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12-1. An L2 steel strap having a thickness of 0.125 in. and
a width of 2 in. is bent into a circular arc of radius 600 in. 1
Determine the maximum bending stress in the strap. p

g:&:%:(f‘.)ﬁ‘

_ 0.0625

o=
600

(29)(10°) =3.02ksi  Ans

12-2. A picture is taken of a man performing a pole vault,
and the minimum radius of curvature of the pole is
estimated by measurement to be 4.5 m. If the pole is 40 mm
in diameter and it is made of a glass-reinforced plastic for
which E, = 131 GPa, determine the maximum bending
stress in the pole.

Moment - Curvature Relationship:

1

LM h M=-co
—-—=—= owever, =-
p H i c
1 Lo
p EI
c__ (002 5
o= ;E—(EJ[BI( 10°) ] = 582 MPa Ans

12-3. Determine the equation of the elastic curve for the
beam using the x coordinate that is valid for 0 = x < L/2.
Specity the slope at A and the beam’s maximum deflection.

EI is constant. : )
A e | B
.L. 0

—

Support Reactions and Elastic Curve: As shown on FBD(a).
’7 X —4
Moment Function: As shown on FBD(b). L L
[ 2 2 |
Slope and Elastic Curve:
gLl m
za M
ﬁ"i = fx The Slope: Substitute the value of C; intw Eq.[1],
dx? 2
dv P,
E—=-x"+C, [ dv_ P 2 2
dx 4 —= -—(4x -L )
Bv=Leicxc (2] * ;SH pL?
2 1 2 8, = — =— Ans
dxlx=0 16ET1
dv L
Boundary Conditions: Due to symmetry, - =0atx = 5 The negative sign indicates clockwise rotation.
Also,v =0 at x =0.
The Elastic Curve: Substitute the values of C, and C, into Eq.(2],
Px
P(LY? PL? =X (al_ag? A
From Eq.[1] o=4-(§) +C, ¢ = V=g (4 -3L) ns
L
FromEq.[2] 0=0+0+C, C, =0 Upae OCCUrS at x =§'
v, -———PL} A
== ns
P M 48E
l V)
. - 1 p The negative sign indicates downward displacement.
________ % F—J¢) Mw=2x
z T x
2 2
P £ £ (b)
Z (4) 2z Z
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*12-4. Determine the equations of the elastic curve for
the beam using the x; and x; coordinates. Specify the
beam’s maximum deflection. E1 is constant.

Support Reactions and Elastic Curve: As shown on FBD(a). |

N
a L] fle—=

’—xliﬁ Bummw  |x

Moment Function: As shown on FBD(b) and (c). 7
L T N
Slope and Elastic Curve: 2
d*v
EI ey = M(x)
P
ForM(x,) = —Ex, ,
2
d*v, =_le P
dx? 2
dv, P, el
EIdx_l__zX'+C‘ 1] I e ]
P K~
Elv, =-—x +Cx, +C (2] \4
12 4 A A
£ 3p 2
For M(x;) = - Px,, < =z
d*v, )
El =-Px Vi
& 2 )
dv, P, El}MO(F—;X}
Elr- §x2+C3 [3] t
zP L X,
E v, =—gx§ +Cyx;, +C, [4] P b)
<
Boundary Conditions:
v, =0 at x; =0.  From Eq.[2], G =0 P
v, =0 at x; =L.  From Eq.[2], VL)
PL? pPL? =- (
0=-—+C,L C =— M=,
12 12 X
(e) “
L
v, =0atx, = 3 From Eq. [4],
PL* L
O0=-—+-C; +C, 5
48 2707 Bl
Continuity Conditions:
The Elastic Curve: Substitute the values of C;, C,,C;,andC,
L d d into Eqgs.[2] and [4], respectively,
Atz =Landx, ==, “2-_2%  FromEgs.[1] and [3), Py
2 dx, dx, P
= ; (—-x} +L2) Ans
P PL: ( PL - ) c 7PL? 1261
S e o y = P(L)r 12 0.0321PL}
4 12 8 24 Vo=, 0y L= (5) L=
! 12 3 EI
PL
From Eq.[5], Cy=——
8 v, =i(—4x3 +7L%x, -3L%) A
PZYTANE 2 ns
The Slope: Substitute the value of C, into Eq.[1], PL}
Ve =Vl m0 =~
8EI
dv, P (Lz 3‘:)
- -3x; 3
&,  12H Hence, Vow =Ve= Ans
dv, P 2 2 L 8EI
—L=0=——(L?-3%{) x=—4
dx, 12E1 V3
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12-5. Determine the equations of the elastic curve using

the x; and x, coordinates. EI is constant. P
LT l
o
2
M =0:. E1EY <0
dx; -~ g —
dv,
El— = (, (¢Y]
a, L
Elv, = Cix + C; ()} X % —

M;(x) = Px; = P(L—a)

dz‘Dz
El —= =Px; - P(L-a
) 2 ( )

El% = gx,’ ~P(L-a) + G ®
Elv;=’—;g,-£s-l—‘—-—a)-§-+03xz+(:4 “@
Boundary conditions:
dv I )Mm =0

Atx; =0, -EXT= | =

FromEq(3), 0=G
Atx, =0, v, =0

0=C, 7
Conminity condition : '
Atxy =a, x =L-a; ﬂ’i:-.i”_’. L3 L

] , X ' odng de, ‘ ;lls Ms

o
From Egs. (1) and (3), Z-x ~ v
- a)? R ; '3

¢ = ~(PL=9 _p-ay; ¢ =PEZA 3

2 2

Atxy =a,x =L—-a v, =0

From Eqs. (2) and (4),

(P(L - a)

2 - a)? - a)?
Ya+C = PL-a) P(L-=-a)

6 2

Pa(L -a)* P(L-a)®
Cz = - Lad

2 3
From Eq. (2),
v = 6—%; (3(L~a)*x, -3a(L - a)* ~2(L-a)’]  Ans
v = [ -3(L-a)f) Ans
6E1

613



© 2008 by R.C. Hibbeler. Published by Pearson Prentice Hall, Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all
copyright laws as they currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-6. Determine the equations of the elastic curve for the
beam using the x; and x3 coordinates. Specify the beam’s
maximum deflection. E is constant.

ES
[—

Support Reactions and Elastic Curve: As shown on FBD(a).

P
Moment Function: As shown on FBD(b) and (c). ——s] 4% B ‘ ‘ ‘
L
Slope and Elastic Curve: L r J ? ‘
X3 |
d*v
B o = M)
P
ForM(x,) = -Ex, , p
Elz{‘u, _ Px
a2 e l
d‘Ul 2 Ird = =2 <o 1
E]El—=—-—x,+cl 1 1 ~\\l
P 4 gl
= —— 4 A i
Elv, 12x,+C,x, +GC, (2] P sp 2
2 )_2,'_
3PL (a
ForM(x,)—Px,—T, vix,)
d2v, 3PL
El e =Px, -5 fﬁl} MO(,)?";—JC,
dvy; P, 3PL + %
PP R R R el £ ®
P, 3PL <
El v, =€x§ -G +C, [4)
pL
Xs) = Pl - 3E=
Boundary Conditions: Mo >
vix,)
v, =0 atx; =0.  From Eq.[2], C =0 1 11>
Z S
—d
- - z XL
v, =0atx; =L FromEgq.[2], 3
PL? PL? £ 2
0=-—+C,L C =— 2 <
iz T T2 ~ ©)
v;=0atx;=L FromEq. [4],
PLY 3pL3
= T ‘—T‘FC, L+C,
7PL?
0=-——+C,L+C, [s]
12
The Elastic Curve: Substitute the values of C;. C,,G5,andC,
. . Y » Ly ,
Continuity Condition: into Egs. (2] and (4], respectively, 3 4
dv, dv
At x; =x;3 =1L, —L=_2 From Egs.[1] and [3 Px
dx, dx, Egs.[1] (31, Yy =ﬁ(-XT+LZ) Ans
P prr ppr app P(L) 12 0.0321PL?
_PL P2 _PL* 3PL spL? Vp= |, x =B 2 ) 200
R N = R a3 =
pL’ vy = (23 - 9Lz +10L° ?
From Eq. (5], Co=-— 3 = 1o (23 = 9Lx; +10L7x; -3L°) Ans
The Slope: Substinute the value of C, into Eq.[1], Ve = Vs loaq
=P 3y orPiY 4 o023 ;
iv_l ) P (L2_3x2) = ﬁ[Z(EL) —9L(§L) +10L (EL)—Z;L]
dx,  12E ! PL}
dv P i -m
Booe D (ad)  onek
) 12E 3 pL?
Hence, Ugax = V¢ = 77 Ans
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12-7. Determine the equations of the elastic curve for the P P
shaft using the x; and x; coordinates. Specify the slope at A
and the displacement at the center of the shaft. ET is “

]
constant. ]
i
—O

Elastic curve and slope:
— X1

\J

2
EI:—; = M(x)

X2
L |

For M| (x) = PX]
dv,
El— =P,
dl" Px}
El— = —
& 2 +C (1)

P
Elv, = Eg"— +Cix; +C; @ E‘ ) M'(') = Px‘
% 4

©

For M;(x) = Pa ; P
g i YM,(x)= Pa
a5

L 4 Y-a

El%z =Pax; +C; 3)

P
Elv, = —-;—'i +Cx +Cy 4)

Boundary Conditions :
v =0 at x=0
From Eq. (2)
Ci=0
Due 10 symmerry:
dv, L
— =0 at Xy = =
dx; 72
From Eq. (3)
0=pPat+c, Substitute C, into Eq. (5)
2 Pa®

