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14-1. A material is subjected to a general state of plane
stress. Express the strain energy density in terms of the
elastic constants F, G, and v and the stress components o,
oy, and T,

Strain Energy Due to Normal Stresses: We will consider the application of
normal stresses on the element in two successive stages. For the first stage, we
apply only o, on the element. Since o, is a constant, from Eq. 14 -8, we have

ot oV
A =J Gy
152 2E

When o, is applied in the second stage, the normal strain €, will be strained

vo,
by g, '=-ve, = ——EZ-. Therefore, the strain energy for the second stage is

(U.)z = J' (£+Ux€x']dv
v\2E
[ [Zeo(-22)|av
vL2E E
Since g, and o, are constants,
14
(U), = Ez( -2vo,0,)

Strain Energy Due to Shear Stress: The application of 7,, does not strain
the element in normal direction. Thus, from Eq.14~11, we have

T} 2,V
) =J 4V =—2—
), 26 2G

The total strain energy is

U = (U)l +(U')2 +(Ui)3

—ﬁ, V(0'2 2va, o,

_v
T2E

2G
o+

and the strain energy density is

<|<

1 ( 72, A
=— - ns
2EN 7Y = 2G

_>Txy

Ty
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14-2. The strain-energy density must be the same whether
the state of stress is represented by o, o, and 7, or by the
principal stresses oq and o,. This being the case, equate
the strain—energy expressions for each of these two cases
and show that G = E/[2(1 + v)].

1 2 2 v 1 2
U.= — (O + Oy) — — 0,0y + — Ty, | dV
Iv[zzz( ) - g %%t 3G ’]

1 2 2 v
U= — (0 + 02) —~ — 0y 0, | dV
IV[ZE(I 2) I z]

Equating the above two equations yields.

1(2+2) vcro'+lz l(z+¢:t'2) v o a
—(0; + G)) — — — 1, = — (O - = 0
2E YWIET T e g T T ETT
o, + o, o, -0, 2 2
However, 0y, = 3 + y( 2 ) + Ty

2 2 2 2 2
Thus, (61 + G2) = O; + 0y + 271,

2
0102 = 0,0y — Ty

Substitute into Eq.(1)
1 2 1 2 1,2 2 2 v v 2
ﬁ(a, + o)) - E 0,0, + Et,, =§—E(o', + 0, +21,) - Eo;,o-, + Er,,

“2a+m ¥

14-3. Determine the strain energy in the rod assembly.

Portion AB is steel, BC is brass, and CD is aluminum. 25 mm
Eg = 200 GPa, Ey,, = 101 GPa, and E,; = 73.1 GPa. 1Smm BZO Tm SN C | D
3 kN )
Mg = 8 kn) < e
) 2kN | T S R
2k Ne, = 7AA) 300 mm —=———400 mm <200 mm -
R —— I
2k
Sk Mep = =3 K
3k
24N SkN
2
U, = 2_l.v._li
2AE
2 2 2
__ 3a0)] 03 [7(10°) ] (0.4) [-3(10°1 (02)
2(5)(0.0152)200)(10°) 2 (£)(0.022)(101)(10°) 2 (£)(0.025%)(73.1)(10°)
= 0.372N.m = 0.372) Ans
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*14-4. Determine the torsional strain energy in the A-36

steel shaft. The shaft has a radius of 40 mm.
12 kN-m é
Internal Torsional Moment: As shown on FBD. 0 5 m
8 kN'm 0 4 m
Torsional Strain Energy: With polar moment of inertia s >(
J= ’5'(0.04‘) =1.28(10™) x m*. Applying Eq.14 - 22 gives </\(0 6m
T:L
i’ 'ZEG—J 8 knm T:8.0 KA
\
[sooo (0.6) +2000° (0.4) + (~10000°) (0.5) ] M
2GJ (N 0 kN'-m
_ 45.0(10%) N?-m? grim  © 5 T-2
- GJ <
45.0(10%) [ kN T- =10-0 kN-m

& kim

T 75(10°)(1.28(10°%) 7 B

=149] Ans

14-5. Determine the torsional strain energy in the A-36

steel shaft. The shaft has a radius of 30 mm. 4kN'm
0 . 3kN-m / Ok
o T*'s / e
0.5m

% Teo™ | D-m y

3

2
u-xt- %[oz(o.sn (3)(10))20.5) + (1X10°)*(0.5)]

2JG
_2.5(10%
TG
2.5(10°)

=W=26.2N-m=26.21 Ans

14-6. Determine the bending strain energy in the beam.

EI is constant. i

Support Reactions: As shown on FBD(a). [«

|t~
|t~

Internal Moment Function: As shown on FBD(b).

Bending Strain Energy: Applying Eq.14-17 gives

LM*dx P
) 2m 1
L ¥P Y } V(x)
=2[— —x | dx
2"";" ) Fr—t—= ;bmmgx
_ P 1 2 z = K
=15 ox dx % EP— r——x—‘{
P}
=96—EI Ans (a) —g )
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14-7. Determine the bending strain energy in the A-36
structural steel W10 X 12 beam. Obtain the answer using
the coordinates (a) x; and x4, and (b) x; and x;.

6 kip

x| s |

Support Reactions: As shown on FBD(a).

Internal Moment Function: As shown on FBD(b), (c), (d) and (e).

. . . b /CI'D
Bending Strain Energy: a)Using coordinates x; and x, and applying
Eq.14 - 17 gives
- i
LM ]
V=), 2m 21t 6t |
v
= sl a0 e + ] 60007, 30Kp () Jokip
o
61t v(X,)
=%’[Ilm9.00xfdx, +f ‘36.0xidx,] ’
1] o
3888 kip? - ¢ JM®&)=-3-0x,
==
§ = *) o kip
For W10 12 wide flange section, 7 = 53.8 in*. Sokip
M) = -60X,
3888(12?) o % 14
= ———————— =4306in - kip=359 ft-Ib Ans %
29.0(10%)(53.8) vy 4
@)
b) Using coordinates x, and x, and applying Eq.14-17 gives “«
v(Xs) .
U o (M | MO =6:0%,-27.)
N PR Y] = =}
2. 61 1
- L[J" * (3.00x; ~36.0)2dx, + ] (6.00x, —36.0)%,] X 27t X,
2:21 o 0 . 30kp gokp
1 t .
=-—[I (9.00x% —216x+ 1296) dx, + | (36.0¢} — 432x +1296) dx,] 73
2617, 0 ‘ oip
_ 3888 kip? - f© <x
Eeo C e

MG )=5.014-36-0C
For W10x 12 wide flange section, I = 53.8 in*. ’

3888(12%) o
e T _4306in-kip=359 ft-Ib Ans
U= 25000 (538) in-kp
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*14-8. Determine the total axial and bending strain energy
in the A-36 steel beam. A = 2300 mm?, I = 9.5(10°) mm®*,

Axial load:
W =k _NL
o 2EA 2EA
2
)i = (U916 (10) =24456J
2(200)(10°)(2.3)(10°7)
Bending:
‘_LMzdx_L 10 3 5. 2.2
Wi =, e 2Eljo [(7.5)(10°)x - 0.75(10° 1 P dx

- ZELI [;"(56.25(10‘);’ +562.5(10° " ~ 11.25(10%) 1 dx

0.9375(10°)

)i = 2001005105

=493.4210)

U; = (Ua)i +(Up )i =2.4456 +493.4210=496] Ans

1.5 kN/m

J N
10m 7}
15 XM/m
/gA’N
o
X
z; KN /0 rm —'79 N
15 X
S T -2
Nets -Hézr—*
/ |.—_—'——_-—
X 75 N

M=75 ) - /é__zi"_zl‘

14-9. Determine the total axial and bending strain energy
in the A-36 structural steel W8 X 58 beam.

Axial load:

LN*dx NL
W = | ===
02AFE 2AE

2
- 125981 @01 _ 6334 (107%) in-kip
2 (17.1)29)(10*)
= 0.1361 (107%) ft-kip

Bending:
LM? dx 2 [120in. 2
R L S 2.5x) dx
e Io 2E1 ZEI'[D (@5%)
_3.6(10° _  3.6(10°)
~El 29 (10°)(228)

0.5446 in.-kip= 0.04537 ft- kip

Total strain energy:

U = (Ua)i + (Ui

0.1361 (107%) + 0.04537
0.0455 ft-kip = 45.5 ft-Ib

I

Ans

S kip

| 4—_LLq3°°

10 £t ‘ 10 £t | 3kip
sKip
2-59F Lip l
— N ] Ky 3:0.
oft | soft dp
2-s Kip 4kip
2-598 Kip A)=2~5'7flid
30°
[ ! %1 3kip

M)=2.5x #Kip
M)=257,
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14-10. Determine the bending strain energy in the beam.
ETis constant. Mo Mo
A
9
Support Reactions: As shown on FBD(a). .
L \
Internal Moment Function: As shown on FBD(b).
Bending Strain Energy: Applying Eq.14 - 17 gives
LM2dx
U=| —
Yo Jo 2E Mo Mo Mo
Mo ( b (=) Mo=M.
= — G ]
2EI %o |———»‘
_ MyL A X
Y s
14-11. Determine the bending strain energy in the A-36
steel beam due to the loading shown. Obtain the answer using 8 kip /ft
the coordinates (a) x; and x4, and (b) xand x3. I = 53.8 in*.
_lél_ }"xll |
-t
10 ft T Sft—r
] L,M:—IDX. 6k;P/f(
E X, %X* 1|
floxie x4 {3
/‘{:—g"k (1 — X, Ay, ~——=X; Xy
‘P—K—_.'— B 10 7/ &
4 wxrp sp*iP
d40*7P
2 0 L i
LMP*dx 1 [[120in. 2 60 in.( 1 2)2 M= 10X, -/200
U= = — =10x;)°dx; + —=X. 71
Io 2E1 2131[10 10m) ‘[o 3] 4 X, | éo”
so0*r
6 6 X
L3740y | 37400D _ 5400in. -kip=200ft-kip  Ans 2%
EI 29(10%)(53.8) l’
I
by —)
LMdx 1 |60in. 1 2 2 120 in.( )2 20" T xs !
=) — = — 40x; — =x5 — 1200/ dx; 10x; — 1200/ dx: :
J-o 2El 2El[f0 ( 3 313 ) 3+Io 2 2 /og,‘; sokip .
/
M=40% =5 X° <200

3

- ZLEI [j:"“"(-éx,‘ - 80,5 1+ 240057 - 96000, + 1440000)dx3 +

112%™ (10082 - 24000z, + 1440000)4;:2]

6 s
= 3744007 _ _37.44010) =24.00 in. - kip = 2.00 ft- kip Ans

EI  29(10°)(53.8)
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*14-12. Determine the bending strain energy in the

cantilevered beam due to a uniform load w. Solve the w dx
problem two ways. (a) Apply Eq. 14-17. (b) The load w dx
acting on a segment dx of the beam is displaced a distance y, w
where y = w(—x* + 413 — 3L%)/(24EI), the equation of l l l l l"l l l l l l
the elastic curve. Hence the internal strain energy in the
differential segment dx of the beam is equal to the external dx - N
work, ie., dU; = 2(w dx)(—y). Integrate this equation to ‘L
obtain the total strain energy in the beam. EI is constant.

x WX

argt YOI

Meg=-5- (IE

b

Internal Moment Function: As shown on FBD. .
b) Integrating dU; = i(de)(—y)
Bending Strain Energy: a) Applying Eq.14 - 17 gives \ w . s .
- E(de)[_ﬁl(_x +4L%x-3L )]

Lpme dx w:
U= f 4, = o= (5 -4l lx+ 3L de
row P
251[‘[0[ 7" ] i‘] L
1 q:%afo(x‘-u’“u‘)dx
= EEI[ 0 x d.t] wilLs
wiL’ = om Ans
= —_— Ans
40E1
14-13. Determine the bending strain energy in the simply
supported beam due to a uniform load w. Solve the problem w dx
two ways. (a) Apply Eq. 14-17. (b) The load w dx acting on
the segment dx of the beam is displaced a distance y, where w
= x* + 2Lx* — L%x) the equation of the elastic l l l l l l l l l l l
Y= e ) the eq y
curve. Hence the internal strain energy in the differential
segment dx of the beam is equal to the external work, i.e., dx —| |- x
du; = %(w dx)(—y). Integrate this equation to obtain the L
total strain energy in the beam. EI is constant.
Support Reactions: As shown on FBD(a).
Internal Moment Function: As shown on FBD(b). wi
Bending Strain Energy: a) Applying Eq.14 - 17 gives [rmmommmmmm e mm T -
H R S
LMmidx
o 2E

221[1[ (Lx- xz)] ]

4 3
SEI[’[ (L +x* -2Lx )dx]
ZLS

= Ans
240E1

b) Integraing dU, = l(Wﬂ'-’f)(")’)

(wdx)[—m-l -x*+2Lx’ - L’x)]

2
M e 3
U, = o= (x 2L’ +L'x) dr

U = 48E1f (x*-2L8 + Lx) dx

wiLs
240E1

Ans
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14-14. Determine the shear strain energy in the beam.
The beam has a rectangular cross section of area A, and the

shear modulus is G.

JLf_,_____Vzdx -5 J.L(‘_Vi‘ - wx)zdx
o 2GA 2GA ‘o

\ !
(—”%L— + wi = WL x)dx e v ﬁ,

U.'=

T
2GA 70 . x j
273 3 )y

= kWL Wt we
2 WA <

24GA
""i‘"‘-lm we
’ v: 2 W)('

For a rectangular section f = g
273
wL
(e A L
2064 " 2

14-15. The concrete column contains six 1-in.-diameter
steel reinforcing rods.If the column supports a load of 300 kip,
determine the strain energy in the column. Eg, = 29(10%) ksi,

E, = 3.6(10°) ksi. .
12 in. _—
Equilibrium:
+TZF=0; P +P-300=0 00} s¢
Compatibility condition :
Aconc =Aq
ProaclL - R.L
[7 (122)- 67 (0.5))(3.6)(10°) 67 (0.52)(29)(10°) IS 3
Peone = 117931 P,, @ 300K1P
Solving Egs. (1) and (2) yields:
P, =23.45kip
Pronc =276.55 kip
v =ML _ _ (23457512 (276.55)*(5)(12) P
2AE  2(6)(m)(0.5)2(29)(10%)  2[(7)(122)- 6(0.5%)}(3.6)(10%) t cen
Pst

=1.544in.-kip=0.129ft-kip  Ans
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*14-16. Determine the bending strain energy in the beam
and the axial strain energy in each of the two rods. The
beam is made of 2014-T6 aluminum and has a square cross
section 50 mm by 50 mm. The rods are made of A-36 steel
and have a circular cross section with a 20-mm diameter.

Support Reactions: As shown on FBD(a).

Internal Moment Function: As shown on FBD(b) and (c). ‘ﬁ
Axial Strain Energy: Applying Eq.14 - 16 gives
J
VL 2m N 1m ——‘
(Ui).z = —_
24E
_[800(10)F(2)
24E heBokl gen gy fap=BOKA
_ 64.0(10°) N*m
- AE ] 4
_ 64.0(10%) L |
= ¥(0029)[200010°)] f——f————+]
=1027 Ans Im Z'L:) m
Bending Strain Energy: Applying Eq.14— 17 gives 8ok Vi)
LM dx
uU), = _ M, =8.0X
W= | =g - J M) 1
1 1m 2m 4
= —|2[""(8.00x,)2cx 8.00%dx ] ¢
2EI[ '[o (8.00<) ’+Io : 8okd  fin )
_ 85.333kN?.m’
=
_ 85.333(10%) — TSR
- 9y[ L 3
73.1(10°)[ 17 (0.05)(0.05%)] ™ Tx,
=2241.3N m=224K Ans ©

14-17. Determine the bending strain energy in the beam
due to the distributed load. E7 is constant.

Wo

We

ﬁD]I[ID:Dma.j‘ . .

o4

g L wrv '
wor® , fobe
pe 2 (2

R

2 275
U:=ILM=-—1—IL w_"‘i 24x=_'£_ Ans
o 2EI 2EI'o\ 6L 504 EI
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P is applied to its end, determine the strain energy in the
beam and compare this result with that of a beam that has a
constant rectangular cross section of width b and height 4.

14-18. The beamshown is tapered along its width.If a force b /ﬂ

Moment of Inertia: For the beam with the uniform section,

For the beam with the tapered section,

Lrb bl
I=—[=x|(K) ==—x==2
IZ(LX)( Tl

Internal Moment Function: As shown on FBD.

Bending Strain Energy: For the beam with the tapered section,

applyin J14-17 gi
pplying Eq grves For the beam with the uniform section,
L2
(M LM
! 2E1 U =
° L ! o 2£
1 (=pPx)? -
=5z dx =—o | (-Po)tax
2E f o 2 3, ), (=Px)
Pt " _ P
EY R " 5d,
P 3p2L3 The strain energy in the tapered beam is 1.5 times as great as
T aEL, ) £ Ans that in the beam having a uniform cross section. Ans

14-19. The bolt has a diameter of 10 mm, and the link AB
has a rectangular cross section that is 12 mm wide by 7 mm
thick. Determine the strain energy in the link due to
bending and in the bolt due to axial force. The bolt is
tightened so that it has a tension of 500 N. Both members
are made of A-36 steel. Neglect the hole in the link.

