.

o k'.P

6 kip

a)

b)

_ L MPdx
Ui = fo SET l‘)MF-;xl (I
106 (=3x ) dny  (72(~6x, ) dxe 2 HE
= + % Me=-bXg %' 4

° 2E1 o 2E]
P

3 3
9144+3672

2EI 3 2E13

= 5718464 ; M= 6Xy-432
29 (538) =41 in Ans 4 o
. |
M3 = 6)’3 - 432 j{ )/
144 in X, 1
Mz = 9Xz - 6(12 + 72) = 312 - 432 5‘:iP QKFP

2
Ui = J‘l44(3x2 - 432) dx, +J’72(613 - 432)2dx3

- Il44(9x§ - 2592x, + 186624) dx, +]" (36xF - 51
0 [}

-1 32592 2
TE0044) =5 (144) + 186624(144)
3 5184 2
+12A72) = ——(72) + 186624(72)] M,= 3,(»-43;( I
v,

0 2EI [} 2E1]

84 x; + 186624) dx,
2E1

2E7]
GLip

L 1
X, T 72in )

__ensass
B (g "S- Ans 9 xip
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14-7. Determine the bending strain energy in the beam due
to the loading shown. E/ is constant.

M
Mo
7
| L L L J
| 3 —T 3 1

2
U,.=J'L_Af_f’_‘

o 2EI

1 [z -Mo o My 2
= — — dx; —
sglly Crondn +[ " Conn]
_MiL

24El

Note : Strain energy is always positive regardless of the sign of the moment function.
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*14-8. Determine the total axial and bending strain energy
in the A-36 steel beam. A = 2300 mm?, [ = 9.5(10%) mm®*,

1.5 kN/

LTI

ISKN

15 €N/m

Yt LILIPTTTTTTTTTY 1647

X o N

ZSKN /70 m 75 &N

Nz/s®N
‘ X
M=75%) - (8Cobirt 75

<

Axial load :

(U).—j“fii_’_ﬂ
“" T 2EA  2EA

((15)(10*)*(10)

Wa)i = ———————
2(200)(10°)(2.3)(10°3)

=2.4456J

Bending :
LtM%dx 1 [0

U, ;= — T ——— A 3y, 3\ 242
Us) Io Y ZEIIO [(7.5)(10")x~0.75(10°)x" ) dx

1 r10
= Elfo [56.25(10%)2* +562.5(10°)x* - 11.25(10%)] dx

0.9375(10°)
Up)i = e = 493,
Us), 00P)0.5105 49342107

Ui=Ua)i +(Up); =2.4456 +493.4210 =496  Ans
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14-9. Determine the total axial and bending strain energy
in the A-36 structural steel W8 X 58 beam.

2-59F kip 1
— T A
oft | soft 3p
2-s Kjp 4kip
2598 kip N=2 smﬁ
30"

=

Z'SL'v'f

f X2 3Kip
M) 225y 4"'?
P
M(x)=2-5)r,

Axial load :
2
Wy, = [N _NL
02AE 2AE
2
- [2.598] (20)(12) _ = T
———-——-2(17.1)(29)(103) = 1.6334(107") in - kip

= 0.1361 (10™°) ft- kip

Bending :
LM? dx 2 [120in. 2
W) = | — = = :
b Io 2E1 ZEIJo (25x) dx
- 3.6 (10%) _ _36(10%
EI 29 (10°)(228)
=0.5446 in.-kip= 0.04537 ft-kip
Total strain energy :

U = (o) + (Us )i
= 0.1361 (10°*) + 0.04537
= 0.0455 ft-kip = 45.5 ft-Ib Ans
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14-10 The simply supported beam is subjected to the load-
ing shown. Determine the bending strain energy in the beam.

W
SEEENEY! i
‘-_._vx,v \ X
% U % we
JwL 8
8
wWXq
e _3WLa, _ wht
iy M2
Xz
3wl
8 i
=6 11—}
X,
WL
8

2
_J-LMzdx=_1__[ uz(3wLx2 -ﬁ)zdx2+jm(w—sl'x—‘)zdx1
“7Jo2Er " 2Er'"0 8 2 ’

2.2
1 L2 9wWPLAx? wzxz“__3w2Lac23 ds + IUZWZL i ]
=_2E[Jo (-—-———'64 +———4 -"'—_8 _‘) 2 o 64
275
_ 0.00111w"L Ans
EI
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14-11 Determine the bending strain cnergy in the A-36
steel beam due to the loading shown. Obtain the answer
using the coordinates (a) x; and x4, and (b) x; and x3. [ =
53.8 in‘.