C, =22

G- dy
. N -—'=-£‘.-(x2 +a’-al)
Continuity conditions: dy, 21"
= at X} =x =a
3 3 2
’;a_... lggPL—Pa L...C‘ 0,‘=d-1 =P—-———_a(n-L)
6 ’2 22 dxy sy =0 2E1
Pa’ Pa‘lL
Ca-Cy = e = —2
10-C == > ©)]

at X =x =a

Ans

- PI)
dn _dn "= gg =Dl Ans

dy dx
w= -’llﬂx(x—l-)w’l Ans
6EI

2
Pa Pal Pa

= = 4a® -3L Ans
2 Voax = V2 s 2451( a )
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*12-8. Determine the equations of the elastic curve for the P P
shaft using the x; and x; coordinates. Specify the slope at A
and the deflection at the center of the shaft. EJ is constant. A B

[ |

Support Reactions and Elastic Curve: As shown on FBD(a). 4
—x

Moment Function: As shown on FBD(b) and (c). F X3
b

Slope and Elastic Curve:

EI%:M(:) P P
ForM(x,) =—-Px, 1 e, l
dzv, - - E— 1
El — =-Px -~ T
d “ P | ‘,; J‘
o et NI S} (1 “p b P =
dx, 2
P, P a)
El'v, =-g%i +Cix, +GC, [2] VX)
FOFM(X3)=“Pav HIJM(X’)=-PXJ
d*v, % ()
El——2‘=-Pa
dx]
d
EII::—J-=-PaJ:,+C3 (3] [P
3
Hvy =252 4cn 4, (4 o 1 M0)=Fa
2 [T %
P
(<)

Boundary Conditions:

v, =0 atx; =a  From Eq.[2],

P 3
o=-%+cla+c2 (5]
d b
Due to symmetry, o 0atxy==. From Eq.[3]

dx, 2

b Pab

0=—Pa(§)+c, C, =

vy;=0atx; =0 FromEgq. (4], C,=0

Continuity Condition:

Atx =aandz, =0, 0 b e 3]
dx,  dr, 4 The Elastic Curve: Substimte the values of C,, C,.Cy,and C,
into Egs.[2] and [4], respectively,
Pa? Pab P
S c,=7a(a+b) P,
v, = G_E.][—x, +3a(a+b)x, —a’(2a+3b)]  Ans
Pg?
From Egq. [5] C, = —?(2a+ 3b) Pax,
vy = TE-I—(—XJ +b) Ans
The Slope: Either Eq.[1] or [3] can be used. Substitute the value of C
into Eq.[1], be = loud
Pa( 8
dv, P 2 - (f) (_é+b)
&, ~2El i ratard)] 280 L 2
| Pab?
= —-—SEI Ans
dv P Pab
6, = _‘, =_——[-g% = —
A e 2ﬂ[ a” +a(a+ b)] 35 Ans
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12-9. The beam is made of two rods and is subjected to
the concentrated load P. Determine the maximum P
deflection of the beam if the moments of inertia of the rods B l

are I 4p and I ¢, and the modulus of elasticity is E.
A |1 C
| |
d*v I [
El — = M|
@ MW . 1
Mi(x) = - Px;
dzlh
El.c Fxl—z- = - PX|
d Px
Elc i"l =-=+q )
Elge v, '—'-'P—;’l- + Cix + G )
My(x) = - Pxp
dz\)z
EIA. Ez— = - sz P
d P
a2 P ® M0 =-px !:g
do 2 1 ) 1
P X'
Elgv; = -Zx,’»f Gxy + Cy @
] P
Boundary conditions: ML()() =-PX,
d
Atx; =L, 7‘:;2- =0 &(
2
0= ——+ Cg H C; = ll’
2
At =L, v=0
PL}  PL . rPL
0= - +"=4Ci Cy=-—2
T Tt M 3
Continuity conditions:
Atx =x =1, dvy _ dvy
dX| dx;

From Egs. (1) and (3),

1 [PF ] 1 [ PP PL’]
—]e— G| = | — + —
Elgel 2 Elpl 2 2

2 2 2
o - b 28 22,
el 2 2 2

Aty =x =1, vy = v,

From Egs. (2) and (4),

3 2 2 2 3 2 3
_l__ﬂ..g, k-f.!_q.il; +fl_][+cz =_l_—.PL+_P£.I__P_l:_]
Elyc 6 I 2 2 2 Elal 6 2 3

3 2 2 2 3 3 3
v = [_rx. . IE(_EL+PL)+_}1IXI+ I PP _ Ipc PL m]

“Ehcl 6 U7 T2/ 2 e 3 Ls 3 3
At xy =0, Vilya0 = Vgua

1 [l.c PP I PP Pl’] _ P [,; - LA_-_),:]

Ehclls 3 Iw 3 31 3Elg Toc

= -—';-[(l - !‘-'-)1’ - L’] Ans
3Ehs Iac.
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12-10. The beam is made of two rods and is subjected to
the concentrated load P. Determine the slope at C. The
moments of inertia of the rods are / 45 and -, and the
modulus of elasticity is E.

[—

2
51% = M(x)

M (x) =
d*v,
Elyc EXT!- = ~ Px,
dv _ _pd +C o))
dx, 2
My(x) = - Pxp

d71)2 P

El,u = - PXZ
dxzz
Mo =-px, ¢ 1:—_1:
——

- Px;

Elye

dDz P 2
Eljg —= = ——, + C: 2.
b 7% 3 @) %,

Boundary conditions:
d’l)z
Atx, =L, —= =0
: dx, P

. Mx)= -Px,

2 2
Y
2 2

Continuity conditions :
Atxyy =x =1, ﬁ:i‘ﬂ
dx) dx;

From Egs. (1) and (2),

1 [ P2 ] 1 [ p2 PL’]
—_—— + G| = — | —  —
Elel 2 Elgl 2 2

2 2 2
R RN

Il 2 2 2

dv,
At =0, Elyg — = C
Xy 5C ™ 1
Thus,
dv, 1 | P PL‘] PP
—_— T o | e | —
dx, Elpgl 2 2 2y
1,2 _ay, P
0 == —|—(L' - )+ — Ans
Isc
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12-11. The bar is supported by a roller constraint at B,
which allows vertical displacement but resists axial load and
moment. If the bar is subjected to the loading shown,

[—
@
Lo

determine the slope at A and the deflection at C. EI is
constant. Al B
w— }
d*v, L L
El.d—ﬂ— =M, = Px; ‘ 3 ‘ 5 7‘
dv, f-"j— + C
1 2
Elv, = — et Cx + G
? PL P .
E]d_-l’l aM; © —— 1 -
2 2 - — ) pL
~=Sfep—s 2
E’é—ol = -’;l:x; + Cy A' o —
dxy 2 ) Lfz 4y |
Elvy = %L-J& +Gx + G M= PX, M,z B~

Boundary conditions: F——__'P) \( —'—:ql_‘)%
£

Atxy =0, v, =0 '
X

0=0+0+C;: C; =0 p

Atx; =0, é'v'l“o

0+C,=0; C;‘o

L L dv _ _dv
At xy = 3 xn = 2 vy = Uy, an o
P L PLE?
T*Cs(-z-)" y “
P§)? LS LR Py
—i—-* C = 2 H P = 3
1

Co = -aPL’
Atxy = 0
dv, . 3L Ans
o O 8 £l
Az = E

Y2

P 351k Lo
ve = —-6%—7- "('i’l- )(2)"

. Ans
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#12-12. Determine the deflection at B of the bar in

Prob.12-11.
P
le
Al B
—— }
L L \
) PR
d*v,
E'_d-;i—- =M, = Px) IP
= L
E’% = fi"i +G T “‘;r’"‘ql] ) %'-
| S ' & "-—:'
Lz Yy |
Elmcf-;i+C|ll+Cz P !
4

u, P2
gt I
o

dv, _ PL P—-I
El == = —x; + C,
an X2 ] X

2 NES

Elvy =%’-‘x§#€:xz+CA
Boundary conditions:
Atxy =0, v, =0
°I°+0+Cz; Cgio

Atx; =0,

0+Cy =0; G =0

L L dv, dvy
Aty ==, ==, v Vg, = = ———n
t 2 x 2 1 = U an @
P(3) L PL
—‘61— Cl(;) - 23 + C,
P 2
S L PP P
2 8
Co= -Ypp
43
Atx; =0,
3
» = -_'.lf.’:. Ans
48E7
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12-13. The fence board weaves between the three smooth
fixed posts. If the posts remain along the same line,
determine the maximum bending stress in the board. The
board has a width of 6 in. and a thickness of 0.5 in.
E = 1.60(10%) ksi. Assume the displacement of each end of
the board relative to its center is 3 in.

41t 4 ft

Support Reactions and Elastic Curve: As shown on FBD(a).

Moment Function: As shown on FBD(b).

Slope and Elastic Curve:

d*v
El e M(x)
dv _P
PR r
dv P
H—-= 4-;’ +C, [1] l
P £~= =
Elv=—x>*+Cx+C 121  T_Tmm=--- h Sl
V= +Cix +GC, [2] _% o —
2
dv L _*‘:_ =
Boundary Conditions: Due to symmetry, E= 0atx = 7 @) *
Also,v = 0 at x = 0. IV
g -2
P(LY PL? SDMM z%
From Eq.[1] =Z(E) +C, C =.F x
'zE (b)
From Eq.[2] 0=0+0+C, G, =0 M Cibin)
’I
The Elastic Curve: Substitute the values of C;and C, into Eq.[2], 370625
Px 2 2
v=m(4x -3L%) (1
v} + +—X (in.)
Require atx =48 in., v =-3 in. From Eq.[1], * %

_ P(48) , ,
-3= 4(48%) -3(96
48(1.60)(106)(1‘_2) (6)(0.5;)[ ( ) ( )]

P=16.281b

Maximum Bending Stress: From the moment diagram, the
maximum moment is M_,. =390.625 Ib- in. Applying the flexure
formula,

Mc  390.625(0.25)
1

= =1562.5 psi = 1.56 ksi A
1(6)(0.5%) P ' e

Omax =
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12-14. Determine the equation of the elastic curve for the
beam using the x coordinate. Specify the slope at A and the
maximum deflection. E is constant.