6m

Axial Strain Energy: Applying Eq.14 — 16 gives

) N
“aT 2AE
_ 5002 (0.06)
T 24E
_7500N%-m
T AE
~ 7500
~ E(0.012)[200(10°)] T —— 31250
3
=0477(107) 1 A % | F—> 5004
= U ns ({l)
€
Bending Strain Energy: Applying Eq.14 - 17 gives ‘3 E 3250
Le)
X
W), = [ Mok 16754 vom_I
e 0 25] xJ
_ 1 J’O.Ofm 2 J-o.oam 2 M(&)’—?/Z"}(b
_El[ L (18755 dx + , G12sn) d.xz} i o)
2. m3 M = i
_ LTSN w )2 6775
E —
B 1.171875 V) .
" 200(10%)[ 5 (0.012) (0.0073 !
(109)[£5(0.012)(0.007%) ] “ ‘ a7sH
=0.01717 Ans (¢,
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*14-20. The steel beam is supported on two springs, each
having a stiffness of k = 8 MN/m. Determine the strain
energy in each of the springs and the bending strain energy
in the beam. Ey = 200 GPa, I = 5(10°) mm*.

ing Strain Ei : The spring deforms &, = Fp _20000Y
Spring Strain Energy: The spring deforms 0,, = k- T8(10% ‘
=0.500( 10"*) m under the applied load. Im— Zm T~ 1m
1 o2
(t]l): =—k8:
P 204)28:0 kA
— 6 -2
= 2[8( 10°) Jr0.500(107)] ) .
-
=1.00J Ans ] ¥ | 3 |
[ im Im T m Im a
Bending Strain Energy: Applying Eq.14-17 gives Ef:‘#o KA /59'4-0 Ko
LM2dx
s =), 2ar %
1 tm 2y 2 2m 2 2 1 vix
=—[2j (~1.0062) ", + [ (2%, X2~ 1) dxy el Ve i
2EIL "o [} 1)MO<,)=-/-019
0.400 kN2 -m’ }_’1
= -—————EI x;
_0.400(10%)
©200(10°) [5(1079)] 20640 x4t
=0.400J Ans TS
i l MO =24
et
4.0kN
14-21. Determine the bending strain energy in the 2-in.- i 2 ft T‘
diameter A-36 steel rod due to the loading shown. S S— D
2 ft
Internal Moment Function: As shown on FBD(a) and (b). 80 Ib > — 80 1b
Bending Strain Energy: Applying Eq.14 ~ 17 gives
LM2dx
=), 2w x
: [ZJM(SOO Ydr, +] " 160%x ] N&x)=0 i
= — .Ox
281 R : N M(x,): 800X, W= 1b
_ 42666.67 b2 ft?
- E
_ 42666.67(12%) ¢ ZH
29.0(10)[§(14)]
=3.24in.-1b Ans 60 b 50/5
() k)
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14-22. The A-36 steel bar consists of two segments, one of

circular cross section of radius r, and one of square cross P

section. If it is subjected to the axial loading of P, determine

the dimensions a of the square segment so that the strain e

energy within the square segment is the same as in the 2L y

circular segment. L 7/

Axial Strain Energy: Applying Eq. 14— 16 to the circular segment
gives

) N, P¥2L) P
Ve = AE T AmHE  miE

Applying Eq. 14— 16 to the square segment gives

NZL PL PL
’ 24E 2(az)E 2E

Require, ), =W,
PL_ PL
rrE  2aE

T

a=y\-=-r Ans
2

14-23. Consider the thin-walled tube of Fig. 5-30. Use the
formula for shear stress, 7,y = 1/2[A,,, Eq. 5-18, and the
general equation of shear strain energy, Eq. 14-11, to show
that the twist of the tube is given by Eq. 5-20. Hint: Equate
the work done by the torque 7 to the strain energy in the
tube, determined from integrating the strain energy for a
differential element, Fig. 144, over the volume of material.

2 T
=I!—g‘—/ butf=-2—t;
Thus, ,
N4 avpe, _ T'L[ 4
=§E—G-VF—8&.G"2 8AXG A 1

However, dA = tds. Thus,

o T2L j‘ds
' 8A2G
1
= =T
U. 2 (4
U = U
1., _ T (ds
STé = SA,,,GJ
TL [ds
= ED
¢ 4A,,,Gj ¢

800



© 2008 by R.C. Hibbeler. Published by Pearson Prentice Hall, Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all
copyright laws as they currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*14-24. Determine the horizontal displacement of joint C.
AF is constant.

Member Forces: Applying the method of joints to C, we have

+T}:F’ =0; FKccos30°-F,ccos30°=0 Bc=Fc=F
5IE =0, P-2Fsin30°=0 F=P
Hence, Fe=P (C) Fc=P(T

Axial Strain Energy: Applying Eq.14-16, we have

N2
y-y ML
2AE

= -z%s[PZLH—P)zL]
P
T AE

External Work: The external work done by force P is

1
U, =3P,

Conservation of Energy:

U. =V
IP(A ) _PZL
2 TR T AE
2PL
(Ac), =2 Ans

14-25. Determine the horizontal displacement of joint A.
Each bar is made of A-36 steel and has a cross-sectional

area of 1.5 in2.

Member Forces: Applying the method of joints to joint atA,

we have
+ 4 .
—XE =0; gﬂo—2=0 Fp =2.50kip (T)

F,p = 1.50 kip (C)

At joint D
. 4 4 .
SIE =0 hpp-2(250)=0 Fpg =2.50 kip (C)

3 3
5(250) +5(250) - Foc = 0
Fpc =3.00kip (T)

+TZI'; =0;

Axial Strain Energy: Applying Eq.14- 16, we have

NeL
V=X 0E

1 2 2
=—[2. ~1.50)%(6
ME[250 (5)+( )" (6)
+(~2.50)%(5) +3.00(3)]

_ 51.5kip®-ft

T T AE

- OLSUD 614207 in-kip
1.5(29.0(10)] ‘

2 kip

w

(O8]

-~

External Work: The external work done by 2 kip force is

1
U, = 5(2)(AA)[. =(A4),

Conservation of Energy:

U.=U
(A4), = 0.014207
=0.0142 in.

Ans
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14-26. Determine the vertical displacement of joint D.
. C B
AE is constant. _— o\ﬂ

D

Member Forces: By inspetion of joint D, member AD is a zero force
member and F.;, = P (T). Applying the method of joints at C, we have

0.8L
4 L
+TZE =0; g1-},--1’:() E-, =125P (C)
+ 3
53F =0, Fp-=(125P)=0 Fey =0.750P (T) 4
5 D -
L 0.6L. —+
At joint A Y
P
4
+TZE =0; Fip=5(125P) =0 Fya = L.OOP (T)
Axial Strain Energy: Applying Eq.14-16, we have ?
N2L
“=Lme R
l 2 2
= —[P*(0.8L) +(-1.25P)*(L
ZAE[ (0.8L) +( ) (L) A\
+(0.750P)* (0.6L) + (1.00P)* (0.8L)] 3 E
_ L750P%L A
T AE

External Work: The external work done by force P is

1
U, ==(P)(4p),

2
Conservation of Energy:
U =U
L pycay, = LTSOPL
2N =2
(4p), = 3'205”‘ Ans
14-27. Determine the slope at the end B of the A-36 steel 6 kN‘m
beam. I = 80(10°) mm*. . :
A
JAN 2
\ |

M= ~1750x ! 8m !

1 LM? dx

~M6bp= | ——

27" jo 2El

2
(6010 g = [P TR & '
2 281 IM=-150x%
16000 -3 A t
O = ————emeeme = 1 (10 ad A
5 = 0 aeeoes 00" " Js0
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*14-28. Determine the displacement of point B on the
A-36 steel beam. T = 250 in*. 8 kip

= === 8x)’dx =
o 2EI = 2EI0 El 15 it B

10 ft

tMdx _ 1 (1502 62208000 A A2
-+

1 1
U, =-PAg =—~(8 =4A
e =5PAs 2( )Ap B

Conservation of energy:

U 5#??
e = U;
a8, = 52208000 M= 8% Cr:f:L::

EI

_ 15552000 _ 15552000

= =215in. Ams
EI 29(10%)(250)

Ap

14-29. The cantilevered beam has a rectangular cross-
sectional area A, a moment of inertia I, and a modulus of
elasticity E. If a load P acts at point B as shown, determine B
the displacement at B in the direction of P, accounting for P

bending, axial force, and shear.

~

Strain Energy: Applying Eq.14-15, 14—17 and 14- 19, we have

LNy tMPdx (LfVidx

U=| —+| —+
Y Jo 24E  Jo 2H o 2GA

6
However, f, = 3 for a rectangular section.

v = J'L(Pcos 9)2dx+fL[(Psin 9)x1*dx 6 L(Psin 6)2dx VepsinG
0 2AE [ 2E 5Jo  2GA
_PL(15cos9 SLisin?0 18sin6 57[:_—_1%—»/4.—/’@5&
T30 AE E GA — — |l Mepsinexx

External Work: The external work done by force P is

1
U,=§(P)(As)

Conservation of Energy:

U =V
I(P)(A )= PL 15005294_5Lzsin29+ 18sin26
2 57730 AE E GA

Ans

PL [ 15c0s?8 SLZsin?6 . 18sin? 9)

3= — +
15\ AE EI GA
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14-30. Use the method of work and energy and determine A B C
the slope of the beam at point B. EI is constant. q A ‘
(&)
Y |
\ a . a . a \
U= [ __1_[;-<.Mo)zdx, o] O + j-(_ygx,)zdx,]
‘"% 2E1 " 2EI[0 0 o\ a
_ 2M3a
"~ 3EI
2 Mo
1 ( | — O\ 1
U, ==-M8==-M;6, | IE. o Ca J
ma | a & a |
Mo Mo
Conservation of energy a a
U =U Ma
(I IM--Mo
2 1
Lygp, = 2202 % Mzo {
2 3EI p—
XL
4Moa
= A e~ Mo
“cam M=-B1 (15
EALS
do :
6,=6,+ A E‘dx'
=6,+ del
0 EI
_4M0a -Ma _Moa Ans
3EI EI 3EI
14-31. Determine the slope at point A of the beam. EI is
constant. A B C
L A |
a |
\ a -+ a -+ a \
U: = jlﬂ = —}-—[j.('Mo)zdﬁ +j'(0)dxz +I. (—y-o—m)zdxa]
‘"% 2E1 " 2EI[0 0 o\ a
2 Mo
2M2 ([7 " 1
= 0a ' ] # rd ‘; __l
3EI e I N ‘
Mo Mo
1 1 a a
U. =EM8=§MDGA Md
(= tM--mo
Comrtn sty R
1 = M’a .- Mo
Mo, = 2 M- Moy, (1[:’;1—:::1
3 1Mo
4M ?
8, = GMoa
3EI
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*14-32. Determine the displacement of point B on the
2014-T6 aluminum beam. 4i<ip
Section Properties: [
A
0 s C
IyA  0.5(1)(7)+4(6)(1) ‘Bﬁ
TEI T T imesy R RPN 18 ft |
1 3 1 .
I=E(7)(l ) +7(1)(2.1154-0.5)% 3in. B 3

1
+-1—2(l)(6’) +1(6) (4-2.1154)*

1in.
6in.
=58.16in*

Support Reactions: As shown on FBD(a).

7n.
Moment Functions: As shown on FBD(b) and (c). 3’2‘//54iq-r'———ﬁl lin.
Bending Strain Energy: Applying 1417, we have Jin Gin.
LM2dx -
=)o m
1 [p6n 1810 Kij
- ﬁ[jo (3.005,) e, + (1.00.:,)’4;,] 4 Kip
_ 1296 kip? - £
T =
_1296(12%) 26326 in. ki } k
~ 106(109) (s8.16) 0226 in-kip bt st
3-0kip 1-okip
External Work: The external work done by 4 kip force is
V)
1
U, =3(9(85) =24, l}MOt.) =3.0X,
xl
Conservation of Energy: 30 kip
Vx>
U.=U MY =r0X, Q C_ ]
24, =3.6326 ———]
Xe
Ay =1.82in. Ans -0 kip
14-33. The A-36 steel bars are pin connected at C. If they .
. . . . 2 kip
each have a diameter of 2 in., determine the displacement
at E.
E C
./ fON
Al = [B=§] A D
i k—6 ft —f«— 6 ft ~——101t l— 8 ft —
LM*dx 1 fs2), o 124416
U=) —=Q)— X)) dx; =
Jo 28T )wzjo ®)da =—g
Zxip °
U, =ira=toag=a, | { ¢
2 2 ' )|
Conservation of energy: /kip / kip 4
U. =U;
124416 124416 v
Ag = = =5.46in. A
ETTE T 9a003ah oo Ans ﬁij Y M= 00%)
o
/ tip 1

M, D
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14-34. Determine the deflection of the beam at its center

caused by shear. The shear modulus is G. p
l !
Support Reactions: As shown on FBD(a). H
V=\o | 0Tk
J
Shear Functions: As shown on FBD(b).
T
Shear Strain Energy: Applying 1419 with f, = g fora ! 2 ! 2 !
rectangular section, we have
Lfvide 1
U= f : 1
2GA
1 T6\ PV
== <z L
2th[2fo (5)(2) dx} L T £
) P z z p
V)= —%
External Work: The external work done by force P is E:]l 5 MO
1 X
U, =5(Pa P
< (b)
Conservation of Energy:
Uc = l/A
1 3pPL
Z(P)A=
2( )4 20bhG
= —3PL Ans
106hG
14-35. The A-36 steel bars are pin connected at B and C. 300 N-
If they each have a diameter of 30 mm, determine the slope B e
at E. A B ) P D
R
F—3m‘+2m%2m%—3m—+
2dx 65625
U; = -——=2— 75 dx+2-— ~15x ) dx; =
IzE @[ o5 + @ [ 5w = =
U, = }(M)6 = 1(300)8; = 1506 75»/ ,””,, a;,;,,,
Conservation of energy: 225Nm | t—'. Xz I N
75N 75
U =U BT
65625 M=75A,
1500 = —— Q ==
T Tm =3 = a7,
x
1 N
75
0= 4T3 _(0550rad=3.15 Ans
EI  (200)(10°)(5)(0.015%)
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*14-36. The A-36 steel bars are pin connected at B. If

. . . 800 1b
each has a square cross section, determine the vertical y
displacement at B. .
P A B C D
B ) B\ B 1% 2in.
Support Reactions: As shown on FBD(a). . — o
PP ( Ff8ft—-‘k4ft+—10ft—ﬁ
Moment Functions: As shown on FBD(b) and (c).
Bending Strain Energy: Applying 14—17, we have
LM2dx %:0 8oolb
T Jo 2HE
1 [pen 101t
- EI[JO (~800x, )2 dx, +jo (-320:,)’4,:2] 7
_ 23.8933(10%) Ib? - ¢ ae R R R
B Er d by=0 cinoth Y320 73
23.8933(105) (12%) . @
T 9001052 (2)] 1067.78 in-1b Boolb
N 12 \/al)
External Work: The external work done by 800 Ib force is 5 M(x,)= -800 X
X
»)

U = %(800)(A,,) = 4004,

M(xg=-3zox£[ —p

Conservation of Energy: ’e—x—l
2

) 308
Ul = (/l
4004, = 1067.78
Ay =2.67in. Ans

14-37. The rod has a circular cross section with a moment
of inertia I. If a vertical force P is applied at A, determine
the vertical displacement at this point. Only consider the b
strain energy due to bending. The modulus of elasticity is E.

Bending Strain Energy: Applying 14— 17 with ds = rd8, we have /
? Mds
U = \
A

T ) 2m
1 * .
= in 8)*rd8
wfo(P's"‘)

yp
P 5,

= e— i ']
ZElLsm 6di

P *
—TE—[J'O(]-CDSZQ)de

_ nP s
Y

External Work: The external work done by force P is
1
U = 3 (P)(A4)

Conservation of Energy:

U=U
l(P)(A )= PR
3P0 =25
A=ﬁ Ans
28
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14-38. The load P causes the open coils of the spring to
make an angle 6 with the horizontal when the spring is
stretched. Show that for this position this causes a torque
T = PR cos 0 and a bending moment M = PR sin 6 at the
cross section. Use these results to determine the maximum
normal stress in the material.

T = PRcos 0, M = PRsin@

Bending:
Mc PRsin6d
Omax = = = T odi
I 2()(5e)
Tc PRcos %
Tmax = — =

7 355

Oy + O O, — Oy)?
o'mxx=x 2 + (xzy)"’f}y

2 t
_ 16PRsinb +‘/(16PRsin0)2+ (16PRC050)2
nd? - zd® nd®
= 16PR [sin 6 + 1] Ans

nd®

14-39. The coiled spring has n coils and is made from a
material having a shear modulus G. Determine the stretch of
the spring when it is subjected to the load P. Assume that the
coils are close to each other so that @ ~ 0° and the deflection
is caused entirely by the torsional stress in the coil.

Bending Strain Energy: Applying 14-22, we have

uTL__PRL _16PRL
17261 26[&(dY)] ‘G

However, L =n(2aR) = 2naR. Then

322P2R?

TG

External Work: The external work done by force P is

U= %PA _
T:PL

Conservation of Energy:

U, =Y
1 32nPR
= —Z¢

64nPR?
4="ag Ans
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*14-40. A baris4 m long and has a diameter of 30 mm. If
it is to be used to absorb energy in tension from an impact
loading, determine the total amount of elastic energy that
it can absorb if (a) it is made of steel for which
Eg = 200 GPa, oy = 800 MPa, and (b) it is made from an
aluminum alloy for which £,; = 70 GPa, oy = 405 MPa.

=X =" 2410 m/
Ve T aar) a0 )m/m

u, = %(O’y)(E}') = %(800)(106)(N/m2)(4)(10'3)m/m = 1.6 MJ/m’
V= 5(0.03)2(4) =0.9(107%)r m?

u; = 1.6(10%)(0.9)(10)x =4.52k]  Anms

b)

u = %(O’y)(sy) = %(405)(lO‘)(Nlmz)(5.786)(10'3)m/m =1.172 MJ/m’

V= ";’(0.03)2(4) =0.9(10)r m®

u; = 1.172(10°)0.9)(10 )z =331kxJ  Ans

14-41. Determine the diameter of a brass bar that is 8 ft
long if it is to be used to absorb 800 ft-Ib of energy in
tension from an impact loading. Take oy = 10ksi,
E = 14.6(10%) ksi.