8 kip/ft

a)

LMPdx 1 _[120in. 60in. 1

Ui = - _ 2 L] 2 2.2
Io = 2E1[jo (~10x;)%dx, +Jo (3% ]
37.44(10%)  37.44(10%)
= = =2400 ip = 2. -ki
o, 39(10963.8) in. - kip = 2.00 ft - kip Ans

b)

LM’dx 1 _f60in. 1 120
l/,- = —_— 401 2 2 _ 2 in. _ 2
jo 2EI 2EI[J.O ( 3 313 1200) dxé) +J‘o (101'2 1200) bz]

1 (60in. 1 4 80
'22‘; o (§X3 - '?x; +24OOI32 —960001'3 + 1440000)(1173 +

120 in.
fu (100x;” — 24000x, + 1440000)dx, |

_ 37.44(10°%) _ 37.44(10%)
EI 29(103)(53.8)

=24.00in.-kip=2.00ft-kip  Ans
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»14-12. Determine the bending strain energy in the simply
supported beam due to a uniform load w. Solve the problem
two ways. (a) Apply Eq. 14-17. (b) The load w dx acting on
the segment dx of the beam is displaced a distance y, where
y = w(—x* + 2Lx> — L?x)/(24EI), the equation of the
elastic curve. Hence the internal strain energy in the differ-
ential segment dx of the beam is equal to the external work,
ie,dl; = %( w dx)(—y). Integrate this equation to obtain
the total strain energy in the beam. EI is constant.

Support Reactions : As shown on FBD(a).
Internal Moment Function : As shown on FBD(b). WL

Bending Strain Energy : a) Applying Eq.14 ~17 gives

-

_ ("MPx [ 1
=lo2m L
_ Y fyprrw NP wi Vi
- ][5 ()] x| T e Z
w? [J’L( 22, 4 3 ] g3
= Lx* +x'-20x’) dx Z
Bl ) B o 05
S Ans f ‘ © Lux-2
240E7 k J M@=z
, X
b) Integrating dU; = = (wdx) (-y) uL
2 4 z ¢)
_ v 4 3
dl/.-—i(wdx)[ sag(F r2Le L x)]
_ w? 4 3,43
dl/,»—a—s-ﬁ(x 2L+ Lx) dx
U= (2 e D) de
= 355 J, (41 -2+ %)
w2Ls
-TEI Ans
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* 1413, Determine the bending strain energy in the can-
tilevered beam due to a uniform load w. Solve the problem
two ways. (a) Apply Eq. 14-17. (b) The load w dx actingon a
segment dx of the beam is displaced a distance y, where
y = w(—x* + 4L% — 3L*)/(24EI), the equation of the
elastic curve. Hence the internal strain energy in the differ-
ential segment dx of the beam is equal to the external work,
ie., dU; = 2(w dx)(—y). Integrate this equation to obtain
the total strain energy in the beam. E/ is constant.

Internal Moment Function : As shown on FBD,

. . 1
Bending Strain Energy : a) Applying Eq.14~ 17 gives b) Integrating dU; = ‘(Wd‘) -y

dv, --(wdx)[-—-—(-x L% 3L‘)]

. Mgy
Tl 2Em
L feor w2 du; -—(x -4Lx+3L*) dx
=55l [-5¢] &
w[o[ 2 ] ]
_wirer, A 3 4
_E.E.;[on dx} U= 4w (x -4Lx+3L%) dr
wiLs wils
p R —— TR —
40Er Ans 40T Ans
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14-14 Determine the shear strain energy in the beam. The
beam has a rectangular cross section of area A, and the shear
modulus is G.

ijL_V_z_d_.x=_'£_. ‘[L(ﬁ—wxfdx
o 2GA 2GA "o 2

2
—zéA jL(——-sz + W — wLndx
0

_ WL
24GA

[=,}

For a rectangular section f; = -

5
w?L?

= Ans
20GA
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