M,

A 5 | B
e

dzv M.

El — = M(x)
( ‘) M& =M (1-£ )

2 X
%Y - m, (1-5) M.

dx? L -
El‘% = Mo(x—f-z) a M

2 X

Elv = Mo(—z- 'E)+ Cix+ G @
Boundary conditions:

v=0ax=0
From Eq. (2), C; =0

v=0ax=1L

From Eq. (2),
2 2
0=Mo(~L—'-L—)+ ClL; C| =—£2—l:
2 6 3
d
@ ﬂ‘l( -fz__!:) 3)
dx El 2L 3
6, = ﬂ-’l = ———MOL Ans
dx x=0 3E1
ﬂg =0= Eﬂ(x—-i—&)
dx El 2L 3
3¢ - 6Lx + 2L = 0; x = 0.42265L
v = —M—o—-(3Lx2 -29- 21.’:) @ Ans
6EIL
Substitute x into v,
_ 2
Vaas ® 0.0642M, L' Ans
El
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Ajg Q!B

—

12-15. Determine the deflection at the center of the beam
and the slope at B. ET is constant. M,
d*v
IS = M() 5
E’d_zg = Mo[1-2
P ) ’7
dv _ 2 m ‘
B = Mo(x 2L)+ (o)

Elv = m@ -6%):« Cx+ G @

Boundary conditions:
v=0ax=0

From Eq. (2), C =0

M.

v=0ax=L

(

M.
=
Z I Me
M. T

Iy meo Mo(1-%)
x

From Eq. (2),
(L . Mol
°"“°(7‘?)*C'L' Go=- M
L
dv My 2 L
@ _ M X 2 3
dx El(" 2L 3) @
=0 FromEq. (1) at x = L,
dv M.,( 2 L) =2 =ML Ans
= =0==5"3 dsls=t — 6EI
dx EI 2L 3
- 6le+ 2L =0; x=042265L
From Eq. (2),
Mo 2 3 2 ~MoL?
v 3Lx" - x° - 2L'x) 4] = Mol
= SEIL * ) “@ Yset = o7 Ans

*12-16. A torque wrench is used to tighten the nut on a
bolt. If the dial indicates that a torque of 60 Ib - ft is applied
when the bolt is fully tightened, determine the force P
acting at the handle and the distance s the needle moves
along the scale. Assume only the portion AB of the beam
distorts. The cross section is square having dimensions of
0.5in.by 0.5in. E = 29(10%) ksi.

©0(12)=]20 Ib-in-

/2 /7. =
r - e
A /8in. /)
t @)
2otbin V&)
C 15 M) = 400X 20
x
40.
0lb ®)

Equations of Equilibrium: From FBD(a),

720-P(18) =0 Ans

A, -400=0

P=4001b
A, =40.01b

£+LMA=O;
+TZE =0;

Moment Function: As shown on FBD(b).

Slope and Elastic Curve:
d*v
EI e M(x)
42

v
E =40.0x-720

d
E Zv =20.0x% - 720x + C,

EI

(1

Elv =6.667x" =360x*+C,x +C, [2]

d
Boundary Conditions: Iv =0atx =0andv =0 atx = 0.

FromEq.[1] 0=0-0+C,

FromEq.[2] 0=0-0+0+C,
The Elastic Curve: Substitte the values of C, and C, into Eq.[2],

__1_ 3 2
v= EI(6.667x -360x") (1

Atx=12in., v=-s. FromEq.[1],

1
(29)(109) ({5) (0.5)(0.5%)

[6.667(12°) -360( 12°) ]

s =0.267 in. Ans
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12-17. The shaft is supported at A by a journal bearing

that exerts only vertical reactions on the shaft and at Bby a 5kN
thrust bearing that exerts horizontal and vertical reactions 60 mm[
on the shaft. Draw the bending-moment diagram for the

shaft and then, from this diagram, sketch the deflection or C
elastic curve for the shaft’s centerline. Determine the

equations of the elastic curve using the coordinates x; and

x;. El'is constant.

[

400 mm |

ﬁllﬂ IR IRIRIRINII]
g

=)

2

=

Elastic Curve: Asshown.
Moment Function: As shown on FBD(b) and (c).
Slope and Elastic Curve:

E!d'*'v
2= =M
ForM(x,) =300N-m,
d*v,
E[F=300 S5k

1
dv, 0-06 A B 5kn
EI - =300x, +C, (1] >

1
Elv, =150x} +C,x, +C, (2]

For M(x;) =750x,, MNm)

d*v
El——2 =750x,

i} 300
dv
EI le = 375):% +C, (3] \
2 } X (m)

El'v, = 12553 + Cyx, + C, (4] 015 oss

Boundary Conditions: .

~
v, =0atx; =0.15m.  From Eq.[2], E ——
(5]
0=150(0.15%) +C, (0.15) +C,

5ki
= /‘)'
v, =0 atx, =0.  From Eq.[4], ¢ =0 °@tﬁbgfli/oi)oo "

v; =0 at x, =04m.  From Eq. [4], x ‘
1

®)
0=125(0.4) +C, (0.4) C, =-20.0 M,)=750X,,

NG

5ka
Xe

Continuity Condition: 750N
<)

d
At x;, =0.15mandx, =0.4m, i:—-dﬁ. From Egs.[1] and (3],
1 2 e p
1 2

300(0.15) + €, =-[375(0.4%) -20] C, =-85.0

From Eq. [5]. C, =9.375

The Elastic Curye: Substimte the values of C;, C,,C;,andC,
into Eqgs.[2] and [4], respectively.

1
=g (150x} —85.0x, +9.375) N-m>  Ans

1
v, =El(125x§ -20.0x, ) N-m’ Ans
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12-18. Determine the equations of the elastic curve using
the coordinates x; and x,, and specify the deflection and
slope at C. EI is constant.

B C
| /Mo
_l_(—)_l_
‘ L X2
L i L
‘ MEX) =-M,
) (—)m
v I X
dzD M-
— = M — - - M
EI=S = M() T Moo= -Ly
M
For M (x;) = -—Lﬂx,
2
E].d__“.l—l = —ﬂxl
dn? L . i
Continuity condition:
dv, dv,
At = =L, — = -—
Eléﬂ = -Eﬁxf + Cy ) =R dx, dx,
dxy 2L
M, From Egs. (1) and (3),
o 3
= = 2
El'v, 6Lxl +Cixy + G ) _MoL . ML _ ML+ C): G = aMoL
2 6 3
dz'l)z . N .
For My(x) = -Mo; El—= =-Mp Substinting C; into Eq. (5) yields,
dx? N
d Ci = _SMoL
E122 - Mox, + G 1)) ‘ 3
dx
M The slope:
Elv; =--?°x§ + Cixz + Cy @) dvy - -l—(—Mon . 4M°L)
dx, El
T PR -
taER s €7 g lu-o  3ET
From Eq. (2), . .
0=0+0+0Cs; C, =0 'lhcelas::mrve.
v = —L(nxf + szl) Ans
6EIL
Atxy =x =L, yZy=v; =0
From Eq. (2), v, = —ML(-ZSsz’ + 8L2xz - 5L’) Ans
9L L GEIL
0= -_M_‘l_l:..+c,1_; C = —=
6 6 l SM,L?
Ve = Uy S - — Ans
n=0 6EI
From Eq. (4),
0= ___'!’_02_15 + GL + Cy 5) The negative sign indicates downward deflection.
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12-19. Determine the equations of the elastic curve using

the coordinates x; and x;, and specify the slope at A. E1 is
constant.

d*v
—_— = M(x)
El —

M
For Mi(x;) = __2;‘

L
2
d___u' = —ﬂ,ﬁ
dx? L
dv, | Mo, o m p
E’E‘T 2L 1 1 { ) Mo
M 1 L L
Elv, = —i—x} +Cx + G @ n Mo
L L
d*v,
For My(x) = —Mo El-ax—z-z— =-My M‘f")= YR
g |
I =-Max + Gy @ ) (M
A, Xz

Boundary conditions:
Atx =00, =0

From Eq. (2),
0=0+0+C; € =0

Atxy=x =L v»y=v=0

From Eq. (2),

2 Mol
0= -5161-‘-+C,L; (&) =5

From Eq. (4),
2
0=—5122£-+C3L+C‘ ®)

Continuity condition:

At xn =X =L'd_vl=—i‘2.
dx, dx;

From Eqgs. (1) and (3),

-# +%= (ML + Cy)i Gy =#

Substituting C; into Eq. (5) yields,
2
C, = - Mok
6

The elastic curve:

v = -ML(-x? + sz.) Ans
6EIL

My

V2 = SEIL

(—31.:: + 8L, - SL’) Ans

From Eq. (1),

dU|

El—=0+C, =M—°-L
dx,
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#12-20. Determine the equations of the elastic curve

using the coordinates x; and x,, and specify the slope and
deflection at B. EI is constant.

e
N ‘ B

a \

Xy | F— X3

L \
Wa
=0 '
]
N\ [x | il ]
Van Tan W Z-a -
Wa
& Y W
El-d?v = M) N} s
(= 0= - e - a®
. 1 1 Z
w wa ,‘_‘—“i
For M, (x) = —Exf-vwax. - wa A
i X+ wax, - vl
dad
2
1
2
Elv, = —214;{ + 16‘3;(} - w—:—-x¥+ Cx +C @
dzUI _
For My(x) = 0; E’;;-;; =0
g4 ¢, (&)
dx, From Egs. (2) and (4),
Elv; =Cixp + Cs @ AMm=an=a e
wa* wa* wa' wa* wa*
itions: ———t e m— =~k Cyy Gy = —
Boundary °°":“)"°"’ 2 6 4 s Y}
At x =0, TJX-‘ =0
1 The slope, from Eq.(3),
d 3
FromEq.(I)) C =0 % = % = —% Ans
Atx =0, v, =0 ?
FromEq.(2): G =0 Theelas:c cu.rv:: : 3
N =-2-4?;(—x, + 4ax; - M’xf) Ans
Continuity conditions :
dl)l dU; 3
Atxy =a x =a; —= = =2 (-
1 2 dr dv, v = ;4—5—.’( 4x; + a) Ans
4
From Egs. (1) and (3), wa’
3 3 u;=u;| = = |~4L + a Ans
_wal  wal _wa o oo M el = 2EI
6 2 2 6
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12-21. Determine the equations of the elastic curve using

the coordinates x; and

X3, and specify the slope and

deflection at point B. EI is constant.