Oy 10 o T
g = — = —— = 0.68493 (10™°) in./in.
7 E T 146(10%) (10"

u = 1 YEy = %(10)(10’) _ib; (0.68493)(10™) in./in.
m

2
34247 2o 1B
ina

V= f @) (8)(12) = 75.398 &*

800(12) = 3.4247 (75.398 d*)

d = 6.10in. Ans
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14-42. The collar has a weight of 50 Ib and falls down the

titanium bar. If the bar has a diameter of 0.5 in, determine 4
the maximum stress developed in the bar if the weight is
(a) dropped from a height of & = 1 ft, (b) released from a -

height & =~ 0, and (c) placed slowly on the flange at A.
E,; = 16(10°) ksi, oy = 60 ksi.
41t
a) h
WL 50(4)(12) 3.
By = e = o2 2 07639(10°) in.
‘TAE T Iosraencs | eruom '
0.5 in.
Pz = W[l +V 1 +2(AL):| = 50[1 +1/1 +2(—M——) }: 8912 1b
st v 0.7639(10°%)
A
Omax = Poux _ 8912 _ 45390 psi = 45.4 ksi Ans
A X057
b)
Prax = Wl:l+ l+2(—A-h-) :| =50{1+¢1+2(0)]=1001b
1)
P, 100
ax = =22 = =509 psi A
R ns
c)
w 50
x = = e = 254 psi A
Om 2 FosP 54 psi ns

14-43. The collar has a weight of 50 Ib and falls down the
titanium bar. If the bar has a diameter of 0.5 in., determine

the largest height A at which the weight can be released -
and not permanently damage the bar after striking the
Y

flange at A. E; = 16(10%) ksi, oy = 60 ksi.

WL 50(4)(12) 3 .
Ay = — = e = 0.7639(10 X
AE  5(0.5*(16)(10%) (107yin

Paue =w[1+\]1+2(-h—)]
Ag
1 3 .’-r .. 2 = i _—._’E_—___)
010705 50[1+\/ +2(0.7639(10‘3) }

235.62=1+4/1+2618h

h=2102in.=175ft Ans

0.51in.
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*14-44. The mass of 50 Mg is held just over the top of the
steel post having a length of L. = 2 m and a cross-sectional
area of 0.0l m% If the mass is released, determine the
maximum stress developed in the bar and its maximum
deflection. £y = 200 GPa, oy = 600 MPa.

n= [l+ 1+2(—'£-):| =1+4/1+2(0)=2

'St

-

3
Omax = N0y = (2)('50£‘g%2‘8—12) =98.1 MPa < oy Ans

Ay = v 50(10°)9.81)(2) = 0.4905(10 *)m
AE  (0.01)(200)(10%)

Amax = 1A, =2(0.4905)(107) = 0.981(10 ) m = 0981 mm  Anms

14-45. Determine the speed » of the 50-Mg mass when it
is just over the top of the steel post, if after impact, the maxi-

mum stress developed in the post is 550 MPa. The post has a The maximum stress :
length of L = 1m and a cross-sectional area of 0.01 m>. oo = Fanx
mazx = T

Eg = 200 GPa, oy = 600 MPa.

Pll
550 (10°) = 0"‘01. Puax = S500KN
Be= 222 Heo k= £~ —————-——"‘0“2010)“09) = 2(10°) N/m
5500 (10%) 3
= =275(1
2(109) (107)m
Conservation of energy :

U =U;

-

1 1
-imvz + Whne = ichi...

%(so)uo’)(v’) + 50(10%)(9.81) [2.75 (107%)] = %(2)(10’)[2.75(10") N

v=0499m/s Ans
14-46. The composite aluminum bar is made from two
segments having diameters of 5 mm and 10 mm. Determine
the maximum axial stress developed in the bar if the 5-kg
collar is dropped from a height of A= 100 mm. F,; = 70 GPa, S mm 200 mm

oy = 410 MPa.

5(9.81)(0.2) SO8N03) .
F0005)(0)1) * FE0BXIOA0) 000 )m .

’ h
Proax =W[l+ l+2(z:)} 300 mm
=509.81) 1 +v 1 +2(——-&1———) =7051 N 10 mm — J=—
9.8139(10°%)

o o Puax _ 7051
max

A 5(0.005%)

A..:z-w—l‘s
AE

=359MPa < o, oK Ans
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14-47. The composite aluminum bar is made from two

segments having diameters of 5 mm and 10 mm. Determine
the maximum height # from which the 5-kg collar should
be dropped so that it produces a maximum axial stress in 5 mm 200 mm
the bar of o, = 300 MPa. E,; = 70 GPa, oy = 410 MPa.
-
_oWL_ 50.81)02) 509.81)(0.3) " 300
Ay=X—= =9, mm
AE ~ 500050107 * F00B)0ae) - o m i
[ \/'—T} 10 mm — J—
Poaz =W|1+ l+2(——)
An
300(10° (1’) 0.005) = 50.8 ‘/ (—"—)
IO JO.005) =30.8D) L4y 1+ 2/ ssie%)
120.1 =1+y/1+203791.6 &
h=0069m=69.6mm Ans
*14-48. A steel cable having a diameter of 0.4 in. wraps
over a drum and is used to lower an elevator having a weight
of 800 Ib. The elevator is 150 ft below the drum and is | @ -
descending at the constant rate of 2 ft/s when the drum
suddenly stops. Determine the maximum stress developed
in the cable when this occurs. Eq = 29(10°%) ksi, oy = 50 ksi.
150 ft
= 2 3
k= é—E =4 04H29H10) = 2.0246 kip/in.
L 150 (12)
U =U
., 1, o
=mv" + WApax = —kApax
2 2
= [—1]1[(12) (2 = - (2.
3 [32’2(12)][( ) )] + 800 Apax 3 (2.0246)(10°) Amax

59627 + 800 An,, = 101229 A2,

1.2584 in.

Am:x
Poax = kAmax = 2.0246 (1.2584) = 2.5477 kip

_ Poax _ 25477 .
Omax = T = W =203 ksii < oy OK Ans
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14-49. Solve Prob. 1448 if the elevator is descending at

the constant rate of 3 ft/s. @
504 10° .
k= AE _ $ODENU0) _ ) 546 kipiin.
L 150 (12)
U. = U

%mvz + Whnax = %kAﬁ,, 150t

1 800 2 -l s 2
252 3 LD O + 80080, = - (20246)(16°) 80,4

1341.61 + 800 A, = 101229 A%,

Amax = 1.6123 in.

Prax = kAmax = 2.0246(1.6123) = 3.2643 kip

P, .
Opax = -T“;"—"— = 32643 = 26.0ksi < oy OK Ans

£(0.4)

14-50. The 50-1b weight is falling at 3 ft/s at the instant it
is 2 ft above the spring and post assembly. Determine the

maximum stress in the post if the spring has a stiffness of 3 ft/Sl Q
k = 200 kip/in. The post has a diameter of 3 in. and a

modulus of elasticity of E = 6.80(10%) ksi. Assume the

material will not yield.

)
=

Equilibrium : This requires F,, = F,. Hence

k,A,, =kA, and 4,

—

-5
“k,pAP [1]

)
=

Conservation of Energy: The equivalent sping constant for the post

E_2(3)[6.
isk,:i‘L_=__[__.]4(3) 8801 _ 5.003(10°) 1o/in.

2(12)

Ul=lli

1, 1 1
SV Wt Agy,) = 51:,‘,A}.+§I<,‘,A}‘, [21

However, Aj,; =A,+4,,. Then, Eq.[2] becomes

1, 1, ., 1
3mv +W(h+A,+4,,) =Ek,,A,+§k,PAfp (3]

Substituting Eq.[1] into [3] yields

1, k 1 1 k2
-m0?+ Wlh+Ap+ LA, |= kAL + =] -2-A2
3" ( P k., P) 2PeT ol ce

*p
Solving for positive root, we have

1/ 50 2.003(1 = i
—(—)(32)(12)+50[24+Ap+ 003(109) . . 8 0.010814 in.
2\32.2 200(10%) Maximum Stress: The maximum axial force for the postis £,,, =k, 4,

1 1([2.003(10%) = 6 = i

_ _[2.003( 10‘)]A}, +1 (10%] A =2.003('10%) (0.010814) = 21.658 kip.
2 2( 200(10%)
Po., _ 21658 ,
11.029( 10°) A} - 550.694,, — 1283.85= 0 Toux =~ = £37) 306 ksi Ans
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14-51. The A-36 steel bolt is required to absorb the (]
energy of a 2-kg mass that falls # = 30 mm. If the bolt has a
diameter of 4 mm, determine its required length L so the —
stress in the bolt does not exceed 150 MPa.

H

Maximum Stress: With . < Wk o 208D

aximum Stress: Wi Sy %(0.0047) [200(10%)] L T
; W 2(9.81) h

=17.80655(10°) L and o,, = 7 = 50008 1.56131 MPa, we have

L

‘r

ﬁ\\\\\@(\“\\\\'

h
O pnax =NO,, Wheren=1+ 1+2(—A—)
st

o 0.03 s
150( 10°) _[H‘\/l+2(———7.80655(IO-G)LM[I"%BI( 10°) ]

L =0.8504 m = 850 mm Ans

*14-52. The A-36 steel bolt is required to absorb the &
energy of a 2-kg mass that falls # = 30 mm. If the bolt has a
diameter of 4 mm and a length of L. = 200 mm, determine —
if the stress in the bolt will exceed 175 MPa.

H

Maximum Stress: With

WL 20981)(02) » L T
b, = -2 = 5(0.00%) (20016%)] =1.56131(10"°) m i
W 2(981)

L

Oy ==—=o————=1.
=7 = o009 56131 MPa |

Applying Eq. 14 - 34, we have

n=1l+ 1+2(h)—1+\/1+2( 0.03 )—19704
A, 1.56131(10-6) )

|

ﬁ\\\\\@(\“\\\\'

Thus,
Omax = N0, = 197.04(1.56131) = 307.6 MPa
Yes, 0,,, exceeded 175 MPa. Ans
14-53. The A-36 steel bolt is required to absorb the Im

energy of a 2-kg mass that falls along the 4-mm-diameter
bolt shank that is 150 mm long. Determine the maximum —
height / of release so the stress in the bolt does no exceed

150 MPa.

H
—

WL 2(9.81)(0.15)
AE ~ £(0.0042)[200(10°)]
W 2(9.81)

=1.17098( 107 do,=—=-——""—=156l -
(107°) mand o,, A " 50008 56131 MPa,

Maximum Stress: With A,, =

=

L

|

ﬁ\\\\\@(\“\\\\'

we have

h
Opax =nC,, wheren=1+ I+2(—)

150( 10°) =[1+\/1+2(mﬂ[1.56131( 109]

h=5292(10"") m=529 mm Ans
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14-54. The collar has a mass of 5 kg and falls down the
titanium Ti-6 A1-4V bar. If the bar has a diameter of 20 mm,
determine the maximum stress developed in the bar if the
weight is (a) dropped from a height of & = 1 m, (b) released
froma height & = 0, and (c) placed slowly on the flange at A. | |

20 mm

wL 5(9.81)(L.5) 1.5m

Maximum Stress: With A = — = ———— " ___
AE  £(0.022)[120(10°)] i

Applying Eq. 14 - 34, we have

a)
1+ 1+2(hJ 1+y/1+2 ! 1013.3
n= = +2 — =
A, V (1.9516(10’6)) 31

Thus,

O =10, = 1013.31(0.156131) = 158 MPa Ans

)
3 0
=1 1 2 —_— = —_ =
mE (A“) 1+vl+2(l.9516(10-6)) 2

Thus,

b

Opax =n0, =2(0.156131) =0.312 MPa Ans
<)
Omax = Ty =0.156 MPa Ans

Since all of the 0,,, < 0, = 924 MPa, the above analysis is valid.

14-55. The collar has a mass of 5 kg and falls down the
titanium Ti-6 A1-4V bar. If the bar has a diameter of 20 mm,
determine if the weight can be released from rest at any
point along the bar and not permanently damage the bar
after striking the flange at A. | |

WL 5(9.81)(L5) 20mm
Maximum Stress: With A, = —— = —— > _ T
aximum Stress: With A,, AE - 50029 [120(10°)] 1.5m

h=h_,. =15m. Applying Eq.14-34, we have

h 1.5
=1+Y1+2| — |=14+11+2]| ————— |=1240.83
" \/ [A,.) \[ * (1.9516(10—6)) A

G =n0,, = 1240.83(0.156131) = 193.7 MPa

Since 0,,, < 0y =924 MPa, the weight can be released from
rest at any position along the bar without causing permanent
damage to the bar. Ans
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*14-56. A cylinder having the dimensions shown is made
from magnesium Am 1004-T61. If it is struck by a rigid
block having a weight of 800 Ib and traveling at 2 ft/s,
determine the maximum stress in the cylinder. Neglect the
mass of the cylinder.

Conservation of Energy: The equivalent spring constant for the post

£(6)[6.48(10°
s = AE _ E(E0[6480107 =10.1788( 10°) Ib/in..

L 15(12)
v,=U,
-l-mv2 =1ch§,“
2™ 73
17800 5 1 6) A2
[E(EE)(Z )](12) = 5[101788(10°) ]l

A, =0.01082 in.

max

Maximum Stress: The maximum axial force is
P =kAL = 10‘1788( 106) (0.01082) = 110175.5 Ib.

P, 1101755

Opax = —— = —————— = 3897 psi=3.90 ksi Ans

14-57. The wide-flange beam has a length of 21, a depth
2¢, and a constant El. Determine the maximum height A D w
at which a weight W can be dropped on its end without T
exceeding a maximum elastic stress o, in the beam. i

%PAC - Z(E:H)I:(-Px)’dx A | 2

_2prL? |
3EI

C

\M:-fﬁb M -PK P
n=l+"l+2(A—h-) Y ,’!
st V4 1&’ \ ;'—d

WLc
Omax = MOyt )max (st )max = ‘T

(amu]__])2=l+3h_
WLc

A,
=é£ (am;xl_l)z_l
2 \WLc
= E (omax’)z_ Zannul = amuL2 o'maxl_z Ans
3EI \ WLc WLc 3Ec | WLc
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dropped from rest at a height of A = 4 ft onto the center of
the W10 X 39 structural steel A-36 beam, determine the
maximum bending stress developed in the beam due to the | .

impact. Also, what is the impact factor? E“\ |

14-58. The sack of cement has a weight of 90 Ib. If it is T +
h
:

Impact Factor: From the table listed in Appendix C, %. 12 ft 12 ft _{

_PL_ 90[24(12) -3y
A,,-m-m_mxgs(w ) in.

Applying Eq. 14 - 34, we have

h
n=14+{1+2({—

4(12) )
7.3898(103)
=114.98 =115 Ans

=1+ 1+2(

Maximum Bending Stress: The maximum moment occurs at
_PL _90(24)(12) _

mid - span where Mo, = — = ———— = 6480 lb-in.

M,..c_6480(9.92/2)

o, = o€ OV _ 15378 psi
=7 209 pst

Thus,
Omax = N0, = 114.98(153.78) = 17.7 ksi Ans

Since 0,,, < gy =36 ksi, the above analysis is valid.

14-59. The sack of cement has a weight of 90 Ib. Determine "

the maximum height ~ from which it can be dropped from T
rest onto the center of the W10 X 39 structural steel A-36 ‘ }f

beam so that the maximum bending stress due to impact

does not exceed 30 ksi. k"\ |

TR e e ‘

|
a 121t

|
121t .

Maximum Bending Stress: The maximum moment occurs at
_PL_90(24)(12) _

mid - span where M,,, = T =64801b-in

M_,.c 6480(9.92/2)

G, = - = —% =153.78 psi
However,

Omax

30(10%) =n(153.78)
n=195.08

=no,

Impact Factor: From the table listed in Appendix C,

PL? 90[24(12)]3 3y .
== =7.3898( 10 -
Bu 48E]  48[29.0(10%)](209) 3 ( ) "

Applying Eq. 14 - 34, we have

n=1+ 1+2[-h—)
A

st

A
195.08 = 1+ 142 ——0
9508 =1+ (7.3898(10—3))

h=139.17in. = 11.6 ft Ans
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*14-60. A 40-1b weight is dropped from a height of D
h = 2 ft onto the center of the cantilevered A-36 steel

beam. If the beam is a W10 X 15, determine the maximum T
bending stress developed in the beam. h

From Appendix C : | 5
3
3
A, = BL _ _ABUD) 44137 107 in.
3EI  3(29)(10°)(689) 5 ft St

- LAY 202 ) _ 18349
m=lleyly 2(2:)]’ [H \F‘L 2(1.44137(10-3))J

O = -‘fli; Here M = 40(5)(12) = 2400 Ib - in.

ForW10x15: I=689in* d=9.99in.

2400 (4.995) 9.99
Oy = =, c=

68.9 2
174.0 psi

]

Omax = n Oy = 183.49 (174.0)
= 31926 psi = 319ksi < oy = 36ksi OK  Ans

14-61. If the maximum allowable bending stress for the D
W10 X 15 structural A-36 steel beam is o, = 20 ksi,
determine the maximum height 4 from which a 50-1b weight T
can be released from rest and strike the center of the beam.

From Appendix C : | B

3
PL? 50 [5(12) 1 3
Ay = e = =180 1 80171 (107) in.
T 3EI 3(29)(105(689) (107) in 5 ft 51t

Oy = 9-’79-; Here M = 50(5)(12) = 3000 Ib- in.

ForW10x15: [I=689in® d=9.99in.

3000 (4.995) 9.99 .
G', B —— T e—— =4 .
t 689 c 3 4.995 in
= 217.49 psi
allll! =n al'

20(10°) = n(21749); n= 9196

n= {1+ 1+2(£‘-)}

91.96= [1 + ‘/1 + 2(—-—'1.__)
1.80171 (10°%)

9196 = [1 + /1 + 111006 k]

h = 7.45in. Ans
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14-62. A 40-1b weight is dropped from a height of & = 2 ft D
onto the center of the cantilevered A-36 steel beam. If the
beam is a W10 X 15, determine the vertical displacement T
of its end B due to the impact.