d*v
El — = M(x)
dr?
w Wd’
ForMy(x) = - 'Z-X} + waxy = =
El dv, 2+ wax ~ YLZ
@ 7 !
dvy w3 wa m
L= —x} + —X = =Xy + C
El @ 611 2 1 1 1
2
Elv, = ——x + %‘-‘x{ - !E*X}'* Cx + G (&)
d"D;
For Ms(x) = 0; E’E‘i’ =0
dv; (3)
El — = C;
a
Elv; =Cyxs + Cy @
Boundary conditions :
Atxy =0 ‘_i.t.ﬂ. =0
] " d‘[
From Eq. (1),
0=-0+0-0+C; C =0
Atxy =0,v, =0
From Eq. (2),
0=-0-0-0+0+C; € =0
Continuity conditions:
= =L-a; igl = —‘—i”—’
Al xy = a, X = ) ax dx,
3 3 3
_wal wal _wal o =L
6 2 2 6
Atx, =a, x3 = L-a U = by
4 4 4 3 4 3
_wal owal wal wa e = el _walL
24 6 4 6 24 6
The slope
dvy,  wa’®
oot NP
dx; 6EI
6y = ﬂ’l = 1“.3 Ans
? 7 dx w0 6EI
The elastic curve:
v =-"ff‘—(—x§ + dax; - 64’) Ans
24E1
vy = 11’-[4:, +a =~ 4L] Ans
24E1
u=v| —ﬁ(a-dL) Ans
Y PR YT7

IRRENY

I ‘

a \
X, | k-3
L
Wk,
2

%‘/—{ 1)}4(,):«2[;(? wax, - War
k‘ J z% Y
wa! %,

of —
—

-3
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12-22. Determine the maximum slope and maximum

. . s . M
deflection of the simply-supported beam which is subjected 0
to the couple moment M. EI is constant. . .
&QS ! B
4 P ©
-
Support Reactions and Elastic Curve: As shown on FBD(a). I
I |
Moment Function: As shown on FBD(b).
Slope and Elastic Curve:
d*v
EI zt—z = M(x)
d’v M,
=—x
der L
dv M, ,
—_=—x"+C 1
& dx ZLJr ! t
M
Elv ==—2+C,x +C, (2]
6L
Boundary Conditions:
v=0ax =0 FromEq.[Z].
0=0+0+C, C,=0
M
v=0a x =L From Eq.[2]. 0
C' = =]
M,L ~.. s
o-tooyrcw G —
L
M
The Slope: Substitute the value of C, into Eq.(1], -4 @) %
d M
Lo (32-1%)
dx  6LEI #
dv M, 2 2 ‘/3 Mo)=G2x (
—=0= (3*-1%) x=1"L
dx 6LEI 3 %
V(x)
dv MyL Mo
6y = — =2 Mo
8 dxlx=0 6EI (b) L
dv M,L
=0, = — = — Ans
O =00 = = 3m

The Elastic Curve: Substituting the values of C; and C, into Eq.[2],

M s
D_éLEI(X L’x)

NE

Upae OCCUrS at x = TL'
V3M, 12
Vpax =— Ans
27EI

The negative sign indicates downward displacement.
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12-23. The two wooden meter sticks are separated at

their centers by a smooth rigid cylinder having a diameter of r £
50 mm. Determine the force F that must be applied at each
end in order to just make their ends touch. Each stick has a O ‘%55\
width of 20 mm and a thickness of 5 mm. F, = 11 GPa. \ ) S
F 0.5m 0.5m F
Slope at mid - span is zero, therefore we can
model the problem as follows: F
d*v X
El~ = M) 25m it .%’
dv +—
El— =~Fx .
a2 Fiz
P ’t_—_;;pnmhn
El— = ——+C; 0]
dx 2
Elv=——4+Cix+C; 2)
Boundary conditions:
dv

— =0 at x=L
dx

From Eq. (1),
_Fy?
0= FL +C|
2
2
s
2
v=0 at  x=L
From Eq. (2),
_F3 3
:il:.+f£_+cz
6 2
T

v= i(-x’ +3L%x-2L%)
6E1
Require:
v=—0025m a x=0

-0025 = £ 0+0-21%
6EI

F= 0.075E1
IE

where

- 7‘5(0.02)(0.005’) = 0.20833(10"")m*

_ 007501 1)(10°)(0.20833)(10°%)
0.5%)

F

=1375N Ans
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*12-24. The pipe can be assumed roller supported at its
ends and by a rigid saddle C at its center. The saddle rests
on a cable that is connected to the supports. Determine the
force that should be developed in the cable if the saddle
keeps the pipe from sagging or deflecting at its center. The
pipe and fluid within it have a combined weight of 125 Ib/ft.
ETis constant.

e

c
1ft
2P + F.— 125(25) = 0
125 lé//“

2P+ F = 3125 AT TTTTTT

125 1L T ‘
M=Px————x2 F L\~~” \*—/J F

2 I RS }‘t F »Ss jt 7]

2
EIZ2 = px - l?xz
25 Bt
2
EIZ—:- - £§—20.833x3+C1 ‘[ ) w=pa-g
h i
Elv = ~6—-5.2083x“+ Cix+C, 4
L= 1953.12 1
At x = 0, v = 0. Therefore C; = 0 o4 2wk y s R
3% " i2g° A

At x = 125ft, v = 0.

3
0= f(—li'—s)-—S.zosa(lz.S)‘JrCn(lZ-S) m
At x = 12.5.ft, dv_ 0.

dx

2

0= fil_z'i_zo.saulz.sfwl @

Solving Egs. (1) and (2) for P,
P = 585.94 F = 3125 -2(585.94) = 1953.121b

+T2F =0 2R(—1-—)—1953.12 =0
12.54

R = 122461b = 12.2kip Ans
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12-25. Determine the equations of the elastic curve using
the coordinates x; and x,, and specify the slope at C and
displacement at B. EI is constant.

Support Reactions and Elastic Curve: As shown on FBD(a).
Moment Function: As shown on FBD(b) and (c).

Slope and Elastic Curve:

d*v
EIF=M(x)
2
ForM(x,) =wax, —3wa ,
d*v, 3wa®
EI = -
T
dv, wa , 3wa’
Eldx_l=7x' '_2—X|+C| [1]
wa 3wa?
Elv, =—6-xi— n 2 +Cx, +C, (2
W 2
For M(x, =-7%
d*v, w o,
P
dv, w3
El-a’(—2 =—€x2 +C; (3]

(4]

W4
Elvy, = -ixz +Cyxy; +Cy

Boundary Conditions:

dv,
— =0 at x; =0.
1

From Eq.[1],
v, =0 at x; =0.

From Eq.[2],

Continuity Conditions:

dv, dv,
At x, =aand x, =a, —_— = From Egs.[1] and [3],
1 2 =4a =, -4, Eqgs.[1] and [3]
wa® 3wad’ wa’ c c Twa®
—_——— = | ——— =
2 2 6 }
At x;, =a and x; =a, v, =, From Egs.[2] and [4],
wa* 3wa'  wa' 5wa“+c C. = 1lwa*
6 4 24 6 ! ‘T
The Slope: Substituting into Eq.[1],
dv, _ war,
&, - 2Er \i 739
o _dy; wa’
Tl H Ans

w
C-Yy Y ¥ Y v v v vy
A . B
a a
x14J LXZ*
X3 ‘
wWa

The Elastic Curve: Substituting the values of C;, C,,Cy,andC,
into Egs.[2] and [4], respectively,

wax,

- 2
v = TE 2x, -90.:1) Ans
_v 4 3 4
vz—m—l(—xzi-ZSa x2—4la) Ans
4lwa?
U8 = Ve lomo =" Ans
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12-26. Determine the equations of the elastic curve using
the coordinates x; and x3, and specify the slope at B and
deflection at C. EI is constant. -y vy vy

Support Reactions and Elastic Curve: As shown on FBD(a).
Moment Function: As shown on FBD(b) and (c).