From Appendix C :
3
PL 40[5(12) 1

By = e = —— 20 1 44137 (1072
‘T 3ET 3(29)(109(689) 107y in. 5t st |

= [1 + 1+z(zf';)] =[1+\/1+2(m27ﬁ(—f633)] = 183.49

From Appendix C :

PL 05012 1 »
Op= — = —— 2220 1 = 360341
‘T 2EI 2(29)(10°)(68.9) 36.034 (10°7) rad

= n6, = 183.49[36.034 (10°°)] = 6.612 (107>) rad

E@
»
=

1

Apax = nA, = 183.49[1.44137 (107%)] = 0.26448 in.
(AB)max = Amax + Omax L = 0.26448 + 6.612 (107°)(5)(12)

0.661 in. Ans

14-63. The steel beam AB acts to stop the oncoming 200 mm
railroad car, which has a mass of 10 Mg and is coasting v=05m/s A 200 mm {1k
towards it at ¥ = 0.5 m/s. Determine the maximum stress p o | 1 =
developed in the beam if it is struck at its center by the car.
The beam is simply supported and only horizontal forces m
occur at A and B. Assume that the railroad car and the
supporting framework for the beam remains rigid. Also,
compute the maximum deflection of the beam. Eg =
200 GPa, oy = 250 MPa.

=
I

From Appendix C :

PL - 10(10%)(9.81)(2%)
48EI  48(200)(10%)(4)(0.2)(0.2%)

=0.613125(10"*) m

W 10(10°)(9.81) 6
ks — = —— = 10°) N/
A - 0613125(10) 6010 N/m

W = kAp,x = 160(10°)(3.953)(107%) = 632455.53 N

M= wL_ = ——-632455 3@ =316228 N-m

M'c  316228(0.1)
Omax = —— = 7————= =237 MP K
‘max 7 (0 2)(0 23) a < Oy (o) Ans

A 3 2
A, \/ e ‘/o 613125(107)(0.5%) _ =3953(10")m =3.95mm  Ans

9.81
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*14-64. The tugboat has a weight of 120000 1b and is
traveling forward at 2 ft/s when it strikes the 12-in.-diameter
fender post AB used to protect a bridge pier. If the post
is made from treated white spruce and is assumed fixed
at the river bed, determine the maximum horizontal distance
the top of the post will move due to the impact. Assume the
tugboat is rigid and neglect the effect of the water.

From Appendix C:

P = 3EI(AC)mn
max —_"“—_—'(l‘c);

Conservation of energy:
1 1
'2‘"“’2 = ipmnl (Ac)max

lm 2_ 1(3EI(AC)£-1)
(Lacy®

2
- 1/:"1’52
(AC)nlx - 3EI

(120 000/32.2)(2)*(12)* .
AC)max = =0.9315 ft=11.177 in.
e \/(3)(1.40)(106)(144)@)(0.5)‘

_ 3[1.4001091(GX6)'(11.177)
max =~ (l 44)3

= 16.00 kip

2
~Panlic | 160000144 _ 0y o
2E1  2(1.40)(10%)(5X6)*

6c

(A)dmaz = (AC)max + 6c(Lea)

(Ad)mex = 11.17740.11644(36) = 15.4in.  Ans
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14-65. The W10 X 12 beam is made from A-36 steel and

is cantilevered from the wall at B. The spring mounted on

the beam has a stiffness of k = 1000 Ib/in. If a weight of 81b D
is dropped onto the spring from a height of 3 ft, determine

the maximum bending stress developed in the beam.

|
8 1t .

ForW10x12: [=538in* d=987in.

From Appendix C : F‘r
PL

Bpeam = — -
" 3EI f !Flenm-FsP

Koorn = 3EI _ 3(29)(10°)(53.8)
o L [8(12)1°

= 5.2904 kip/in.

Equilibrium (equivalent system):
Fsp = Feam

k’p Alp = kbelmAbnm

_ 5.2904( 10%) A
1000

beam

A,

A,

5.2904 Apeam (¢))
Conservation of energy :
U =10
1 2 1 2
W(h+ A:p +Apeam) = Ekbe-m Apeam + Ek-pAlp

From Eq. (1)
8[(3)( 12) + 5~2904Ab=nn + Abeun]

- %(5.2904 )(10°)AZ,am + %( 1000)(5.2904 Aperm )’

16639.37 Afeum — 50.32 Apeam — 288= 0

Bpeam =0.13308 in.

Fieam = kocamAveam = 5.2904 (0.13308) = 0.70406 kip
Meaex = 0.70406(8)(12) = 67.59 kip-in.

Mauic _ 67.59 (2371)

I 538
= 6.20ksi < oy OK Ans

Omax
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14-66. The 75-1b block has a downward velocity of 2 ft/s
when it is 3 ft from the top of the wooden beam. Determine
the maximum bending stress in the beam due to the impact,
and compute the maximum deflection of its end D.
E,, = 1.9(10%) ksi. Assume the material will not yield.

D[] f12in.
AT B C == ]
FSftAkatHkatAHSftﬁ-‘ 12in.

Conservation of Energy: The equivalent spring constant for the beam
can be determined using the deflection table listed in Appendix C.

48E1 _ 48[1.90(10°) ] {7(12) (12°)]
—=

I [10(12)]° = 91200 Ib/in.

U, =0
Lo, 1 2
30T+ Wkt An,) = kg

1075 2 1 2
[5(3—23)(2 )](12)+75[3(12)+Am]_5(91200)/3‘,“

Solving for the positive root, we have

Apae =0.2467 in.

Maximum Stress: The maximum force on the beam is P, = kA,
=91200(0.2467) = 22495.6 1b = 22.496 kip. The maximum moment
Pl _ 22.496(10)(12)

max

occurs at mid - span. M, =

4 4
= 674.87 kip- in.
M 674.87(6
Oy = 2225 = — © o 234ksi Ans
I La22)

Displacement: The maximum force on the beam is B, = kA,
=91200(0.2467) = 22495.6 Ib = 22.496 kip. From the deflection table
listed on Appendix C, the slope at C is

2Pl _ 22.496(10(12)]2
YT 16[1.9(10%)][#5(12) (12%)]

=6.1665(107°) rad

(Bp)ax = BcLep =6.1665(107°) [5(12)] =0370in.  Ans
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14-67. The 75-1b block has a downward velocity of 2 ft/s
when it is 3 ft from the top of the wood beam. Determine

the maximum bending stress in the beam due to the impact, 2t /Sl D
and compute the maximum deflection of point B. Ey =
1.9(10%) ksi. ;ﬁ
= \/—é -112 in.
AT B
Conservation of Energy: The equivalent spring constant for the beam —5 ft —-“— 5ft—=~—51t —4-— Sft 12 in.

can be determined using the deflection table listed in the appendix C.

_ 4881 _48[190(109 ][ (12)(129)]

o ST = 91200 Ib/in.

Thus,
Ul = (jl
| S 1
imv +W(h+A4A,,,) = -kA

[2(32 2)(2 )]“2) +75[3(12) +8pi ] = -(91200)Am

Solving for the positive root, we have

Ag = A, =0.2467 in. = 0.247 in. Ans

Maximum Stress: The maximum force on the beam is P,,, = kA,
=91200(0.2467) = 22495.6 1b = 22.496 kip. The maximum morment

occurs at mid - span. M, P"‘;‘L = w
=674.87 kip- in.
Gy =z STE8TO) ) 34 ki Ans
1 L1212y
*14-68. Determine the maximum height A from which an
80-1b weight can be dropped onto the end of the A-36 steel D
W6 X 12 beam without exceeding the maximum elastic T
stress. i
8olb
M@= -B00X. 1 AF | 5
X _.& 0
! 1 |
___'.; r J ‘
§ ot ofe 1 ‘ 10 ft ‘ 10 ft
80-0/b l601b

Static Displacment: The static displacement at the end of the beam
can be determined using the conservation of energy .

1 Lag2
lpao [ M
2 o 2EI
-(som 2] " (<80.0x)2dx
w3 00y’ |

_ 53.333(103) Ib- £
st T El
_ 53.333(10%)(12%)

= 29.0(10%) (22.1) Conservation of Energy: The equivalent spring constant for the beam is

. w 0
=0.1438 in. =—= —8—— = 556.34 Ib/in. The maximum displacement at the end
2. 01438
Maximum Stress: The maximum force on the beam is P,,, . The of the beam is A = fmax = 2199 a0
maximum moment occurs at the middle support M,,,, = Py, (10) (12) ™k 55634
= 1208,,,. .
1
1
5y 120, (&2) 80[h+3.9527] = - (556.34) (3.9527%)
36(10°) = 2
22.1
P =21991b h=50.37in. =4.20ft Ans
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14-69. The 80-1b weight is dropped from rest at a height of
h = 41t onto the end of the A-36 steel W6 X 12 beam.
Determine the maximum bending stress developed in the

beam.
h
AP | B
2
1 10ft ‘ 10ft
Static Displacment: The static displacement at the end of the beam
can be determined using the conservation of energy method.
1 (tMidx
27 Jo 2m
1 1 1oft 2
-(80)A,, = —|2 —80.0x)" dx
3608, = 522 ™ -s0.00ax
_53.333(10°) Ib-f¢
st E]
_ 53.333(10°)(12%)
T 29.0(10%)(22.1)
=0.1438 in.
8o1b
Canserva!i(;; of E;Oergy; The equivalent spring constant for the M)=-B00K. 1
b is k= — = ——— =556.34 Ib/in..
S R, T 01438 " = ]
7 X K J
U= | 10f¢ ofe 1
1 . 160 1b
Wbt B0) = 3K0000 gook

N

80[4(12) +A,,, ]= %(556.34)%"

Solving for the positive root, we have
Ag., =3.862in.

Maximum Stress: The maximum force on the beam is B, = kA,
=556.34(3.862) = 2148.6 1b. The maximum moment occurs at
the middle support M,,,, =2148.6(10)(12) =257830.9 Ib-in.

M,

max

257830.9( &2
o = c_ ( 2 )

‘max =35175 psi = 35.2 ksi Ans
1 22.1

Since 0,, < 0y = 36 ksi, the above analysis is valid.
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14-70. The car bumper is made of polycarbonate-
polybutylene terephthalate. If E = 2.0 GPa, determine the
maximum deflection and maximum stress in the bumper
if it strikes the rigid post when the car is coasting at
v = 0.75m/s. The car has a mass of 1.80 Mg, and the
bumper can be considered simply supported on two spring
supports connected to the rigid frame of the car. For the
bumper take I = 300(10°) mm*,¢ = 75 mm, oy = 30 MPa,
and k = 1.5 MN/m.

P,
Equilibrium: This requires F, = "‘2‘"" . Then
17N k
k:pA:p = ; or AJP = E;Ab“m [1]

Conservation of Energy: The equivalent spring constant for the beam can
be determined using the deflection table listed in the Appendix C. A eam

-6
g BE_S2AN30UTD] _ 4 93 271.6 N/m

& 1.8 f — : %
%

Thus, ogm | o9m

- A
P = L b= 2™
2 2 2
3mY =5kAbm+2(5k,,A,,) (2]

Substitute Eq. (1] into [2] yields
1o, 1 )
- = - +—A
zmv zkAluam 4k,p beam
(493 8271.6)* ,

1(!800)(()752)=1(49382716)A2 o
2 : 2 e T 4115108 e

Bpyeam =8.8025(107) m

_ 49382716

Maximum Displacement: From Eq.[1], 4,, = H—lm

[8-8025(107)]
=0.014490 m.

Amu = A:p +Abmm
=0.014490+8.8025(10™*)
=0.02329 m = 23.3 mm Ans

Maximum Stress: The maximum force on the beam is B, = kA,, ..
= 4938 271.6[8.8025( 10™°) ] = 43 469.3 N. The maximum moment

Pl 43469.3(1.8)

occurs at mid - span. M, = 2 r =19561.2N - m.

_ My, 19561.2(0.075) _
Cpax = T~ 3000109 =4.89 MPa Ans

Since 0, < Oy =30 MPa, the above analysis is valid.
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14-71. Determine the horizontal displacement of joint B 800 1b
on the two-member frame. Each A-36 steel member has a

o
cross-sectional area of 2 in2. 30

Member n N L nNL
AB 1.1547 800 120 11085.25
BC -0.5774 0 60 0

X=110851.25
1.4y, =z
AE

_ 110851.25 _ 110851.25

A =
B AE 29(10°)(2)

=0.00191in. Ans

*14-72. Determine the horizontal displacement of joint B.

. . A
Each A-36 steel member has a cross-sectional area of 2 in’. - S
nNL
1. Ay‘ =X AE Sft
1(-360)(3)(12) 3, .
= ——————— = - (0.223(107) in.
T T2(29)(105) (o™
= 0.223(107%) in. ¢ Ans S H o) 9B
<
- 31t

y 600 Ib
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14-73. Determine the vertical displacement of joint B. A
Each A-36 steel member has a cross-sectional area of 2 in.

5ft
1-Ap = nNL
v AE
A 1.1662 (699.71)(5.831)(12) = —0.60 (—360)(3)(12) l:[
B, = + — 5] 9B
AE AE
C|
64872.807 r 3
= ———— = 0.00112in.{ A
2(29)(10) " ns ¥ 600 Ib
9971 1h
~360.0/b
bon 1h
14-74. Determine the horizontal displacement of point B. B 20016
Each A-36 steel member has a cross-sectional area of e > _
2 in%

Member Real Forces N: As shown on figure(a).
Member Virtual Forces n: As shown on figure(b).

Virtual - Work Equation: Applying Eq. 14 -39, we have

nNL
1.A=Yy —
AE

11b-(4p), = ‘—‘:—5[0.8333(166.67)(10)(12)

+(—0.8333) (-166.67) (10) (12)
+0.500(100) (12)(12)]
B

40533.33 1b% - in

AE
40533.33

2[29.0(10%)]

11b-(4p), =

(4p), = =0699(107) in. >  Ans

2
X
o
1/C“
\

0-500 1b(T)

(b
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14-75. Determine the vertical displacement of point B.

. B 200 1b
Each A-36 steel member has a cross-sectional area of o > _
2 in%
8 ft
A
C 1oy ) — 1
Member Real Forces N: As shown on figure(a).
e 6 ft e 6 ft ——]

Member Virtual Forces n: As shown on figure(b).
Virtual - Work Equation: Applying Eq.14 - 39, we have

1-A= ﬂ 8 200 Ib
AE

11b-(4p), = ALE[(_O'625)066'67)(10) (12)
+(-0.625) (-166.67) (10) (12)

+0.375(100) (12) (12)]
5400 1b? - in
b (&), = ———
5400 "
A = — =), in.
@), = 3535 6010] 0.0931(107) in. 1  Ans

*14-76. Determine the horizontal displacement of point

C. Each A-36 steel member has a cross-sectional area of SEN c B
400 mm?. < |
2m
<+ 0
D ~A
. 1.5m *A#
Member Real Forces N: As shown on figure(a). 10KN Y

Member Virtual Forces n: As shown on figure(b).

5kl C _j25ka(T) B

Virtual - Work Equation: Applying Eq. 14 -39, we have

N % =~
N S 3
Member n N L nNL am| 2 fv(_ N
9 < ||
] J s
AB 0 100(10°) 2 0 g . N
3 3 — Y
BC 1.00 125(10°) 1.5 18.75(10%) 5 A
cD 0 100(10°) 2 0 18m
AD 0 0 L5 0 10 KN (@)
AC 0 -125(10°) 25 0
¥ 18.75(10°) N*-m
IN
nNL
1A=y —
AE
IN- (), = 187500 N m
( C/n "‘"—“XE—_'—
18.75(10%)
(Ac)h= 3
0.400(10-2) [200(10%)]

=0.2344(107) m=0.234mm «  Ans
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14-77. Determine the vertical displacement of point D.

Each A-36 steel member has a cross-sectional area of SEN ¢ lz
400 mm?. D M
2m

Member Real Forces N: As shown on figure(a).

Member Virtual Forces n: As shown on figure(b). v E
D A
Virtual - Work Equation: Applying Eq. 1439, we have 10KN ¥ 15m
Member n N L nNL
AB 1.00 100(10°) 2 20.0( 10%)
BC 0.750 125(10°) 1.5 14.0625(10%)
cD 1.00 100(10°) 2 20.0(10%)
AD 0 0 L5 0
AC -1.25 -125(10°) 2.5 39.0625(10°)
5 kA I
Y93.125(10°) N*-m :
g
T N\
A= z nNL Zm -: s
AE 8 3
93.125(10°) N2 m g
IN-(Ap), =
AE
93.125(10%) > b
(AD), =
0.400(10-?) [200(10°)]
=1164(10°) m=116mm {  Ans 10k @

14-78. Determine the vertical displacement of point B.

. . E
Each A-36 steel member has a cross-sectional area of 4.5 in?.
Eq29(10%) ksi.
- TB
Virtual - Work Equation: Applying Eq.14 -39, we have = 8 ft 8 ft ~
¢ S kip
Member n N L nNL
AB 0.6667 3.333 96 213.33
BC 0.6667 3.333 96 213.33
CD 0 0 72 0
DE 0 0 96 0 A _ )
EF 0 0 96 0 3333 kip(D| 8 3.333 kjXDyaw C
AF 0 0 72 0 i o o ,J]
AE -0.8333 -4.167 120 416.67 ’ ¥
CE -0.8333 -4.167 120 416.67 5 Kip
BE 1.00 5.00 72 360.00 @)
1620 kip® - in.
Z P F o E o D
nNL
1-A= —_— o o
AE
1620 kip? - in. A .
Lkip-(4g), = -—% A P 06e6] Kip (D la 06067 EixXmnC
1620
A = =00124in. { Ans .
(8), = 351290(10)] n " L Kip

by
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0.300(10-3)[200(10°)]

=4116(107°) m=4.12mm -  Ans

14-79. Determine the vertical displacement of point E. F E D
Each A-36 steel member has a cross-sectional area of @ 5
45in’. T
6 ft
A fe ) ;
= rB e
e 8 ft 8 ft -
i S kip
Virtual- Work Equation: Applying Eq.14 -39, we have
F o E o b
Member n N L nNL -
q
AB 0.6667 3333 96 21333 ° % o |6t
BC 0.6667 3.333 96 213.33 ,
CD 0 0 72 0 A 2333 kip(m| 8 3 333 ke C
DE 0 0 96 0 | — = ﬁl]
EF 0 0 9 0 [ ] of
AF 0 0 72 0 5kip
AE -0.8333 -4.167 120 416.67 @)
CE -0.8333 -4.167 120 416.67
BE 0 5.00 72 0 1 kip
Y 1260 kip® - in.
2D
nNL
1-A= Z iE le]
. 1260 kip? - in. | . .
Tkp-(Ag), = ———— 54667 K50 g O GGETEp(Dm
1260
= =0.00966in. 4 A
(e, = 35mo00109] - 20066 ns )
*14-80. Determine the horizontal displacement of point D. D
Each A-36 steel member has a cross-sectional area of 4kN
300 mm?.
3m
4kn p 2kN —6 3.C
S E
BINY
Virtual - Work Equation: Applying Eq. 14 -39, we have 3ml 3 T
X _ 3m
2Kki_L ]l \~,
Member n N L nNL S A\
S\
3 3 3m g N S /e A o\ B
AE 2.00 8.00( 10%) 3 48.0(10%) S q;\;? A e S—
ED 200  8.00(10%) 3 48.0(10%) F‘E k 3m .
3 3 A
cD -2236 -8944(10°) 3354 67.082(10%) F—=
BC -2236 -11180(10°) 3354 83.853(10°) @)
3
CE 0 -2.00(10%) L5 0 LN
AC 0 2236(10°)  3.354 0 —
-~
~
Y 246.935(10°) N*-m N
S
~
NL K
1-A= fnt E_\
AE g
IN-(a,), = 246935109 NZ.m §
D/p ~ AE ~
246.935(10°
(Ap), = )
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14-81. Determine the horizontal displacement of point E. D
Each A-36 steel member has a cross-sectional area of 4KN
300 mnr’.
3m
2kN — )¢
E
Virtual - Work Equation: Applying Eq. 14 -39, we have
3m
Member n N L nNL
A
AE 0 8.00(10%) 3 0 S+ fe °\ B
ED 0 800( 103) 3 0 “w:ﬂ‘i‘:ﬂ:‘?1ﬂt‘i~1ﬂt‘i~1#*.‘7“;%.‘1';%‘“
3
cp 0 -8944(10°) 3354 0 ! " !
BC -1118  -11.180(10°) 3354 41.926( 10°)
CE -1.00  -2.00(10°) 15 3.00( 10%) 4n >
AC 1.118 2.236( 10%) 3.354 8.385(10°) g
g
Y 53312(10°) N*-m 3m| S
<
ZKN_LE
1.A= nNL 8
AE 3
53.312(10°) N2-m 3m| 3
IN-(8g) = —— A
53.312(10%) v
Ap), = »
(Be)h = 5300(10-%) [200(10°)] A
=0.38885(107°) m=0.889mm —  Ans
14-82. Determine the horizontal displacement of joint B SKN
of the truss. Each A-36 steel member has a cross-sectional | 2m
area of 400 mm?. 4kN | C
- B f 5
1.5m
D
AP A -
_E_
[
Member n N L nNL g
AB 0 0 15 0 4,8 _a¥a) i
AC -1.25 -5.00 25 15.625 R
AD 100 400 20 8.000 ol &7 |isn
BC 1.00 400 20 8.000 N LN
CcD 0.75 -2.00 15 -2.25 b D
£=29375 ==
AL _ 1™ 8 ey
1 'An‘ =X— ﬂ"u S
AE ol | 14 5“
b
KN\ Q
29.375(10°%) 3 A L
= e = (,3672(10")m = 0.367 mm Ans
™ = 400(10%)(200)(10°) aon 2
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14-83. Determine the vertical displacement of joint C of

. SkN
the truss. Each A-36 steel member has a cross-sectional area \ 2m
of 400 mm?. ikN‘\ ¢
- B A
1.5m
D
AP A -
_E_
s KN
Member n N L nNL o -
AB 0 0 15 0 4 b 4%) 1c
AC 0 -500 25 0 ROy
AD 0 4.00 20 0 0 9'- ’f\) |sm
BC 0 4.00 20 0 A 4KN(T)
CD -1.00 -2.00 1.5 3.00 )
l Zm '
£=3.00
'kH
8 o .
1-Ac, = gL ¢
AE o &
?
3.00 (10°) 6 o >
= ———eeeeee—m— = 37.5(10")m = 0.0375 mm Ans A
€ = 200(10)(200)(10°) aos »
*14-84. Determine the vertical displacement of joint A. Each
A-36 steel member has a cross-sectional area of 400 mm?. B c
P (e 5
2m
D
A 2 o Y
Member n N L nNL E
AB 1.25 50 25 156.25 1.5m 3m |
AE -0.75 =30 1.5 33.75
BC 2.25 180 3.0 1215.00 o 60‘1'{N
BD -05/13  -so/13 /13 1171.80
BE 0 60 20 0
DE -0.75 -30 3.0 67.5
X =2644.30
8 zaskigy ©
J—>2.25 kN
1.ay, <3
AE
4 225k
3
2644.30010) =0.033Im=33.1mm Ans

= 400(109)(200)(10°)
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14-85. Determine the vertical displacement of joint C.
Each A-36 steel member has a cross-sectional area of 4.5 in?. o

3
9

5

5

w] "IN | ¢ 1aNL
AJ o o _ls81 o
AL_Fmé1 [-08sl 780 | 2540
A8 17333 loess1] 798 | 1280 ;
81 /e Yosw ]|/ | 540 ™7z 7Z7 7z 2’
8r_| 547 |o853| e | 1ee0 0% é{,,.’ ;,,, ‘L,- ]x;p
8¢ _Lws7] 1333 | 194 | 3584 r 1o
cn | 800} 7 M | S
€2 1621433 1¢¢
N [-6-66) 4& /o | 1000 b1 1 o H >
36 | w0 ese | 148 | 590 LA 2£ ) gaser B,
DE_| /333 | ssk7 Z80_ o o \ o5 <
TG | -7h87 |=». /% 2500 0 5
£F o o |m ] ¢ ALl 2
L_r_a' 0 °o lsg | © * 8 >4
Gn_|-1333 |-0687) 149 | RI0 .
N1 12,20 Voatacl 26 ¢ | 1380 123 e
1-Ac. = ZE—N_L
" AE
U282 ___163in.  Ans

C,

= 3529010

14-86. Determine the vertical displacement of joint H. J 1 H G F

Each A-36 steel member has a cross-sectional area of 4.5 in?.  [] = i S i
9 ft
AP EL

=== B C D =

k—121t 12 ft 12 ft 12 ft—

Y Y Y
1% N - M 6 kip 8 kip 6 kip

AJ (4 24

A3__17667 |-2823
A8 | 433 |s.888]
8Lt to#0 | 0500
| 84 |-6-63 |-008)
B¢ |67 | 1333 ) /e | 3584

YR

M 8o | o 178 o

o | 261 | 1243 | 768 | 3588 =T » { #7127 ]
DN 1~6-67 |82 | 780 | 7000 5% 65 8 gmp 0%
26 | 1000 | 0500 | (08 Sde

QE_ | /333 |esss] ) e | s2p0

£§ | -44] |4 ife | X$o0
EF 0 o 168 o
G | o o Hs o
G [-7333 {-04681] 70 1289
AL 1-13.33 |-osker} Me | 128
’__12_ o o ¢ o

£ 20348
1-Ay = anL
v AE
Ay 20 368 = 0.156in. Anms

- = 25(29 (10%)
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14-87. Determine the displacement of point C and the P
slope at point B. EI is constant. l i
| E e |
= c B I
Real Moment Function M(x): As shown on figure(a). ‘ L L
\ 2 \ 2 \
Virtual Moment Functions m(x) and my(x): As shown on
figure(b) and (c).
Virtual Work Equation: For the displacement at point C, apply M(X,)=§)C, M) = Zﬁﬂy
Eq.14-42. x £
IJ l‘ ]
1-A= Lﬂdx X, | X
o EI L ™ “
L = (@ * £
1 pTrx \(P = 1 Zz
1-4c=2| — (—)( x,)dx, <
EJo\2 \2 mcx.):;- o
—J ;l? ]
PL3 b X, ' 2
Ac= a8E Ans A TL T % [,
Fo (b) 2
For the slope at B, apply Eq.14-43 Molx,) %L ,,,;(1‘) Sy -fu
hat 1
LmgM —J 1 1)
1.6= dx £ ,7‘/ l ~ X,
L
o gl G e Y -3 ST
ErEl)o\L N )T o 27%)73 Z ©) T
_pL? A
5 16H ns
*14-88. Determine the displacement at point C. EI is
constant.
I
A Qo $C
N a -+ a \
——}) M:rx,
P1 x,
M= PX, (=]
Xé
1 "AC = IL.”_‘Edt } !
o EI N J
1 FR P
Ac=—|] )Pxy)dn +[° J
C EI';‘;)( 1 )( X1 ) 1 +IO (XZ)(PXZ)dXZ ) ms x' ‘
2P’ T mg v:+
a < 1
= A |
3 7
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14-89. Determine the slope at point C. ET is constant.

P
wite MZTe i A l{.c
! t
P v Y - - a |
v myz|
lr % omy B "
L "o
(3
1.8 ‘J'LMQMdX
o EI
_ o« (DPxdy  (a(1)Prydr,
N e
_pa pa’_spa’
3EI 2EI  6EI
14-90. Determine the slope at point A. ET is constant.
P
AQO $C
x a -+ a \
2
| 8
A
(E J - <
£
51 J-.'.— bt @ L, a
L _X
( ) Mp = I- G- {
X 1) M=FPX
7 ' meo (= o = } ' P
! |
M= PR, (=
L

LmgM
1.9":‘[0 mEDI &

0, = EI}UO - ’—;‘-)(Px, )y + [ OPr | = %

835



© 2008 by R.C. Hibbeler. Published by Pearson Prentice Hall, Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all
copyright laws as they currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

14-91. Determine the displacement of point C of the 8 kip

beam made from A-36 steel and having a moment of inertia
of I = 53.8in*. A B
| fe
o iy
Ls ft—— 101t e ftJ
mM ! =0
1-Ac = OL—Ede Bhep mcsx‘ ’(n
——1
) ( Tf-—- M — *3
1 120 % Mzdx, z i
Ac=— {0+ Io (60-0.5)(4x; ) dr; +o} thy
m=0 m.'h_o.szz. ‘l M‘.lﬂ; L‘
_576000 576000 _ ... —1) r—:_:f—“J ’
EL - 290096338 0369in.  Anms = — 2. “om. | s
LS
*14-92. Determine the slope at B of the beam made from 8 kip
A-36 steel and having a moment of inertia of 7 = 53.8in*.
A B
| e
o iy
Ls ft—— 101t e ftJ
LmeM Krp-H 85e
N i X L—-,., He B,

Ll 10 o."'? c 4
03=E[I (0)(8x; )dxy +I° (1“0'1*"2)4’2‘1‘2} = )my=0 ’K”'h M #ad i A hnr

_ 6667kip-f* _ _66.67(12°)

=6.153(10%)rad =0.353°  Ans A M= =014, ('5'::'
El  29(10°)53.8) ' 5 ;

@ ' o <P

14-93. Determine the displacement of point C of the  8kip

8 kip
W14 X 26 beam made from A-36 steel.

| SftﬂHSftJ
8Ki
] ? Me-on | n.-m M--axl
' 1
L mM Hf s
i-ac= | s ' x‘.q/[ \pﬁ
sic 1ot U osfe o sit
60 (~%) (~480) okip kip
Ac= o+2fo e
864000 .. m=o ma-4 me 0
= Baoyas - M12n Ans J i‘ .
I
H’ 1—1’ 1 N
r’hj sjt | £4t H [T
z v
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14-94. Determine the slope at A of the W14 X 26 beam
made from A-36 steel.

8 kip 8 kip

18 'f;M= -BA :4"’460 M=;'ax 1 [ A B 1

| — I 1 | . jL to
A “r‘jt ST BK:FT S ft e 5 ft e 5 ft k5 ft

m=0 | M=~ m=o
— X\ A
{ I ] | ]
7 4
X ) i
sit 1, s0ft sft 1

6i=0+[" (g - D(A80) _13(—480):&

28800 "
By = 40510 Ans

14-95. Determine the displacement at B of the 1.5-in-
diameter A-36 steel shaft.

= T R

brm=32706x, @')mwsz%x,
o o5

Y-M=65412 14706 X,

ff'f" Y m=0s29¢ (24X, 3201b 3201b
z X,

EXAY
74
zz706" <00 M=59294X¢ la f 05294 b
T b dsneet

meo-¢7% 1, {
b X,
M= 882.41- 4706, ssz9e” Toemslt
"Xl 757 m=0.42¢ %t15) ¢
Nlts o-flo‘"
1-Ag= Lde
o EI

Ag= El, ﬂ:(o.szml )(327.06x; )dx, + j: 0.5294(2 +x, )(654.12 + 47.06x; )dx; +

]o” (04706, X(592.94x; ) + fo’ 0.4706(x, + 1.5)(889.41 - 47.06:x, )dx,}

64376710 6437.67(12°)
= - =154in. A
EI BAEOTS
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#14-96. Determine the slope of the 1.5-in-diameter A-36
steel shaft at the bearing support A.

’;b—}t

; , ¢ A ‘ —
™ 1 r
32706 co0" G4t 592947  oume’® o016’

(ft
b2M=327.06%, ('%J) my= 1-0.176x,
]

X
3206 ! 011768
YM=654.12 147.06 X,

[)],:0-//76&(
=Y %017
T 2 592, .
e S =
3
X

1 157 l‘
M= 889.41- 47062, (| £t0 ; + 01176 3201b 3201b
—=7159%9¢

LmgM
1. =| —
64 Io e
1112 1.5
6, = o [Jo (1-0.1176x; )(327.06x; )dx; +‘[o (0.1176x3 )(592.94x;3 )dx;

+ j: 0.1176(xs + 1.5)(889.41 - 47.06x, )dn}

_2387.53b-f¢ _ 2387.53(12)

= =0.0477rad=2.73° Anms
EI 29(10°)($)(0.75%)

14-97. Determine the displacement at pulley B.The A-36 A 4kN
steel shaft has a diameter of 30 mm.

J 1 0.4m

Pl 0. #2586 ™

4357 kN 4_“43 kN 05,74 ] 0.4m 1kN C

l}m < 0- 4286 X, 1kN
}ym- 4.357x - 03m
1
= il
kN

PR al) m 0. £286( %, 104) 0.3m
YM=0357x, 417428 A

CE T 0-428¢ ™
4357%¥

1A= ™M 4
o EI

Ap= E‘l'l [j""(o.:usax, )4.357x )dxy +I:" 0.4286(x; +0.4)(0.357x; +1.7428)dx;
0

]2 (0.5714% )(4.643x, )dx; +I:‘° 0.5714(x; +0.3)(1.643x, + 1.3929)4::,}
0

=0.0478m = 47.8 mm Ans

_0.37972kN-m® _ 0.37972(10°%)
- EI 200(10°)(5)(0.015%)
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14-98. The simply supported beam having a square cross
section is subjected to a uniform load w. Determine the
maximum deflection of the beam caused only by bending,
and caused by bending and shear. Take E = 3G.

w
Yy ¥ v ¥ Y YV ¥V ¥ Y Y v ‘ ol
a [l m __._lvw\f ‘-‘-’i':x-u_fiﬁ‘
L N Fﬁ "“x“‘ =t
[ L | z LS
WL
2
For bending and shear,

F i'(
¥
o g "
1-A=f e+ | 2o Y ey
o EI GA

0

L2 Wi X2 L2 w
A2 (';x)(%x-w;)abr+2 GG - wo)dx
o EI o GA

B _}_(_‘_v_[_‘f _ﬂ:) L/2+ (g) (WLx__ Wf) L2
EI\ 6 8 Jlo  GA\2 2 Jlo
_ SwL? + 3wl?
384E1 20 GA
SwL* 3wL?

= 38466)L)at | 20(G)a?

20wL*  3wlL?
= +

384Ga* 20Ga?

-GG 5]

For bending only,

4
Sw (L
“ %G ( a) Ans.

14-99. Determine the displacement at point C. EI is

tant A B cwM;
constant. i [O\ +
| a -+ a
ey
L mM ‘“ M=M, M
tac= [) e — = 1'> ‘
X A
(13 x) (1) M IV x meix {!
A r a o Lo = =
Ac'jo El d”"o T @ re A £
2 X 17 A |
- 5Mo a Ans Y a B
6 EI
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#14-100. Determine the slope at B. EI is constant.

A B c v Mo
M. L} A\ $
M- Hex Mo, me % J e = ey
) —1) e = } a A a |
-/ N =7 =
a a " a 1 Y, a |
M M Ya a
& ry
L mgM
1-6s= | ) oM ik
,= [HIC (—-X)
o~ EI
- Moa Ans
3EI
14-101. T?e A-26 steel bc?am has a moment of inertia of 18 kN-m 18 KN-m
I = 125(10°) mm". Determine the displacement at D.
| . |
A _&_ D
}-— 4 m—% 3 m+3 ma}— ‘J
LmM
1-4p=]] e /3(" ) M8 — 1 ;
M=ok [I 05518y = L7 110} A g

18%
EI 200(10°)(125)(10°) ( ) M=18
=324(10°)=324mm  Ans ﬁ E ' i 16 ke

M=18 (———= ) %t Im=osy,

'7‘3'4m| oSkN

14-102. The A-36 steel beam has a moment of inertia of

- 18 kN-m 18 kN-m
I = 125(10°) mm*. Determine the slope at A.