Slope and Elastic Curve: a a
d*v A L
El o M(x) X1 X2
X3 ‘
2
ForM(x;) =wax, — 3”; )
d*v 3wa®
E. T‘t—%l =wax, —
dv, wa, 3wa*
dx—,l= 2x§ ¥+ G [
3wa? Wa
Ev, =280 ‘;“ 2+Cx, +G (2]
Wa, RSB S,
¢ H
For M(x,) = 2wax; — 3x§ -2wad’, 37”—4 CI"*"“—& - l
l —
d?v, 2 e % T% A
14 5~ =2waxy - —x3 —2wa @)
dx}
dv )
E Fj =waxl - %x; —2wa’x, +C, (3] S wa lwx' ol
ey w L, 2 ( J ey, -2
El v, =Tx, —2—4-x3—wa x3+C3x3+C, [4] X,
)
Boundary Conditions:
dv
St =0ax, =0, FromEq[1], C, =0 Wex-a)
1 V(%)
v, =0 at x; =0. From Eq.[2], G =0 1)
A W
M&) =N axy —2 -zwa®
Continuity Conditions:
dv, dv,
At x, =a and x; =a, —— =—=,  From Egs.[1] and [3],
! } dx,  dx,
3 3 3 3
1a__3wa =wa3—1€-—2wa3+C3 [oN il
2 2 6 6

At x, =a and x; =a, v, = V3. From Eqgs.[2] and [4],
The Elastic Curve: Substituting the values of C,, C;,C;,and C,

4 4
wat dwal_wal wa' v C, =% into Egs. [2] and [4], respectively,
6 4 3 24 6 24
i v *E—l(lxz—9 ) Ans
The Slope: Substituting the value of C; into Eq.[1], [Ty 1~ Fax,
v, _ w 2 Twa*
— =—{( 6 gV 2 3 = ==
z, 6EI( axy —x3 = 12a°x; +a’) Ve =0l ua ZE Ans
6. = du3 _ 7W(13
Ty a2 6EI Ans v = %}(—x; +8ax] - 24a’x? +4d’x, —a') Ans

633



© 2008 by R.C. Hibbeler. Published by Pearson Prentice Hall, Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all
copyright laws as they currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-27. Determine the elastic curve for the simply
supported beam using the x coordinate 0 = x = L/2. Also,
determine the slope at A and the maximum deflection of
the beam. ET is constant.

wo

d*v
El — = M(x
22 (x)
2
E[E_P. = ‘_VE_I:X - Yﬂ,ﬁ
dx? 4 3L
g% o Woka Mo e, o ()
dx 8 12L
Ew="kg M S5 cxe G @
24 60L
Boundary conditions:
L dv
Due to symmetry, at x = —, — =0
Y| Ty, 2 I
From Eq. (1),
WoL(L ) Wo (L‘) 5W0L3
0= ) -2 (2 lv e € = -
8 \a/ 120\ ! ! 192 ZWeL
Atx =0,v =0 _-T T~
I = T
From Eq. (2), |
0=0-0+0+GC; C =0 Ze T 2,
Wl o L
From Eq. (1), -4 4
v _ W (24L2x2 - 16 - 5L‘)
dx 192EIL
3 3
GA - Q = —SWQL = 5WOL Ans H: 3
dxlx=0 192E1 192E1 e
From Egq. (2), Wol
v =" 20X (40sz2 - 168 - 25L") Ans +
960EIL
woL* wol?
VUmax = U = - = — Ans
mx = Ule=3T T120E1 T 120E1
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*12-28. Determine the elastic curve for the cantilevered
beam using the x coordinate. Also determine the maximum
slope and maximum deflection. EI is constant.

A B
I
L |
dzv JIU Wo.\’
El = = M(x) ; El —— = = ——
a2 - M &t 6L
4
Er40 - %X ¢ m
dx 24L
Wox” ﬁ -“7_)-'»)())(
Eliv = ---—-+Clx+C; (2)
120L
- l We 3
Boundary conditions: )M(x)= “oc X
d_p_ =0atx =1L
dx
From Eq. (1),
3
0=-20u4¢; ¢ =2k
24L 24
v=0ax=1L
From Eq. (2),
wo s wolL? woL*
0= - =L+ 2+ G G = -2
P AR YRS : 30
The slope:
From Eq.(1),
v s
dx  24EIL
3
9,‘" = g‘-{ = !’."_f’_ Ans
dxlx=0 24EI
The elastic curve:
From Eq. (2),
V= —2 (= + SL% - 4L%) Ans
120EIL
8
WoL‘
a = T e A
Vet = Vo T 3081 n
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12-29. The beam is made of a material having a specific
weight y. Determine the displacement and slope at its end
A due to its weight.

Section Properties:

b 16 b,
b(x) = 7x Vix) = i(zx)(x)(:) =
IR NGRS
10 = 55(77)7 =

Moment Function: As shown on FBD.
Slope and Elastic Curve:

d*v _ M)
e 1(x)

b
o 2.

E— =-5L
dx? %ﬁx ?
dv 27 4
— ==L +C 1
dx 313X ! (
Ev=-Lx'+Cx +C (2l
o 1 2

d
Boundary Conditions: Iv=0 atx =L andv =0 at x =L.

2yL3
3z2

2
FromEq.[1].  0=-25(1)+C, ¢ =

Y 2yL?
From Eq.[2], o=-gﬁ(L‘)+( 7 )(L)+Cz

yL*
C, = ——
2 212

The Slope: Substituting the value of C, into Eq.[1],

dv 2y 3 3

= X +L

dc  3PE [ +0)

L I L Ans
AT dxlemo  302E

The Elastic Curve: Substiuting the values of C, and C, into Eq.[2],

_ 4 3 4
v-m (—x +4Lx-3L)
yL!
v‘l“"’:_zm,zg Ans

The negative sign indicates downward displacement.

]

AN

L

X
J b(x) ’
b D>
I
X

V(x)

e

w

bty
=%
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12-30. The beam is made of a material having a specific
weight y. Determine the displacement and slope at its end
A due to its weight.

—

Section Properties:

_ A 1(h _bh,
h(x) = zx V(x)= i(zx) (x)(b) = 2Lx
1 (R Y bR,
19 =50(7x) = o» L ) J
r {h(i) |

Moment Function: As shown on FBD.
Slope and Elastic Curve: h [/V'
d*v  M(x)

Ik
d*v _ %’-'L’ix’ 2yL?

X
E—= = —— X
dr Mo R ’.—_.i

dv  2yL? 'S
EZ=-Txc, ( Mx)s - %—f(1?
Ll
VOTLEY thr .
Zi

Ev =—%x2+C|x +G (2]

Boundary Conditions: % =0 atx =L andv =0 at x =L.

2yL?

2912
FromEq.[l], 0=~ :1 (L) +C, c =L

h?

oyl ooy 2yl _ 7Lt
From Eq.[2], (>_—7(1.)+-h—2(L)+c2 G=-"5

The Slope: Substiuting the value of C, into Eq.[1],

dv 2yL?

%~ wE D
3
g, =2y 2L Ans
dx x=0 th

The Elastic Curve: Substituting the values of C, and C, into Eq.(2],
_ yL? 2 2
v=op (R 2L

yL!
Vgm0 =-ﬁ Ans

The negative sign indicates downward displacement.
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12-31. The leaf spring assembly is designed so that it is

subjected to the same maximum stress throughout its

length. If the plates of each leaf have a thickness ¢ and can nb

slide freely between each other, show that the spring must l

be in the form of a circular arc in order that the entire < >
;

spring becomes flat when a large enough load P is applied.
What is the maximum normal stress in the spring? Consider
the spring to be made by cutting the n strips from the ~~—
diamond-shaped plate of thickness ¢ and width b. The — L—x T
modulus of elasticity for the material is E. Hint: Show that

the radius of curvature of the spring is constant. P

Section Properties: Since the plates can slide freely relative to each
other, the plates resist the moment individually. At an arbitrary distance

. onx  2nx
x from the support, the numbers of plates is = I Hence,
z

1 (2nx 5y nbe? X —>
I(x)=—|— |(b =
) IZ(L )()(') 6L L L
2 2
Moment Function: As shown on FBD.
P
Bending Stress: Applying the flexure formula,
M E(5) 3P
Umu=——(X)c=——2 (,Z) = — Ans v(x)
1(x) el 2nbr?
Hmoo=Fx
Moment - Curvature Relationship: L £
< 2
£ £
I M(x) L3 3PL 2 <

G LA SN L Ay \E.D. ~
p El(x) E('-_:L'_’X) nbt’E onsunt (@ )

dho

*12-32. The beam has a constant width b and is tapered as
shown. If it supports a load P at its end, determine the
deflection at B.The load P is applied a short distance s from
the tapered end B, where s < L. El is constant.

M=Px
1= L)axun 6 = 2’0
12 3

&y M P(x) 3P

& =«(3)
' L Atx=s,

k
y=-k(lnx)+zx+C; y=—k(}ns)+%+k(lnl.-l)

Since L>> s,
Whenx=L, y=0,

M L
G =kinL-1) ’zm(;)—k

k 3P L
y=—kInx+—x+k(ln L-1) =_.__.(;,.__) A
I Y= Eburel s "
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12-33. A thin flexible 20-ft-long rod having a weight of
0.5 Ib/ft rests on the smooth surface. If a force of 3 1b is
applied atits end to lift it, determine the suspended length x
and the maximum moment developed in the rod.

31b

Since the horizontal section has no curvature the |
the moment in the rod is zero. Hence, R acts at the end
of the suspended portion and this portion acts like a 201t \
simply - supported beam. Thus, zib

T EMo=0; -3+ 0.5m() =0 ‘% 0.5l
¢ 5 E /1

R as -1,

x=12ft Ans

Maximum moment occurs at center. b =

34 0.5
0, Loty
Mux =3(3)=91b-ft  Ans @5;5}/# I 3 ,l / - 4+
Ii x % = Max
8 K/Lfl,a

12-34. The shaft supports the two pulley loads shown.