,,——
}—4m—5¥3m+3mﬁ+€—4m*“

LmgM KN-ML KAy
1'6A=I -ma—ldt ! (r — L (:l) M=18
X
N g !
1 126 kN - m? 0-1667%"  o0-s667 ( ) M=18
6, =L |[*(yasyax 0.1667x3 X1 S126KN-mT e
L [[lwasian)+ [ ©0.16675 )18 = l (=) 'r—4:;~:'|-lcl
= 12600) 5 0410%) rad=0289°  Ans X 16 kir
200(10°)(125)(10°%) e '

M=18 ((C——— )
P == ‘=

0-166T KN
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14-103. The A-36 structural steel beam has a moment of 18 kN-m 18 kN-m
inertia of I = 125(10°) mm*. Determine the slope of the , X

beam at B. L °) ; |
}—4m—5¥3 m+3 mﬁc—élm*“

16 = [ "M Bhim M e m M=17 e -2
o EI (1::—() (l:'___ﬁ)
6 1 J's (—--xz +1)(18)dx
= Cex + D8
ET
=3, 0—-“‘“’3—)—_ 000216rad =012¢  Ans. l:::n?’w e Y
=BT 20000°)(125(10%) = P ‘::"‘:—-:‘4« ﬂ—-l) e
tha

*14-104. Determine the slope at A. EI is constant. w
y Y Y YVYYVYY 1 1
Mg_wx‘
( Z 7 ) N c
I : - M= - B @
@@LQJJ#A L1 Sl - I
: 4 | [} ] [ ) L L L
4 7 s R == —=
T T L L v,
Ve K
e
_ L moM
0= Io B -
LG-D
= Y A ¥
0+ Io EI
= _!’—Ii:+ !3— = WL3 Ans

EI 24 EI

14-105. Determine the displacement at C. EI is constant.

Ce
B @
L + L
Ac—ijM wx*
EI M:—___
' () w \
L (-1x) (%2) Py H\J | ” A i iﬂ [~ ym=X L”’"x
2j ——E_I— / { -1 ] - ]
=t N e g rem—
W (L wit Ans - Lo e ra—
251(4)' 4El 2 1

841



© 2008 by R.C. Hibbeler. Published by Pearson Prentice Hall, Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all
copyright laws as they currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

14-106. Determine the slope at B. E1 is constant. w

Ce
B,&,
L + L
_ L mgM 2
6= Io B~ Mf“%‘?‘) w
\ | = \ 5e
e, [T neo 1 meex
T 7 yrem— Tt
X, L’x’i X
_ wl* _ wD N L ! L L A
T 8LEI BEI Ans i
14-107. The beamis made of oak, for which £, = 11 GPa. 200 mm

Determine the slope and displacement at A.

~ -
400 mm | 4KN/m

Virtual Work Equation: For the displacement at point A, apply /v/m
Eq.14-42. v

LmM
A= — le .
1-A foE]dx ‘ 3m I 3m

|

1 3m 23
lkN-AA=E . x,(;r,)dx,

1 Im
= [ (5 +3) (2.008 +6.001, +6.00) d,

y 2 Mx)=20x%46.
M(&)='g_/(13 41;)’ 0X,16:0%+¢
_3203kN-m’ - 42
AT E 0
_ 321.3(10%) . . )
11(10°)[7(0.2)(0.4%)] —Xx, ——>X,, Jrelolw
=0.02738m=274m 1 Ans 3m 3am
@)
For the slope atA, apply Eq. 14 - 43. { Kkl
m(x)= X m(x)=X,t3
1.0= ngde : \‘) ! N 6-0kN
_J.D El ,{) Z’ 1[)
1 p3m 2
1kN-m-6, = — 00[ =3 —
- 100(9;:,)4:, ?m 4 )3(’:“ Lok
Iim »
+771.00(2.004% +6.00x, +6.00) dx, )
o
g, o 575 KN m? LrREM ok )zl 0 Me(5)*10 1.0 e
AT T 5 A
& (Y —
_ 67.5(1000) Z I’4
11(10°)[5(0.2)(0.4)] +—X, —> X, J
=575(107) rad Ans Em 3m
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*14-108. Determine the displacement at B. E1 is constant.

w

1 | e =
i
i

|~

4 ..
L (-1 (=%5) w(§) 3, . ——
= |2 7 ).  {—
t=J; El T T8EI == — T i

4
wk Ans 2
128 E1

14-109. Determine the slope and displacement at point C.
Elis constant.

w w
Y Y Y VY Y Y YY\VYY
13\ ?C
{ii:é!:L__ B Jﬂfé::éf&L
a " 2a > a
)/
LmgM { 1
6c= |, TR i L;
Ra a
1 a wxb a Wi Ca)m .0
= — —_ 1) —|dx;
El[jlo (0)(2)4’:14']0()(2) 2 ‘A‘I Pye (E:j)l

o i )

- wa Ans ’ %=
T 3EI
LmM
l&c = o —;E;—tit
!
_ 1 [ra o owd a w3
=& [fo (0)(—5—)dm ) (Xz)(T)dxz — ‘ 1
AL 4
) ra3 <
2a X3\ (wa . !
-2 () = |
] m= xl'(‘
. =,
- Swa Ans i
8EI na=t (|
X, }‘_ a
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14-110. Bar ABChas arectangular cross section of 300 mm
by 100 mm. Attached rod DB has a diameter of 20 mm. If
both members are made of A-36 steel, determine the vertical
displacement of point C due to the loading. Consider only the
effect of bending in ABC and axial force in DB.

n: A
=
2 I
Real Moment Function M(x): As shown on figure(a). R
Virtual Moment Functions m(x): As shown on figure(b).
40.0 kN 20 kN
ALOKN K" R500 kn
Virtual Work Equation: For the displacement at point C, combine M(x)=20-0X /
Eq.14-42 and Eq.14-39. 300 ki \ yRR
‘ ] AL ]
L 130.0 kN> —F-M&K):20-0X
s [Ty, T L .x P
o EI AE 3m 3m
1kN-ap =2 f!m(IOOx)(ZOOx)dx @
Tl e T ’
L 250(50.0)(5)
AE
ROkl 250Kk
Lo J60KN-m 625KkN-m Lokd iy Sl
T E AE mxy=10x | /|
) 360(1000) . 625(1000) el S st
200(10°)[75(0.1)(0.3)]  [$(0.022)][200(10%)] 4 l,,ﬁ(o P \jma)-l-ax
=0017947m=17.9mm ¢ Ans X X
3m 1 3m L
()

14-111. Bar ABChas arectangular cross section of 300 mm
by 100 mm. Attached rod DB has a diameter of 20 mm. If
both members are made of A-36 steel, determine the slope at
A due to the loading. Consider only the effect of bending in
ABC and axial force in DB.

Real Moment Function M(x): As shown on figure(a).

Virtual Moment Functions mg(x): As shown on figure(b). u )A
ATs
Virtual Work Equation: For the slope at point A, combineEq. 14— 43 ad ke
and Eq. 14 -39.
40-0 kN R0 kN
. R0.0 kn 2500k
1.g=f moM e VL Mx)=2008y [
o EI AE 30-0kd A\ HY
1 3m ] ] -y ]
1kN-m-6, = —j (1-0.3333x) (20.0x) dx l 4 130.0 kN > —}-M&K)=20-0X
ElJo X X
. (—0.41667)(50.0) (5) f 3m 3m
AE (a)
9. = 30.0kN-m? 104.167 kN
AT H AE
30.0(1000) 104.167(1000)

= - 0-3333KH__0.41667 kN
200(10°)[ 17(0.1)(0.3%)] [£(0.022)][200(10%)] I d
Metc)=i-0.333%x) /|

025 }
=-0.991(107) rad =0.991(10") rad Ans y » ¥oo- |
’ o-25 krl
Lokdm x L ,
3m [ am
0-3333kN
(b)
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*14-112. Determine the vertical displacement of point A
on the angle bracket due to the concentrated force P. The
bracket is fixed connected to its support. £l is constant.
Consider only the effect of bending.

P
. P
v 5') M= PX
— k 1
At U ! M=PL
2l
PL
T P
! ' I
RN f) m’)(,
,_m_/ Lm_| -
m=t
1.4, = [""My %
4 B L L
1 (gL L ) !
A = [ e opr 4! (1L)(PL)dsz
_4PL?
3EI
14-113. The L-shaped frame is made from two segments,
each of length L and flexural stiffness EI. If it is subjected
to the uniform distributed load, determine the horizontal
displacement of the end C.
_C
>
> 1
w »
> L ; L
> '
. |
\ "ﬂ
» 0 1 A I ] m=t L
L —-@:2—}-
B L 7»:!, T !
LmM
l'Ac,, = o E;'d\'
1(fe wx; L (wL?
ey = gy (5 e o
- swL
8ET
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14-114. The L-shaped frame is made from two segments,
each of length L and flexural stiffness EI. If it is subjected
to the uniform distributed load, determine the vertical dis-
placement of point B.

;C I
w —>
|z
- o
3| @ VA A
Bk L
!
L
!
Wy, | Ih M‘%L‘ !%:. I
Mm..!: ;'_._____,";__WL \le msL-x, !
< e (f==“L
m=o [——
x‘
l'AB,= Lﬂd‘-
o EI
l[l- (wxf) L (sz) ]
Ap, =—|] (O)|—|dx; +} (L—x;)|—|dx;
" E[Io()z v+ f @) = Jan
4
=lv£. Ans
4E7T
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14-115. Determine the horizontal displacement of point C.
EI is constant. There is a fixed support at A. Consider only

the effect of bending.
600 Ib
B
L 1
C
1200 1b-ft ““’% |

Stt

|l&——300 Ib
Sft

A

Real Moment Function M(x): As shown on figure(a).
Virtual Moment Functions m(x): As shown on figure(b).

Virtual Work Equation: For the horizontal displacement at point C,
apply Eq.14-42.

LmM
1‘A=f_
oEldx

1 A5t
11b-(Ac), =o+-£-1f0 (1.00x, ) (4800) dx,

1

Sft
* 57 ), 1:00(xs +5) (4800+800x, ) d,

_323(10°) b -

(Ac), = 7] Ans

LOON

6ft
4 N 1t

: 1 ‘—x_——‘l
1200 lb-ft ‘; \ ‘] Y
o
M&)=boox o) |3 sft mex <o st
— X ME
M) ~4800 (5% Boolb mx-10x, T %
M B | 55
1, 3
$)24800 4 85T, | . :
g = m(xs)__l.ao‘;*ﬁ-k M J(_} 55’*.
Ecolb " ggooib-¢ 5757
X &
Goc b 10-0 1b-fL
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*14-116. The ring rests on the rigid surface and is
subjected to the vertical load P. Determine the vertical
displacement at B. EI is constant.

Model: The ring can be modeled as a half ring as shown in figure(a).

Real Moment Function M(x): As shown on figure(a).

Virtual Moment Functions m(x) and my(x): As shown on
figure(b) and (c).

Virtual Work Equation: Due to symmetry, the slope at B remains
horizontal, ie., equal to zero. Applying Eq.14 - 43, we have

Lm,M
1-6= =
6= [ "t Where ds = rd@ 1
Mm=)Sing
1~ (Pr.
1'9‘=0=EJ0 1.00(751:\ B—Mo)rde s
My =2 ®)
n
For the vertical displacement at B, apply Eq. 14 - 42.
LmM
a=| i 1

1A—lf'('e)P"e Pr\rae
B_Elo’sm (?Sm ';)

1
_ Pr3 x 2 . mo’l'o )
_ﬁfo(mm 6-2sin 0) d6 ¢
PP (* . ©)
—mjo[n(l—cos 20) - 4sin 6] d6
Pr
AB—Z;EI-(K;-B) Ans }l

14-117. Solve Prob. 14-71 using Castigliano’s theorem. 800 Ib

30°

Member N oN/o P NP =0) L N(@N/d P)L
AB 1.1547P + 800 1.1547 800 120 110 851.25
BC -0.5774P -0.5774 0 60 0

Z=110851.25

As, =ZN(-€£)—Z-'- - 110851.25 - 110851.25 =000191in. Ans

dPJAE AE (2)(29)(10%
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14-118. Solve Prob. 14-73 using Castigliano’s theorem.

‘ 3ft
Y 600 Ib
A, = ZN(—‘?-IY)—I:— _ 699.71(1.166)(5.831)(12) , -360(—0.6)(3)(12)
B oP ) AE 2(29)(105) 2(29)(10°)
= 0.00112in. 4 Ans
14-119. Solve Prob. 14-74 using Castigliano’s theorem. B 2001b
8 ft
Member Forces N: Member forces due to external force P and external applied A
forces are shown on the figure. C fax 3) !
\ 9
Castigliano's Second Theorem: Applying Eq.14 — 48, we have 6 ft 6 ft
Member N Zi; N(P=2001b) L N(%)L
AB -0.8333F -0.8333 -166.67 10.0 1388.89
BC 0.8333pP 0.8333 166.67 10.0 1388.89
AC 0.500P 0.500 100.00 12 600.00

Y 337778 1b-fit

ONY L
A= N|— |[—
(% )z
@) _3377.781b-ft
B/p — AE
_3377.78(12) _ 3y .
= 3250(109] =0.699(107) in. »  Ans

849



© 2008 by R.C. Hibbeler. Published by Pearson Prentice Hall, Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all
copyright laws as they currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*14-120. Solve Prob. 14-72 using Castigliano’s theorem.

%
2 (o)
-3¢0 s P Stt
boolb

aN) L -360(1)(3)(12) . R [[ 3 Y
Mgy = N[ L . 20DONAD 6 6223(107) in.
* (ap AE 2029009 3(107) in c| in
[
= 0223 (107%) in. « Ans ¥ 600 b

14-121. Solve Prob. 14-75 using Castigliano’s theorem.

B 2001b
8 ft
C o\ Q)IL,
\ 9
e 6 ft ———— 6 ft ——

Member Forces N: Member forces due to external force P and external applied
forces are shown on the figure.

Castigliano's Second Theorem: Applying Eq.14 - 48, we have
oN oN
— = Nl=|L
Member N 3 N(P=0) L ( aPJ

AB —(0.625P +166.67) —0.625 ~166.67 10.0 1041.67

BC -(0.625P -166.67) —0.625 166.67 100 -1041.67

AC 0.375P+ 100 0.375 100.00 12 450.00 6ft Gft

Y 450.00 1b- ft

NY L
A= ZN(-{;};)A—E
450.00 Ib - ft

AE

450(12) .
=" = LA
ST25.0(105] 0.0931(107) in ns

(4p), =
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14-122. Solve Prob. 14-76 using Castigliano’s theorem.

SkKN C B
Member Forces N: Member forces due to external force P and external applied
forces are shown on the figure.
Castigliano's Second Theorem: Applying Eq.14 — 48, we have 2m
oN oN
Member N 3 N(P=5kN) L ( aP] 1 A
AB 10.0 0 10.0 2 0 D A
BC 1.00P+7.50 1.00 12.5 1.5 18.75 15m
10kN Y
CD 10.0 0 10.0 2 0
AD 0 0 0 1.5 0
4 )
AC -125 0 -125 25 0 P & PH7ookId) &
Y 1875kN m
- ~
g R
oN) L 2m| 2
= N| — |— mi{ X x
4=% (aP)AE N 3
(Ao, = BTSN -m s ~
C/n = AE . 3
_ 18.75(10°) ’
" 0.400(1077)[200(10%)] !
=02344(107) m=0234 mm « Ans 10k
14-123. Solve Prob. 14-77 using Castigliano’s theorem. SKN ¢ B
Member Forces N: Member forces due to external force P and external applied
forces are shown on the figure. 2m
Castigliano's Second Theorem: Applying Eq.14 - 48, we have
N N D 0
Member N % N(P=10kN) L N(ﬁ)" 1.5 m A
AB 1.00P 1.00 10.0 2 20.00 10kN'Y
BC 0.750P+5.00 0.750 12.5 1.5 14.0625
CD 1.00P 1.00 10.0 2 20.00
AD 0 0 0 1.5 0 (&9
AC -1.25pP -125 -125 2.5 39.0625 S5k ¢ 0T50P+5Kib
. 93.125kN - m
N\ L Zm| R
A=VN = | =
)Y (3P)AE -
(4, = BB N m 2
D)y = AE
- 93.125(10°) > ° N
0.400(10-%)[200(10%)] ! /5m
=1.164(107) m=1.16 mm Ans P
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*14-124. Solve Prob. 14-80 using Castigliano’s theorem.

Member Forces N : Member forces due to external force P and external applied
forces are shown on the figure.

Castigliano's Second Theorem: Applying Eq.14 - 48, we have

oN oN
Member N > N(P=4kN) L N(;};)L
AE 2.00P 2.00 8.00 3 48.00
ED 2.00P 2.00 8.00 3 48.00
cD -2.236P -2.236 -8.944 3.354 67.082
BC -(2.236P+2.236) -2.236 -11.180 3.354 83.853
CE -2.00 0 -2.00 1.5 0
AC 2.236 0 2.236 3.354 0
>,246.935kN -m
N\ L
A= ZN(EFJTE
( _246935kN-m
T
_ 246.935(10%)
~0.300(10-3)[200(10°)]

=4.116(10°) m=4.12mm -  Ans

D
4 kN
3m
2 kN — 2 C
E
3m
- A
‘L 3m

14-125. Solve Prob. 14-78 using Castigliano’s theorem.

Member Forces N: Member forces due to external force P and external applied
forces are shown on the figure.

Castigliano's Second Theorem: Applying Eq.14 - 48, we have

N N
Memb N L np=skp) L NZELL
emver oP ¢ p) ( ap)
AB 0.6667P  0.6667 3333 9% 213.33
BC  06667P  0.6667 3333 96 213.33
cD 0 0 0 72 0
DE 0 0 0 96 0
EF 0 0 0 9% 0
AF 0 0 0 72 0
AE  -08333P  -0.8333 -4.167 120 416.67
CE  -08333P  -08333 —4.167 120 416.67
BE 1.00P 1.00 5.00 72 360.00
" 1620 kip - in.
aNY L
A=SnNZ | =
(5 )i
1620 kip - in.
Ag) =
(4s), AE
1620
= _00124in. |
45(29.0(10%)] n Ans

C0007 P(71

0:6667PCT) J

1
CI
- P

8ft

C
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14-126. Solve Prob. 14-79 using Castigliano’s theorem. E D
[2)
Member Forces N: Member forces due to external force P and external applied T
forces are shown on the figure.
6 ft
Castigliano's Second Theorem: Applying Eq. 14 - 48, we have
)
oN oN C
Memb, N = N(P= L b ==
ember 5 (P=0) N(aP)L rB oo
AB  0.6667P+3.333  0.6667 3333 96 213.33 a 8 ft ——8ft g
BC  0.6667P+3333  0.6667 3333 96 21333 ¢ > kip
CD 0 0 0 72 0
DE 0 0 0 96 0
EF 0 0 0 96 0
AF 0 0 0 72 0
AE -(0.8333P+4.167) -0.8333 -4.167 120 416.67
CE -(0.8333P+4.167) -0.8333 -4.167 120 416.67 P
BE 5.0 0 5.00 72 0
Y, 1260 kip - in.
MY L e
A=V N=|=
M) ) ,
1260 kip - in. Y 0.6667p 1323 | 0-666/p 1333 <
(8¢), = —% [ @ S
1260 r 8ft 81t ’]
= =0.00966in. { A -
45(290(10%)] b ns 5kip
14-127. Solve Prob. 14-81 using Castigliano’s theorem. D
4 kN
3m
2 kN — ¢
E
Member Forces N: Member forces due to external force P and external applied
forces are shown on the figure. 3m
Castigliano's Second Theorem: Applying Eq.14 —48, we have
A
N N — °\ B
Member N _— N(P=2KkN) L N|— IL =L E—— T T
oP r)d LA TR Ry LAARIar AR
AE 8.00 0 8.00 3 0 ‘L 3m .
ED 8.00 0 8.00 3 0
CcD —8.944 0 -8.944 3.354 0
BC ~-(1.118P+8944) -1.118 -11.180 3.354 41.926
CE -1.00P -1.00 -2.00 1.5 3.00
AC 1.118P 1.118 2.236 3.354 8.385
Y 53.312kN-m
oN\ L
A=V NlZ=|=
M5 )
(A, = 3312KN-m
E/p T AE
_53312010°)
~ 0.300(10-3)[200(10%)]
=0.8885(107) m=0.889 mm — Ans
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*14-128. Solve Prob. 14-84 using Castigliano’s theorem.

B C
) © J—
2m
D
AQ % v
E
1.5m 3m |
\
40 kN 60 kN
225P
B _zz5p190(7) ;'T 90
Member N ANBP NP =40) L N@N/3 P)L RS
AB 1.25P 1.25 50 25 156.25
AE -0.75P ~0.75 -30 15 3375 m
BC 2.25P+90 2.25 180 30 1215.00 ) & e
BD -@0/13+05/13»  -05/13  -s0/13 {13 1171.80 oy 54
f ’'Sm 3m 'l
BE 60 0 60 20 0 ”
4 é0 4ot
DE —0.75P ~0.75 -30 30 67.5
T =2644.30
3
" =z~(ﬂ-v)i = 26U0M0) __o33im=331mm  Ans
APJAE ~ 400(10%)(200)(10%)
14-129. Solve Prob. 14-82 using Castigliano’s theorem.
‘ SkN
2m
4kN \\ c
B
1.5m
D
Member N NP N(P=0) L  N@N/PL AP A
AB 0 0 0 15 0
AC -1.25P -1.25 -5 25 15.625
AD P 1 4 20 8.00
BC P 1 4 20 8.00 gkn
cD -(5-0.75P) 0.75 -2 15 -2.25
£=29375
1'Sm
IN\( L 29.375(10°%) 3 - p
Ap =EINZZ ) =)= =220 0367010
. (ar) (AE) 200(10)20010°) 40m
5-075P

=0.367 mm Ans
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14-130. Solve Prob. 14-83 using Castigliano’s theorem.

‘ SKN
2m
4kN \\ c
B
1.5m
D
Al e
_E_
Zm P
Member N aN/GP  N(P=5 L  N@N/aP)L |
AB 0 0 0 15 0 8
AC -5 0 5 25 0
AD 4 0 4 20 0
5m
BC 4 0 4 20 0
e —(P-3) -1 2 15 3
$=3
3
Ac, = ):N@')-L— =3 .30 510 m=00375mm  Ans
9PJAE ~ AE - 400(10%)200)(10°)

14-131. Solve Prob. 14-85 using Castigliano’s theorem.

J 7 H G F
@) /9 & G 6)
9 ft
A 2 EL
= = B C D ks
k—121t 12 ft 12 ft 12 ft—
Y Y Y
6 kip 8 kip 6 kip
J I H 4 3
T
A
<] < D E
Pozt ) ezt gzt
gosp ke bKe L+osp
T 0 Lo ss6rp2200 H
) ~) ]
Iﬂ"' s PL"
> 3 -
ol o 8 )82 £
Y oessrr 18\ 21 80)
A 8 < l !
bro.sp 6kip P
Acy = }:N(aﬂ) L_ A 2122 i Ans
dP/AE  AE  45(29)(10°)
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*14-132. Solve Prob. 14-86 using Castigliano’s theorem. J I H G F

a1 /9 &) G 6)
P 5 9 ft

T G £

AP EL

afr o B c D S

A 12 ft 12 ft 12 ft 12 ft
T2 < i — Y Y Y —
6 kip 8 kip 6 kip

I =7 27 27 127
osprie bkp gkip bke 08P

~ _é_N) L _ 20368 _ 20368
Au = IN (ap AE AE  45(29)(10%)

= (.156 in. Ans

14-133. Solve Prob. 14-87 using Castigliano’s theorem.

lP
kY p’

| . G |x ’
-‘%‘- ==, C B I
e M(()zzx.
| L L ;
‘ 2 2 7
L x
Internal Moment Function M(x): The internal moment function ) A % ,
in terms of the load P’ and couple moment M’ and externally applied P < @) _}@
load are shown on figures(a) and (b), respectively. <
1 ' !
M P _ M
Castigliano's Second Theorem: The displacement at C can be MO(,)’(},E t 'L—)X, Mo =M *(é L 5
oM(x) x
determined using Eq. 14 — 49 with 6’[5’ ) - 3 and set P’ = P. j . 2 r‘ )M'
— X, Ko —
A LM oM dx < 5 m’
-[ M)z pmE £
Zz7TC -
L G
A =2 1 .(P (x)dx . )
<= EIJ.o 2;)2 e=fM‘9_M£
o \oM’ )E
PL? A
= RE 1 Ans 0 1 rI/P X,
NG G
M(x,) x 1 (P
To determine the slope at B, we apply Eq. 14— 50 with a;rl ) - Tl +5 ). (Exz)(l _ff)dxz
IM(x,) X, . PL?
~— = ]1--=and M =0. = —_—
B L i sewne 1621 Ans
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14-134. Solve Prob. 14-89 using Castigliano’s theorem.

1

Al C
A B_=9_
\L a J\‘ a \
P
N
m! 2P+ Mg,
Pl Mz (P M) x P
F::::x' b! = (x:::!’) m'
Pe "'”—. s
o- Mm=mM'+Pr
SetM' =0

_fL,,(9M\dx
"C‘fo”(m)a

- Ia (Pxy )(5x1 )dxy + I" (Px; )(1)dx,
[ EI ] EI

_Pa’ Pa’_sPd Ans
3EI 2El  6EI

14-135. Solve Prob. 14-90 using Castigliano’s theorem.

_,,
L e—x

Ml

¢ AQ@ C
" 2P+ - -+

pe4 a a a

prir
"&‘”‘CF '
“ xl.
2_‘11_=]-£1_ ?_A_‘_z_=0
oM’ a aM
SetM'=0
M1=-PX1 Mz =PX2
Lo (gM\dx 1 [fa x a -Pa*
=[P (2MNE _ LT[ Py (1 - M) sy + [ (Pr ) O] = 2
0 IoM(aM')EI EI[IO( x0) i) + [ Pr)0) ZJ -
2
=_P;a_- Ans.
6EI
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*14-136. Solve Prob. 14-88 using Castigliano’s theorem. P
P’ l
K 4B t
% 5#, _]' < B_=9- ‘

M _, oM

—_—l = —_ =
P+ Gp ¢
SetP=P'

M| = PJ.'] Mz = sz

e =i M(Z8)a= L[ @0 + ] @r eyt

2P
3EI

14-137. Solve Prob. 14-91 using Castigliano’s theorem. 8 kip

griP 1:538m" , l A B
A [ ]

= E— B

J
c -
|
I 5 ft—te 10 ft 5t

RS

~
>

L

l*sz r s07 * s
geie R-0IM’ 4-01m’
.‘!:n M, =B8X,
f x," ,
] ! M
M, M40 MR
% ,
4-01M
oM _, oM, =1-0.1x,
oM’ oM
SetM' =0

M, =8Il M; =4x

=[5

= %Jp : 8x1)(0)dx; + jo"’(m X1-0.1x, ),zxz}

_ 66.67kip-fi* _ _66.67(12%)

= =6.15(10)rad =0.353°  Ans
EI 29(10%)(53.8)

Ac = 63(5)(12) = 6.15(107°)(60) = 0.369 in.  Ans
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14-138. Solve Prob. 14-93 using Castigliano’s theorem.

8 kip 8 kip

'

s

Kip - - M= :
lAMBl\N“DM“I °ML’{ M0
 — ] PN N —
7 17 T [—u/ »—-1/¢ |
R T ERT RS Fsse ¥ osjt ' s/eq it

8kip grip E z
L (oM dx 60 —480 (%)
A = M( )_.._0+2 — T
C I P J0 EI
480 (60%)
=205 864000 _ 4 15rin  Ans
El 29 (10%)(245)

14-139. Solve Prob. 14-94 using Castigliano’s theorem.

8 kip 8 kip

' Ml ml 8 F 6k'f
M=o'f ': "2‘,—5}(‘ ‘Mco 1 M; e,\ M=-4,90 Mr-Bx l
 —— ] = . =
= B ALY
sptl, Ioft t. RO TN
ft ¢ sf 61:;,»! 7] ok

64

L (oM dx
50 &

Ilzo 4805 - 1) -480 [1(12%%) — 120]

= =0+
El El
28 800 "
= 2880 _ 405010
29 (10°)(245) (107)rad  Ans
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*14-140. Solve Prob. 14-92 using Castigliano’s theorem.

8 kip

B
C
| o !
LSft + 101t + SftJ

184P I:538im* ,
M
A o
T 4
g (4

L 4 |
Uso] e 1 s}
1Z-0IM’ 4-01m’

84

.‘l::u ) M, =8X,
t

'

] ' M
M, M144,-01M ‘l,(
X ,
4-01M
M oM,
—==0 —_—==1-0.1
oM’ oM’ »
SetM =0

Ml =8Xx Mz =4xz

05 = ILM(BM) dx

o \oM)EI
=L 10 _ B M
= EIU R (8x1)(0)dx; +I o (4x)(1-0.1x, )dxz} = =
Ce102F
= @) as - o150 rad=0353°  Ans
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14-141. Solve Prob. 14-95 using Castigliano’s theorem.

Fz fit
j\z ft
A

D
1 P
2015 320 1b n
327.06  ggott bo0lt 59294
105294 P 1 0-4106P
l ) M, =327.06X,+0.5294 PX,
X
382706 !
toszap
VY M=sroi1052347%,
271 Xy T 10588p 7 65242,
106 0
t0-5254 P
#, 550941047060 |
X,
4 59294
10-4706P
M _ 05208, 2M2_ 52045, +1.0588
aP aP M=04706 py,- #7068, (
tonssp 1089-4) AV 157
M, _ aM, _ 640 592-94
—-—a i 0.4706x3 ——-—-—aP = 0.4706x4 +0.7059 +o-4106 P
SetP =0

My =32706y M, = 47.06x +654.12
M =59294x, M, = 889.41-47.06x,
L JdMdx
Ap=| M(—)—
? 'fo P E
= Ell U:(327.06x1 )0.5294x, )dx, + [:(47.06::2 +654.12)(0.5294x, +1.0588)dx; +
5
J'o' (592.94x3 )(0.4706x; )dxs +[: (889.41-47.06%)(0.4706x, +0.7059)ds]
_6437.691b-f _ 6437.69(12%)

B Bae@0s o Ans
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14-142. Solve Prob. 14-97 using Castigliano’s theorem.

A 4KN

0.4m
0.4m
c
0.3 m
N
_-9;;‘ =0.4286x, ——-a;f = 04286x, +0.17144 3:510.9286P P sst0s7pP
==t M,=3.5x+0.4286 Px
OMs _osman,  2Mi 057145, +0.17144 1 ' ' P
oP P Xy
F510-4086p  4xN
SetP=2kN byn, o4286Px,
M, =435T2x, M, =03572x, + 1.7429 V. 10-07/94p-05%,
em
M; =46428x; M, = 1.6428x, +1.3929 IS ro426P i
Ag= I ‘M (‘7_") & My=351,t05718P% {
o \aP)EI %
3% 2.570.57P)
_ 1fos =0 5I8FKT 01714,
= =[] @357200 3042865 ), + % Al ad ——
X 4" 9Om
[ 035725, +1.74290.42865, +0.17144)5 + 25005747
j:"(4.6428x3 )(0.5714x3 )dxs +j:"(1.6428x. +1.3929)(0.5714x, +0.17144)dx
o3
_O37944KN-m’ | 037944(10°) _ oo oo
EI 200(10°)%(0.015)*
14-143. Solve Prob. 14-99 using Castigliano’s theorem.
A B cwM,
QO £\ $
* |
- a - a !
MeT X M:Mo M=Px M= Px [P
£ (M dy _ e (ED(R) e Mo (1) o = == i ¢
Ac-".[ M(__.)_—=I J———-dx+j = dx = b~ X
0 dPJEI “o EI o EI M a Y a1 I a x
x Mo P 2p
a
2
= _S_ML"_ Ans
6El
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*14-144. Solve Prob. 14-96 using Castigliano’s theorem.

M, oM oM

2% _j-omt6m 22 01176x  ZM2 - 0.1176x +0.1764

oM " o ® »

SetM'=0

My = 327.06x, My =59294n, M, = 889.41-47.06x;
aM)dx 1 [

0u=M(ZZ)Z 2 L | [2(327.065, )(1-0.1176x, )y, +

o= (au' E EH U.,( X R

Io’ *(592.94%,)(0.1176x, )dx; +

]o’ (889.41 ~ 47.06x3)(0.1176x; +0. l764)dx,]

2 2
_2387.541b-f" _  2387.54(127) Ans

5 = 290109( %0759 =0.0477 rad = 2.73

Fz ft
j\z ft

A
D
3201b 3201b
I
P b
K6 60" 55299
-0.1176m’ 10 /I76M
’
[ M= M +307.06X,-0-N76M %,
J X, i
3R7.0 ,
-0-1176M
AL IR
L3
59294
yo-nrem’

Aot V===
-#7.06x,1889-41 X 15’

* ool %94
ro-1tem’

14-145. Solve Prob. 14-101 using Castigliano’s theorem.

oM, oM,

—_= —= =-0.5
aP aP "
SetP=0

M] = 18 Mz = 18

L oM\ dx
A”‘fo”(:;‘;)a

= @[ 180 + 7 18%-0.55

EIl%
81 kN -m® 81(10%) 5
- = =324(107) m = 324
ET 20000%125)(10%) o rd0)m=324mm  Ans

18kN'm 18kN'm
L = — |
4m 3m 3m 4m
P e
P
lﬁm'm 18 KkN-m
(I : A I)
kL ?B lD Tc |
| #m | 3m "3m | 4m |
,3"“" osp 0-5P
(C=—1)M,=18
i ! |
8"
(

) M, =8-05F%,
e

0-sp
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14-146. Solve Prob. 14-102 using Castigliano’s theorem. 18 kN'm 18 kN-m

——— s
}—4m‘€%3m$3mﬁg4m4

M /8 kn.m

N

M My o667, Mg ' 1)

oM’ oM’ oM’

- 0-lETM=3  0./166TM"~3
SetM'=18kN-m

M
(C—)m,-
M; =18kN-m M, =18kN-m M; =18kN'm

X
t &, N’(':El . ‘) M, = M 0 6TMA 131,
Ou = I(, (,;M,) E - El “ (18)(1ydx; + ] 18(1-0.1667x; )dx, + j (18)(0)4;:,] -

0-1661M"-3 ey 1B5k4m
_126kN.m? 126(10°) L N b= (T—)
B 200“ P)U25)(10 _6) 5.04(107") rad = 0.289 Ans 7,
14-147. Solve Prob. 14-103 using Castigliano’s theorem. 18 kN'm 18 kN'm
| . |
h ey
}—4m‘+B 3m$3m%—c 4mJ
mI
[’ =j M(BM) dx J‘S( 18) (—gx)dx(10%) G ‘ ‘ ‘)
’ oM’ )El ~ o El 1S o I m!
e » U
LA
2. 3
= BT _ 000216 rad  Ans (ﬁ = =) m
6 (2)(200)(10°)(125)(10°%) AN, f '
"
U
*14-148. Solve Prob. 14-100 using Castigliano’s theorem. A B cwM,
QO £ $
= e
- a - a !
M- '
=R m
a =
X A IM 0
e=j (BM)dx J‘a( x)() /T /I l\ 1
27 T ow El < =
- My a Ans , ac n' a
3EI % ry
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14-149. Solve Prob. 14-105 using Castigliano’s theorem

w
Y ¥V Y VYYVYYVYYVYVYVYYVY,
Ce
B3O A
L + L
M=—Px-% w
o [T,
—_—=-X
apP x
SetP =0

..j"

aMdx _ qt (“”’)( (Gl
aPEI

&)-

0

.—_2_..‘3.
2E1

wlLt
4E1

Ans

w
Y_V Y ¥ Y V¥V Y Y ¥ Y Y Y Y Y VI
(of | (ﬂl
B @, A
|
L - L
o
I
M =23 L P %
2 w* wr
o s,
i % (
oM ", v,
%4 v, My~ ke m'
L
aM:___:ti
oM L
SetM'=0
2 3
o= [u( 2 o, [t ())&t an
o \aM')EI ol 2 \L

14-150. Solve Prob. 14-106 using Castigliano’s theorem
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14-151. Solve Prob. 14-107 using Castigliano’s theorem.