Determine the equation of the elastic curve. The bearings at A B
3 3 3 | ] |
A and B exert only vertical reactions on the shaft. E7 is
constant.
X
a a a
Moment Function: Using the discontinuity function,
P
2P

P 7
M=—-2- <x—0>—P<x—a>—[—§P)<x—2a>

P 7
=—-—x-P<x-a>+-P<x-2a>
2 2

_ - ~~

c < i

Slope and Elastic Curve: ..
. N,
d*v v a a < |
E[_:=M 4 Jv
4 £ F 3 zp
& P P +7P< 2a>
—_—=——x- - ~P<x-2a
de 2X <x—a> 2
g P f 2y T pex-2a>t4C [
— =——x"—-=<x-a> —r<x-za>
= "3 x-a JP<x-2a |
Py P 7
E1u=_ﬁx’—g<x—a>3+ ]—2-P<x—2a>’+C‘,x+C2 (2]
Boundary Conditions:
v=0at x=0. FromEgq.[2], G, =0
v=0atx=2a From Eq.[2],
P _, P s . - -
=-E(2a) —g(Za—a) +0+C, (29 +0 The Elastic Curve: Substiting the values of C,and C; into Eq.(2].
_ 5Pa? p
T2 u=~——(—x3—2<x—a>’+7<x—2a>’+5a2x) Ans

12E1
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12-35. Determine the equation of the elastic curve. Specify

the slopes at A and B. EI is constant. ¢
Y Y VY
b Zoll B
a a |

Support Reactions and Elastic Curve: As shown on FBD.
Moment Function: Using the discontnuity function,

3 w 2 w 2

M=-wa<x-0>-—<x-0> —(——)<x-—a>
4 2 2
3wa w S 2
= x——xX’+—<x—a> —
T iTgx ty<x-a s
Slope and Elastic Curve: f- ----- —"—ﬂj
< =
l{z 'S RN g
E,_P. =
dx? a 3a.
d*v 3wa w < = !
2 2
Elde = E-gx ty<x-a> _2’2,;& ﬂ«»
dv  3wa w w 3
Z.=T.xz--6-x3+€<x—a> +C, (1]

wa i, w o,

w
Ev=—2x-—=x +2—-4<x-a>‘+C,x+C2 (2] [TITTITIIIIT]

Boundary Conditions:

v=0at x=0. FromEq.[2], C, =0 [
v=0atx=2a From Eq.[2],

wa w w
0="4 i_w a W e
T (20’ - = 29"+ 22 (2a-9"+ €, (20)

3wa’

C =-
! 16

The Slope: Substituting the value of C, into Eq.[1],

dv _ w 2 3 3 3
I—m{l&n’ -8 +8<x-a> -9a’}
6, =2 Y 0-040-9a"y =% A
= — = - - = - ns
AT xlemo  28EI 4 16E1
8, P = {18a(20)* ~8(20)’ +8(2a-0)* - 94 }
dxlx=2a 48E]
Twa?
= Ans
48E1
The Elastic Curve: Substituting the values of C, and C; into Eq.[2],
v =L(6ar’—2x‘+2<x—a>‘ —9a’x} Ans
48E7
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*12-36. The beam is subjected to the load shown.

Determine the equation of the elastic curve. EI is constant. %N/m 20 lk N
oS rm0n 6 ; | . A —
M—--—E <x-0>" =(-1.25) < x~ l.5>-(—i)<x—l.5> - (=21.715)<x~-4.5> A B
M=-374+125<x~15>+3<x-15>% +27.75<x-45> 1.5m ! 3m ! 1.5m
Elastic curve and slope:
2.
151:7" =M=-37+125<x- 15> +3<x- 155>+ 2775 <x—45>
dv = - - 2 3 2 20%N
EIS = £ +0.625 <x~1.5> +<x~15> + 13875 <x-4.55% + Ko
Elv=-025¢" +0.208 <x— 15> + 0.25 < x~ 1.5 5% 4+ 4625 <x~ 45> + C;x+C; (¢))
Boundary conditions: 6 AN/,
v=0 a x=15m 125%N 2275 %~
From Egq. (1)
=-1.266+1.5C, +C,
1.5C; +C; = 1.266 @
v=0 at x=45m
From Eq. (1)
0=-102.516+5.625+20.25+4.5C, + C;
4.5C, +C; =76.641 3

Solving Egs. (2) and (3) yields:
Cx =25.12
C; =-36.42 Ans

v= é;[-O.ZSx‘ +0208 <x~1.55% 4025 <x—1.5>* + 4625 < x=4.5>" + 25.Lx— 36.4]kN - m’

12-37. The shaft supports the two pulley loads shown.
Determine the equation of the elastic curve. The bearings at AD . m B %

| L
A and B exert only vertical reactions on the shaft. EJ is |!| __mllm

constant.
X
ﬁ 20 in.$ 20 in.*-L 20 in.#l

M=-10<x-0>-40<x-20>-(-110) <x~40> 01b 0 1b
M=-10x-40<x-20>+110<x-40>

Elastic curve and slope:
d*v
El— =M
dx? A B
d*v
EIE =-10x~40<x-20>+110<x-40>

X
El(di—:=—5x2~20<x—20>2+55 <x-40>% +C; 1 <2o” ;40" 20”1 W0 1 6o
Ho

o't

Elv=~1.667%"-6.667<x—20>> +18.33 <x-40>> +C;x+C; 1)

Boundary conditions:
v=0atx=0
From Eq. (1):
C, =0
v=0 at x=40in.
0 =-106,666.67 —53,333.33+0 +40C; -
C; =4000

v= E';[-l.mx’ ~6.67 <x-20>> +18.3<x—40> + 4000x]1b- in® Ans
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12-38. The beam is subjected to the load shown.
Determine the equation of the elastic curve. EI is constant.

50 kN
3kN/m

Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using discontinuity function,

M=246<x-0>-15<x-0>"=(-1.5) <x-4>*-50<x~7>
=246x-1.5x>+1.5<x-4>>-50<x-7>

Slope and Elastic Curve:

d*v
Elz_x?::M
d2
H?t;=24.6x-1.5x2+1.5<x—4>2—50<x—-7> 342120 kN 50kA
d r~=——T=-=--1
El Vo912 3 3 2 ! L !
— =123 052" +0.5<x-4>* - 25<x-752 4+ C, (1] - L
dx s - 4
Elv=4.10c"-0.125x*+0.125<x-4>* ~8.333 < x- 75>+ C,x+ (2] ]‘\-{ ....... {-
2n | 2m| 3m | 3m
246 KA 374k
7
Boundary Conditions: r‘jk/—m——"so kA
Nim
v=0ax=0 FromEq.2) ¢, =0 SENENNNNNES
v=0atx=10m. From Eq.[2], [ 3Kn/m
4m ) om T4 kN
0=4.10(10%) -0.125( 10*) +0.125(10-4)* -8.333(10-7)’ + C, (10) 246 kN 7
C, =-2787

The Elastic Curye: Substituting the values of C, and C, into Eq.[2],

1
v= -5-1(4.10;:’ -0.125x* + 0.125<x-4>*-833<x-7>-279x} kN-m’  Ans

642



© 2008 by R.C. Hibbeler. Published by Pearson Prentice Hall, Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all
copyright laws as they currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-39. The beam is subjected to the load shown.
Determine the displacement at x = 7 m and the slope at A.
EI'is constant.

50 kN
3kN/m

4m 3m 3m ‘

Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using the discontinuity function,

M=246<x-0>-15<x-0>*—(-1.5) <x-4>" - 50<x-7>
=24.6x-1.5x>+1.5<x-4>>-50<x-7>

Slope and Elastic Curve:

2
Yy
dx?
d? .
EIEx—I;)-=24.6x—l.5:2+l.5 <x-4>*-50<x-7> 342120 kN 50k
dv 2 3 3 2 T 1
B o= =123 =05 +0.5<x=4>’ =25 <x =75 + C, (1 — L .
Elv=4.10x"-0.125x +0.125 < x-4>* - 8333<x-7>’ + C,x+ C; (21 ]\‘-i ..........
2m | 2m| 2m | 3m
Boundary Conditions: 246 kd 37444
7m 50 kN
v=0atx=0  FromEq.[2], G =0 3 kN|m
[ITTITTT ]

v=0atx=10m. From Eq.[2], l ]i

0=4.10(10%) -0.125( 10*) +0.125(10-4)* -8.333(10-7)* + C, (10) |3 krim

o
C, =-278.7 ol G PPN

The Slope: Substituting the value of C, into Eq.(1],

d—u=l(123x2—05x3+05<x-4>3 -25<x-7>%-278.7} kN -m?

=52 ) . )

g, =2 L (0-0+0-0-278.7) = - 22N m* A

= — = — - -0- . = —— ns
A dx x=0 El EI

The Elastic Curve: Substituting the values of C, and C; into Eq.[2],

1
= 5{4.1(1:’ -0.125x* +0.125 <x—4>* - 833<x-7> - 278.7x} kN - m’

1
V)it = -51{4.10(7’) -0.125(7") +0.125(7-4)* -0-278.7(7) } kN - m’

835kN -m?} A
= m—_— ns
E
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*12-40. The beam is subjected to the loads shown.
Determine the equation of the elastic curve. EI is constant. 2 kip

M=~(-25)<x-0>-2<x-8>-4<x-16> 7XJ
M=25x-2<x-8>—-4<x-16> St | s it | 8t

Elastic curve and slope:

EI-‘-I—ZX—M—ZSx—2<x-—8>-—4<x—16>
o :

EIZ—:= 1258 —<x—8>* - 2<x—-16>2 + C;

, , , Pl 48P
Elv=0417x —0.333<x-8>" - 0.667<x-16>" + C;x+C; 1) 1 l 41,-,-/1
I —)
Boundary conditions: 4
v=0 at x=0 X L L
FromEq.(1), € =0 E 1 &1 g’ )
v=0 at x=24ft <£55P 35%P
0= 5760-1365.33—-341.33 + 24C,
C, =-169
v= E’-I[o.mx’ -0333<x-8>" - 0.667<x—16>> - 169x] kip-f’  Ams
12-41. The beam is subjected to the loading shown.
Determine the equation of the elastic curve. EI is constant. 6 KN /m 20 kN
Support Reactions and Elastic Curve: As shown on FBD. Yy vyy i

Moment Function: Using the discontinuity function,

M=-3<x-0>*—(-3) <x-1.5>? =(-1.25) <x - 1.5> ~(<27.75) <x 4.5 > +—1.5m 3m ~—1.5m
=-3x+3<x-15>2+1.25<x-1.5>+27.75<x-45>

Slope and Elastic Curve:

d*v
Bz =M
d*v 2 2
EIF=—3x +3<x-15>"+125<x-1.5>+27.75<x~4.5> 6(15)=9-0 kN 20 kA
d e
B2 = +<x-1557 40625 <x- 155 + 13875 <x =455 4 [ R
- -~ g Tl
Elv=-0.25x"+025<x~15>*+0.2083 <x-1.5> + 4.625<x-4.5>> + C,x+C, [2] -1 S~
E oFn 3m /5m
Boundary Conditions: o 125 kn 2775 KA
v=0ax=15m  FromEq.[2], 20 kN
kN
0=-025(15*) +0+0+0+C, (L5)+C, é kafm
0=-1.265625+1.5C, +C, ) —|
AEBEEREEE)
v=0atx=45m. From Eq.[2], © kN/m :J]
I5m

[5m Im
4 4 3 125 Ku 2175 kN
0=-0.25 ( 4.5 ) +0.25(4.5-1.5)"+0.2083(4.5-1.5)° +0+C, (4.5)+C,
0=-76.640625+4.5C, +C, =0 [4)
Solving Eqs.[3] and [4] yields,
C, =25.125 C, =-36.421875

The Elastic Curve: Substituting the values of C, and C, into Eq.[2],

1
v= E{-o.zsxwo‘zs <x-15>*+0208<x-1.5>’+4.625<x-45> +251x-364} kN-m’  Ans
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12-42. The beam is subjected to the load shown.
Determine the equations of the slope and elastic curve. EI
is constant.