200 mm

~ -
400mm | 4KN/m

/m vlll Y v v
A% B
} 3m ‘L 3m

M) PO H6(XcH) +20 MO =M Ho Xt )42
p X fﬁ&?' VAL
M) PEAGE prigo Mt)zMT 5% ,
42:0tM
3 ¢
T ) T ) ( )’
4 Z / ’ 4 %
. . . . X,y Xo M X, »Xe ’
Internal Moment Function M (x): The internal moment function 420t6.0P 18-0kN
in terms of the load P and couple moment M’ and the external applied 3m (@ 3m 3m 3m
load are shown on figures(a) and(b), respectively. )
Castigliano's Second Theorem: The displacement at A can be oM(x,)
oM(x,) M (x,) To determine the slope at A, we apply Eg. 14 - 50 with L=,
determined using Eq. 14 - 49 with Vs, e, 43 oM
, o T M)
and setting P = 0. EYa and seting M= 0.
ae "M\ .
“Jo \oP')E 0= oM Y dx
1 Im 2 3 0 oM’ ) El

1 (2
’ %5/, (540

+.1-.f3m[6(x2+1)+2x§](x2+3) 1 pm
ElJo +Elfo [60x; + )+ 23 (1)

3213kN _ 675kN-m?
=—H EI
321.3(10%) _ 67.5(1000)
T N[5 (02 (04)] 1131097 (02) (0.47)]
=0.02738m=274m Ans =5.75(107) rad Ans
*14-152. Solve Prob. 14-104 using Castigliano’s -heorem. w
Y Y Y Y Y Y Y Y Y O Y V¥V O
Ce
BA,
L - L
M’ does not influence the moment within the overhang.
M= Ex—M'—.‘.v_g
L 2
ml
oM _x_, 18 N .
oM L 1‘ m
(we- 0y L w
Setting M =0,
n (I w
[ IMYdx 1L wl)(x -wiL® L - * 1w
o= MZZNE = [N E o) |- m
o \OM'JEI ~ Er'e\ 2 )L 2EIl4 3 v L
wL?
=—— Ans
24 EI
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14-153. Solve Prob. 14-109 using Castigliano’s theorem.

w w
Y Y VY VYY Y Y Y VY
13\ ¢
A B =l =,
a —} 2a —} a
W, we ,
. )M
]
oM, aMz x2 oM, sa !
—= _—= =1 N’
oM oM 2a oM’ 5,
2L
a“
Setting M’ = 0;
wx} wa? wik
M = e— M, = — T ———
1 2 2 ) M, 2
(:.._
’
a (MY dx Wt*, M
= pusiniuiny Prash —"'f X
6¢c Jo M(BM') B z A&
1 a a a ”‘XJ
3 [ o [ ) R £ (s e
EI 2 N2a o\ 2 i M
_2wa Ans S /
3EI X3
aMl aMz aMg
-—=0 —==x; —=0.
aP ap % 5p - 0m
we we P
Setting P = 0;
xz 2 N\ I
! 4{_‘,., z,lc‘v/' e
_fa,, (9M)dx Ul -0-SP wptttsp
s = [ u(5E) 5 Wk, | .
L__L_J: 3 W £,
)M|= 2 WoX
= .l_[ “ (_'.".__1_) a (w»\%) 2a (w az) ] l--—‘dl ‘P
EI IO 2 (O)dxx + IO "2_' (xz)de + J‘O T (O.ng)dx; X, . U S
T =—
5Wa4 wekd’ X
= Ans —— &
8EI : i ) Mys WaL®
J; & fﬂ'.ff’s
M S
4/% As
whi-05P
.
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14-154. Solve Prob. 14-113 using Castigli C
e
w >
p__C | L
w >
L >
PLt 1\
> o=l A
WL
8 P Bk L
. A
P
&
wx, Ix, Montte gy L
e o
M= P2t gt ptwl
M, =le + —
IM, -x oM _,
aP P
Setting P =0
w7 wL?
T M, = —
M, 2 2=
L (IM)de 1 [ Lw Lwl? ] SwL*
= — | ==} =) + ——de =—
Ac IoM(aP)EI E I+ 2| = 3E1
14-155. Solve Prob. 14-114 using Castigliano’s theorem. C
>
w >
i [§2
w "
gl .
> o=l A
Bk L

2
M.—..Px:."i
2
aM
aMm_.
P
SetP =0
L (dM\dx ( ) dx wL“
Ap=) M| — A
8 Io (ap) =, O = 2E ns
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*14-156. Solve Prob. 14-108 using Castigliano’s theorem. 2 w

. C
B
] L L L N
s 2 \ 2 \
M=% px
2
2 P
w
. i4
L(oMYdx _ t (2212 w(k) - ( )
Ap=f (-—--)-—= : dx = 2 m:‘ﬂ—P¥
JP J EI 0 EI 8 EI 2 l-t———~—-{
x
4
- wL Ans
128 EI
14-157. Solve Prob. 14-116 using Castigliano’s theorem. P

Model: The ring can be modeled as a half ring as shown in figure(a).

Internal Moment Function M (x): The internal moment expressed
in terms of the load P and couple moment M’ and external applied R\
load are shown on figures(b) and (c), respectively.

Castigliano's Second Theorem: Due to symmetry, the slope at B

oM
remain horizontal that is equal to zero. Applying Eq. 14— 50 with 7 _g
=-1.00 and set M" = M, we have
L oM \ds [t
0=| Ml — |= Where ds = rd0 )
o \oM’ JEI
~
1 ¢™rPr . @)
=0=— —sin 6-M, |(-1.00)rd6
85 =0 Elfo(zs'" °)( )
Pr
M, = —
" )
Mo

To determine the vertical diplacement at B, we apply Eq. 14 — 49 with

M . . , P
—— =rsin 6, and setting P =3

oP
LoroM\ds
A=| M= 1|=
[ 1F)E
1 r®Pr . Pr i
(Ap), = I_-I-Ifo (E-sm 9—;)(rsm 6) rdf
Pr

M=P;"5fn0 -M,

f (7sin® 6~ 2sin 8) d§
0

= 27E
Pr *

=—J [7(1-cos 26) - 4sin 6] d6
4rEl ) )
PP,

=4—’;E](n’—8) Ans Mo
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14-158. Solve Prob. 14-115 using Castigliano’s theorem.

Internal Moment Function M(x): The internal moment function
in terms of the load P and external applied load are shown on the

figure.

Castigliano’s Second Theorem: The horizontal displacement at C
M) _ o M(x;)
P " oP

= 1.00x; —10.0 and setting P=0.

can be determined using Eq. 14 - 49 with

oM(xy)
oP

L
A=JM(3A’)£
o \oP JE

1 5t
(Ao, —oJ«-E—Ifo 4800(-1.00x, ) d,

=-1.00x,,

1 Sk
‘= fo (~800x, + 8800) (1.00x; — 10.0) dx,

600 Ib

c
1200 Ib-ft \j
‘-—6 ft——

51t
[-——800 Ib
51t
&00lb A
1200 1b-ft fe—Blt

[P S

P \ N

—=7,
M(X,)=600X,+1200 X, 54t
Moy <4goo-F, T

A
MO P-gao)x8600-100P || [ X, | 54t

80olb

r_
P -8oo
0-10.0
_ 323333331 . f?o 100P
—a 00 lb
_323(10%) Ib- £ A
= ——_—EI ns
14-159. Determine the bending strain energy in the beam P P

due to the loading shown. E7 is constant.

_[tMdx_ 1 [ re . a5 ]
=J S m[zjoa’xndx. +[aran
5P%°

Ans

6EI
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*14-160. The L2 steel bolt has a diameter of 0.25 in., and i i
the link AB has a rectangular cross section that is 0.5 in. Gin. 4m'7

wide by 0.2 in. thick. Determine the strain energy in the link 02 1in.
AB due to bending, and in the bolt due to axial force. The |
bolt is tightened so that it has a tension of 350 Ib. Neglect A T
the hole in the link.
8in.
RN
Bending strain energy:
350"
_[tMPdx 1 [ ]
Us )i —Io SEr " 3E I (140x; ) dxy +I (10, ) dx,
o " zw0'*
= 1'176(106) 1.1760107) =122in:-lb=10.1ft:1b  Ans 1%
EI 29(106)( 17)(0.5)(0.2%)
Axial force strain energy: l, M"’”E‘;
LN*dx _N'L (350)*(8) E: ! :3
Ua i = = — B e———— = ), ' =, X
©=l 35 2EA 2AE  20)10°)Gp025 ol Ane uot' M 't
14-161. The cantilevered beam is subjected to a couple
moment My applied at its end. Determine the slope of the
beam at B. EI is constant. Use the method of virtual work. A ? M,
B
L 1
=M
Mo M d | ms= 1
X Mo o N |
o= [! oMy - [ O 4 (I ) (c f 1)
. LE‘ o EI | N b— Y =
= =2 Ans I L | i [ L
EI
14-162. Solve Prob. 14-161 using Castigliano’s theorem.
A + M,
B
L 1
Mo M= MO
7 Mo
{1 i 1)
I =
I /A 7
L Kad L M, (1) m' o
j (au’) B Io EE Mm o m'
= ML A ( [ i J)
= = ns | M=
I L L
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14-163. The cantilevered beam is subjected to a couple

moment M, applied at its end. Determine the displacement .
of the beam at B. ET is constant. Use the method of virtual A . M,
work. B
L 1
|
M=M, I m=Ix I
A= f* M e = IN UM Mo £ M. I —_—
o Bl o EI ( [ L j) ' T ]
Mol L Se—s— | P—
2E1 Ans I L ! - yRE—
*14-164. Solve Prob. 14-163 using Castigliano’s theorem.
A + M,
B
L |
= L a—‘! .ﬁ = L M.___.___.o (1x) 4 M:=PL o
ba Io”(ap)m j‘o g ‘
_ ML o — ]
2EI Ans L

14-165. Determine the vertical displacement of joint A.
Each bar is made of A-36 steel and has a cross-sectional
area of 600 mm?. Use the conservation of energy.

Joint A:
+TEE, =0; ‘g‘ru-5=o Fap = 6.25kN

(4
ExE=0; Fm-§(6.25)=0 Fip =375kN g o
Am
Joint B:
+TE2E =0, 2Fp-%625=0 Fp=625kN A i
5 5 | T kA
+
SIF=0; Fnc~z(§)(6.2s)=o Fac =1.5kN AR Woesm |2
S s SkN

Conservation of energy:

U, =U;
2

.l.PA = 2M F

2 24E . 48

1 1

=(5)(10° = ——— =[(6. °)2(2. A ®))? ¢

2( )(107)A4 2AF [(6.25(10)°(2.5)+ (3.75(10°))*(3) + 0 B
(6.25(10%))2(2.5)+(7.5(10°))*(1.5)] ke

6437
A= 3 64375 =0.5364(10°)m =0.536mm  Ans

AE  600(10-5)(200)(10°)
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14-166. Determine the displacement of point B on the
aluminum beam. E, = 10.6(10%) ksi. Use the conservation

of energy.

3 kip

l 3in- L1 3

I ] lin.
Alf=\o . | C 6 in.

k 12 ft 7‘- 12 ft -

y, = [ Mdx

J- 12(12) 2239488
o 2EI

1 2
=Q2)— 1.50%dx = .
¢ )2EI 0 1.5 EI 3 Lip

g |
(3)A3 = 15A5 k‘% _l 8 ’;C

Conservation of energy:
U =U ) M= /sx
2239 488
= ——— X
1.5A = =7 1.5 Kip
An = 1492 992

A EI

U =-PA=

lpa-l
2 2

5= 23D+ EOD) _ 5 | 1541n,

7(1)+6(1)

I= 715(7)(1’”(7)(1)(2.1154—0.5)2 + é(l)(@)+(1)(6)(4—2.1154)2 =58.16in*

1492 992
p= =2, Ans
(10.6)(10%)(58.16)
14-167. A 20-1b weight is dropped from a height of 4 ft
onto the end of a cantilevered A-36 steel beam. If the beam D -
isa W12 X 50, determine the maximum stress developed in
the beam.
41t
From Appendix C: 1=

12 ft |

3 3
A, =FE o _20020) ) 545916010 in.

3ET  3(29)(10°)(394)

n= l+\/l+2(—’-‘-) = 1+J1+2(—4(-1—2—)——-——) =235.74
Ay 1.742216(107%)

20(12)(12)(3%12
Opnax = N0y, =235.74 (—-5-—)(3-;4)11—-

) =10503 psi=10.5ksi < oy OK Ans
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*14-168. Determine the vertical displacement of joint B. F E D
For each member A = 400 mm?, E = 200 GPa. Use the & 3 3
method of virtual work. T
1.5m
A 1o OJel
B
Y45 kN
k 2m | 2m -
Member n N L nNL £ o E ;0(¢) »
AF 0 0 15 0 ROV 207
AE -0.8333 375 25 78125 ol £7 3 4 T | ism
AB 0.6667 300 20 40.00 oo N R 5;
EF 0 o 20 0 A S y
EB 0.50 225 15 16.875 } |
ED 06667 -300 20 4000 v 2m I
45
BC 0 0 20 0
BD 0.8333 375 25 78.125
cp -05  -225 15 16875 E o E sesski
= PO
=270 33‘ 3...
o1 & “
1-Ap = gL 266"
i AE
1
270(10%) "
= —— e = 3,.375(1 =
B, 400(10-5)200)(10°) (10°)m =338mm  Ans
14-169. Solve Prob. 14-168 using Castigliano’s theorem. F E D
) ) ) T
1.5m
A 1o 2 CAL
B _@
Y45kN
k 2m | 2m -
Member N ON/JP N (P =45) L N(oN/dP)L
AF ()} 0 0 15 0 )
AE -0.8333P -0.8333 =375 2.5 78.125 A j
AB 0.6667P 0.6667 300 20 40.00 NS
BE 0.5P 0.5 22.5 1.5 16.875 ;-"
BD 0.8333P 0.8333 37.5 2.5 78.125
BC 0 0 0 2.0 0 <
cD -0.5P -0.5 -22.5 1.5 16.875 | 0sP
DE -0.6667P -0.6667 -30.0 2.0 40.00
EF 0 0 0 2.0 0
>
=270
NS IV
[L .
o L i 31'9 3\'\ (5m
an -z 2N) £ 20 s Mo o X
* " \9PJAE " AE ‘ e
270(10%) _3 I zm 2 B
= ————————— = 3.375(10"") m =3.38 mm Ans
400(106)(200)(10°) o g5
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14-170. Determine the vertical displacement of joint E. F 5 D
For each member A = 400 mm?, E = 200 GPa. Use the 5 5 3
method of virtual work. T
1.5m
A 1o OJel
B
Y45kN
k 2m ‘ 2m -
Member n N L aNL
AF 0 0 15 0
AE -08333 -31.5 25 78.125 F__o E sor7cc) D
AB 0.6667 30.0 20 40.00 ",d\
EF 0 0 20 0 1t I'5m
EB -0.50 300 15 -16.875
ED  -06667 300 20 40.00 - 7 -5
BC 0 0o 20 0 f ﬁi
BD 08333 375 25 78.125 <n Mt
cD -05 -225 15 16875 ud
. I =236.25 N
L
1-Ag, =255 F__o E 04677t
9 ’1(‘( ] ',l >
O] ¥ () g
236.25(10°) ” o P
Ag, = ——ee e = 295(107°) =295 mm  Ans Q
K, M(IO")(Z(X))(IO’)= ( ) A‘ 0.666) A = hY A
14-171. Solve Prob. 14-170 using Castigliano’s theorem.
F E D
) @ @ T
1.5m
A 1o 2 CAL
B _@
Y45kN
k 2m | 2m -
Member N oN/oP N(P=45) L N(aNIdP)L
AF V] 0 0 1.5 0
AE ~(0.8333P +317.5) -0.8333 -37.5 2.5 78.125
AB 0.6667P + 30 0.6667 30.0 20 40.00
BE 225-0.5P ~0.5 22.5 1.5 -16.875
BD 0.8333P +317.5 0.8333 375 2.5 78.125
BC 0 0 0 20 0
cD -(0.5P+22.5) -0.5 -22.5 15 16.875
DE ~(0.6667P +30) -0.6667 -30.0 20 40.00
EF 0 0 0 2.0 0
4s*
o0-SPt&s 0-SPt&S
X=236.25
N L 23625
Ag =EN & — =222
& P AE AE
236.25(10%) -3
= e = 2,95 =209 A
200(10-5)200)(10°) (10~)m = 2.95 mm ns
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