15 kN-m

Sm 3m

3 2 -3 2 s m

M=~(-45)<x=0>= > <x=0>" - (-105) <x- )~ () <x-5> %L&QJM& )

TTTTt

3 KNjm
/05 KN

M=45x-15¢%+105<x-5>+15<x-5>

4skM
Elastic curve and slope:
2
Elizr =M=45x—15%+10.5<x-5>+ 1.5<x—5>

EI% =2.25¢ -0.58 +5.25<x-5>% + 05<x-5>> + C @

Elv=0.75"-0.125x" +1.75<x-55> + 0.125<x~5>* + Cix+C; (@)

Boundary conditions:
v=0 at x=0
From Eq. (2), C; =0

v=0 at x=5
0=93.75-78.125+5C,;
C, =-3.125

i —l—[2.25x2 —0.5%8° +525<x—5>% +0.5<x—5>% - 3.125] kN - m® Ans

dx EI

v= ElI[0.75x3 —0.125x" +1.75 <x-5>> + 0.125<x—-5>* - 3.125x] kN-m®>  Ans
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12-43. Determine the equation of the elastic curve.
Specify the slope at A and the displacement at C. EI is
constant.

a a |
Wa
e
Support Reactions and Elastic Curve: As shown on FBD, ! H
Moment Function: Using the discontinuity function, 1 \‘{’ """"""""
a 3a
3 w w < <
M= 2wa<x-0>-" cx— 2_(___) 32 1
Jva<x-0> 5 <* 0> 5 )<x-a> _‘_;3_1‘].0v ZWe
_3wa  w, 2
= Tx—?_x +=<x-a>
w

Slope and Elastic Curve:

z M~
g0 m 1 EEEEER

Eldzv L 3wa wx2+w<x—a>2 a T <« |
a7 A L
dv 3wa, w3 W 3
— = - +—<x-a> +( m
HE=%7"76""% !
wa 3 w4 w 4
=—x -= —<x-a> + Cix+C, 2]
Elv Bx T +24 x \ 2
Boundary Conditions:
v=0a x=0 - FromEq.[2], C,=0

v=0atx=2a From Eq.[2],

0= 18?(24)’ - %(2a)‘+%(2a—a)‘+c, (24)

The Slope: Substituting the value of C, into Eq.[1],

Q=L{18a2—&’+8<x—a>3-903}
dx 48FE]
dv w 3 3wa®
=2 =2 (0-0+0-9d}=- Ans
0= Flimo 48EI{ Y= Tem

The Elastic Curve: Substiuting the values of C,and C, into Eq.[2],

w
v=m’{6ar3—2x‘+2<x—a>'-9a’x} Ans

Swa*

43K Ans

Ve=vl,,= é{{6a‘—2¢z'+0—9a‘}=—
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*12-44. Determine the equation of the elastic curve.
Specify the slopes at A and B. EI is constant.

“:f__
=

a a |
Va.
Support Reactions and Elastic Curve: As shown on FBD. o f—--- )
H 4 i
S —
Moment Function: Using the discontnuity function, £ o~ .
3 a 3Sa
M=Zwa<x-0>- % cx-05*~ (—!)<x-a>2 < 2 ,
4 2 2 —5—7{ Z-w'a,
_3wa w LW K Palatad
=t g <* a
Slope and Elastic Curve: w
Ela'zv_ [ J
r i i
d&lv 3
_T:_wfx—!xz-}-—“:(x—a)z a T a |
At 4 20 2 N +Wa
dv  3wa, w,_'”w< S (] 4 v
—=—x"—=x"+—<x-a
dr 8 6 6 !
Hv:ﬂxj-:v—x‘+z-<x—a>‘+C,x+C2 [2]
8 24 24

Boundary Conditions:
v=0at x=0. FromEq.[2], C, =0
v=0atx=2a From Eq.[2],

wa w w
0= —B—(Za)’ --2-5(211)‘%2—4(2a-a)‘+cl (2a)

3wa’

C, =——
! 16

The Slope: Substituting the value of C, into Eq.[1],

dv _ w 2 o3 3 3
Ex——“-—EI{ISQ 8" +8<x-a> -9a’}
6= < (0-0+0-9ay =22 Ans
™ Ty = tem
6, = i"f = _w_{180(2a)2-8(2a)3+8(2a—a)3-9a3}
d( x=2a 48E]
3
=7wa Ans
48EI

The Elastic Curve: Substituting the values of C;and C, into Eq.[2],

u==-i—(6mc’—2x‘+2<x—a>‘-9a3x} Ans
48E]
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12-45. The beam is subjected to the load shown.
Determine the equation of the elastic curve. EI is constant.

20 kN 20 kN

| —— BI
|

Pl
1.5 m— 3m 1.5m

2 kP 20 KN

= -20<x-0>-(-20) <x-1.5>-(-20) <x-4.5>
= -20x+ 20<x—-1.5> + 20<x—-4.5>

e
I S E—

dzv [

E’EI— =M Tem 3m 7 <m

AL 20 KN

d*v

EIF = —20x +20<x-15>+20<x-45>

El% = - 108 + 10<x-1.55+10<x-4.5>* + C 6}

Elv = — 139;8 + %)<x—l.5>3 +-1§9<x—4.5 S+ G @

Boundary conditions:

Due to symmetry, at x=3m, ::x_v =0

From Eq. (1),
0=-103%) +10(1.5> +0+ C;; C, = 615

Atx=15m, v =0

From Eq. (2),
0= —139(1.5)3 +0+0+67.5(15) +Cy; C = -900

Hence,

1[—5)):3 + 19<x~1.5>’+139<x—4.5>3 +67.5x-90|kN m® Ans

EI
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12-46. The beam is subjected to the load shown.
Determine the equations of the slope and elastic curve. EI
is constant.

2kN/m 8 kN'm

Sm 3m
2(5)=10-0 kN 8k
[ B hn 1
Support Reactions and Elastic Curve: As shown on FBD. = \.«\' =< j]
Moment Function: Using the discontinuity function, 25m T 25m 3m
020 kNl 178 kN
1
M=0200<x-0>- %(2) <x-0>%- 5(—2) <x-5>%- (-17.8) <x=5>
=0200x-x*+<x-5>+17.8<x-5> g
2 kafm
Slope and Elastic Curve: 3111 11 1] 1]
d*v
E 7 =M 2kN/m
5m m 7|
d? 020 kN
Hﬁ=0.2w—xz+<x—5>z+l7.8<x—5> k ’7“’3
dv
B — =0.100x> ~0.3333x* +0.3333 <x - 557 + 890 <x-5>2 + C, (1]

Elv =0.03333x° - 0.08333x* +0.08333 < x = 5 >* + 29667 <x-5>’+ C,x+C, (2]
Boundary Conditions:
v=0a x=0. FromEq.[2], C, =0

v=0atx=5m. From Eq.[2],

0=0.03333(5%) -0.08333(5*) +0+0+C, (5)
C, =9.5833

The Slope: Substituting the value of C, into Eq.[1],

dv 1
= =g {01007 ~0333x7+0333 <x =55 +890 < x-5>% + 958} kN-m’ Ans

The Elastic Curve: Substituting the values of C; and C, into Eq.[2],

1
v=r {0.03335* - 0.0833x* +0.0833 < x =5 > + 297 <x-5>" + 958} KN-m’ Ans
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12-47. The beam is subjected to the load shown.

Determine the slope at A and the displacement at C. EI is 2 kN/m S kN-m
A ia: C
B =2

constant. l
Y Y VY VYV VYVYVYY v .

Sm 3m
Support Reactions and Elastic Curve: As shown on FBD.
Moment Function: Using the discontinuity function,
1 , 1 )
M=0.200<x—0>—§(2) <x-0> —5(—2) <x=5>"-(-17.8) <x-5>
=0200r-x*+<x-5>*+17.8<x~5>
Slope and Elastic Curve:
d*v
Hga=M
d*v 2 2
El — =0.200x-x"+<x=5>"+17.8<x-5>
P}
dv
Bl = 0.100x* - 0.3333x° +0.3333 < x =5 >’ +8.90 < x = 5 >? +C, (1
EI'v =0.03333x° - 0.08333x* + 0.08333 < x = 5 >* +2.9667 < x- 5§ > +C, x + C, (2

Boundary Conditions: 2(5)=10-0 kAl Bk
poss====f~=—="" A l

v=0atx=0. FromEq.[2], C, =0 L i
r RN - ]

v=0ax=5m  FromEq.[2], J 1

25m T 25m 3m |
0=0.03333(5*) -0.08333(5*) +0+0+C, () 020 kN 178
C, =9.5833
8KA

The Slope: Substituting the value of C, into Eq.[1],

dv 1

2 kA|m
[TTTTITIE]
=

== El{o.xooﬁ —0.33332° 403333 <x—5>’ 4890 <x-5>? 49.583} kN .m’ ]
FTTi1
2 kN]m |
dv 1 9.58 kN - m? 3 zm |
6, =I1“0 =E-1(0—0+0+0+9.583}=———E-[—‘ Ans 020 kN m []5/0/

The Elastic Curve: Substituting the values of C;and C; into Eq.[2],
v= é{o.omsx’ ~0.08333x* +0.08333 < x =5 >* +2.9667 <x 5>’ +9.583x } kN-m

Ve = v |x-!m
= lﬂ{o,oms( 8%) —0.08333(8") +0.08333(8 - 5)* +2.9667(8-5) +9.583(8) }

161 kN - m?
El

Ans
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*12-48. The beam is subjected to the load shown.
Determine the equation of the elastic curve.

8 kip /ft

| 9 ft ‘

Support Reactions and Elastic Curve: As shown on FBD.

Moment Function: Using the discontinuity function,

8
——%(8)<x—0>z— -61-(-5)<x—6>’ —(-88) <x—-6>

4
=—4x2+§7<x—6>’+88<x—6>

Slope and Elastic Curve :

2
Y _m
dxz
d? 4
Ela;g-=4x2+ﬁ<x-6>3+88<x-6>
i e)=4g0 Kip 38)9)=36.0kp
A B _ 4 _ 2
=7 +27<x 6> +44<x-6>"+C, (1 e e N
EIu=—-x‘+—<x—6>’+4—4<x—6>’+cx+C (2] = = —=
37 7135 3 ! : T
Boundary Conditions: |3 T35 35T €5 ¥
88okp  FOKP
v=0atx=6ft FromEq.[2],
1 8 kiplit
=—-3(6‘) +0+0+C, (6)+C,
432=6C, +C, (3] %
- 8Lip/tt
v=0at x=15ft From Eq.[2], fe 7%
85 ki 0k
o—-l(xs‘)+ L 1s-6+ 2 1s-6+¢,(15)+ ’ o
3 135 3 ! :
5745.6 = 15C, +C, [4]
Solving Eqgs.[3] and [4] yields,
C, =590.4 C, =-3110.4

The Elastic Curve: Substituting the values of C, and G, into Eq.[2],

1
v= E{—o.333x‘+o.oo741 <x-6>"+147<x-6>"+590x-3110} kip-f’  Ans
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12-49. Determine the displacement at C and the slope at
A of the beam.

Support Reactions and Elastic Curve: As shown on FBD. 8 kip /1t
Moment Function: Using the discontinuity function, Y Y VYV Y Y VY
ct N\ B
M 1 2 1 8 3 b yh
=—§(8)<x—0> —g(—§)<x-—6> -(-88) <x-6> AL
2, 4 3 *
==dx"+ —<x-6> +88<x-6>
2 6 ft ‘ 9 ft |
Slope and Elastic Curve:
d*v
B =M
d*v 4
EIE =—4x2+§;; <x-6>"+88<x-6>
dv 4
Elz=—-3-X3+%<x-6>‘+44<1—6>2+cl (1
1 1 4
Elu=—§x‘+l--<;c-6>’+--<x-<s>’+c,x+c:z (21
35 3 Ke)=ago kip 48)9)=36.0kp
Boundary Conditions:
v=0atx=6ft FromEq.[2],
1, [2peTaseT3sct &t ¥ .
0= 3(5)+o+o+cl (6)+C, 860 kip 4-0kip
432=6C, +C, (3]
v=0atx=15ft From Eq.[2], 8 kiplit
1 1 4 |
0=-=(15") + —(15-6)"+ —(15-6)°
3(15) + 35 (15-6°+ 2(15-6"+ (194, L gLiplse
5745.6 = 15C, +C, (4] efe 97¢ ¥
ki 0k,
Solving Egs.[3] and [4] yields, ke 4 F
C, =590.4 C, =-3110.4

The Slope: Substitute the value of C, into Eq.[1],

dv 1[4, 1 4 2 PR
—_—= i —<x- -6>" +590.4; kip- ft
= EI{ 3x +27<x 6> +44<x p
dv 1{4,, 302 kip - ft2
=— = —{—0 b=
0, o EI{ 3(6)+0+0+590 } = Ans

The Elastic Curve: Substitute the values of C;and C, into Eq.[2],

11, 1 s 44 3 e
=—{— —_—<x- —<x- 590.4x - 3110.4; kip - f
v EI{ 3x+135<x 6>+3<x 6> + 3 p-ft
3110 kip- fe*

1
uc=u|,_°=E(—o+o+o+0-3uo,4)kip-rz’= =
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12-50. Determine the equation of the elastic curve. Specify w
the slope at A. ET is constant.
¥ v Y Y VY Y .
C A\
4 ol
X
L \ L |
M= --%w<x'—0>2 - (~-3—¥-£)<x—L> - (—%w)<x—L>z
LN I D S B
2 2 2
2
Elid;:-' =M Lt 45 g
I ) T
o 1. e | z [TIrrrIrrn
El — =—=wx" + ——=<x=L> + -w<x-L> ; l
dx? 2 2 LTIl
v
d 3wt
EII:-' = -%’x’ + 3 st %’<x—L>3 +C m = %"
W 4 wl 3 w q
Elv = =—x + — <x~L> + —<x~-L + C
24 2 x 2 X > 1x+ C (3]
Boundary conditions :
Atx =L v=20
From Eq. (2),
w
= '52“ +GL+ G 16)
Atx=2L, v=0
From Eq. (2),
L w
0= —-‘1 2L 4 LV_ - 3 — - 4
24( ) + n (2L - L) + 24(2L L) + 2Ly + G
4
0= -:-;-‘381'—+2LC. + C; @)
Solving Egs. (3) and (4) yields :
3 4
G =" =-IL
3 24
The elastic curve :
= .]_[_..”i,‘ LD I Y oex-L>* 4 L"_Eix_ ZW—L‘] Ans
ElI' 24 4 24 3 24
At x = L, from Eq. (1),
dv w L3
El— = -Zp° il
= . +0+0+ 3
6, = wlL?
4~ GEI Ans
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12-51. Determine the equation of the elastic curve. Specify w
the deflection at C. ET is constant.

1
= —%w<x-0>2 - (—3:—L)<1—L> —(—Ew)<x—L>z

= —%wxz e s -;w<x-l.>’

P P S S Ly S dwex-L>?
dx? 2 2 2

P L R Ny S . DSV SR, )
. dx 6 4 6

Elv= -2 e Y csol> + Xaxal> +Cx+ G @
w3 2

Boundary conditions:
Atx=Lv=0

From Eq. (2),
0= L' + CL+ G 3)
2

Atx=2L,v=0

From Eq. (2),
w . wlL 3. W 4

0= ——(2L) + —(2L -~ L)’ + —(2L -~ L)" + C,(2L) + C;
52D+ QL=+ 2EL- D' @ + 6

4
0=-2%L—+2LC,+C1 4)

Solving Eqs. (3) and (4) yields:
wlL? c TwL*

C = == = o e—
' 2 24
L 3 w 4 Wl.3 7WL‘
= e[oex’ = <x-L + = <x=~L> + —x — — Ans
V=gt Yy Rk e 3 2 )
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*12-52. Determine the equation of the elastic curve. w
Specify the slope at B. EI is constant.

M= —%w<x—0>z —(—21;’—L)<x—1_> -(—%w)<x—L>z

= -~lwx2 + 2111<x—L> + -l-w<x—L>2
2 2 2

d*v 1 3wl 1 2
El o =—mwx® + —— <x-L> + —w<x=L>
A z I
dv wai 3wl _r a2 w_ o 3
El]l — = —-6-x +—4——<I L> +E<x L> +C (1) 3WL wilL
Z 2

Elv= -2+ ¥ cals? ¢ XaxL> + Cx+ G )
24 4 24

Boundary conditions:
Atx =L v=20

From Eq. (2),
0= -1 +CL+C 3)
24

Atx=2L, v=0

From Eq. (2),
w 4 wlL 3 w 4

0= -—(Q2L)" + —QL - LY + —(2L ~ L)" + C,(2L) + C
24( ) 4( ) 24( ) 1(2L) 2

4
0= --31;‘-\»2Lc. + G )

Solving Egs. (3) and (4) yields:
wL? c TwlL*

C, = ——, P = = —

3 24

= —l-[-lx‘ LY S N AP SR L
El' 24 4 24 3 24

From Eq. (1), at x = 2L,

dv w 3 3wl 2 w3 W .3
El— =~ —=(2L)" + ~—(L)* + —(L)" + —(L
= 6() 4() 6() 3()
3
0.-.--.W_L_ Ans
12E1
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12-53, The shaft is made of steel and has a diameter of
15 mm. Determine its maximum deflection. The bearings at
A and B exert only vertical reactions on the shaft.
Ey = 200 GPa.

t - 8
| w J
M= ~(~201.43) < x~0>~250< x-0.2> - 80 <x-0.5 > A
M =201.43x-250 < x-0.2> — 80 < x~0.5 > Zoomm | oo mm | Eosma v
201937 259N o 12857
Elastic curve and slope:
2

EIZ—; =M =201.43x-250 < x-0.2> - 80 <x~0.5 >

El% =100.728 - 125 < x~0.2>% - 40 < x-0.5>> + C,

Elv=3372¢-41.67<x~-0.2>" 1333 <x-05>’ + C,x+C; (n
Boundary conditions:

v=0 at x=0
From Eq. (1)

Cz =0

v=0 a x=07m
0=11.515-5.2083-0.1067 +0.7C,
C, =-8.857

dav 1

5* Ei[ 100.72¢ - 125 < x~ 0.2 >? ~ 40 < x~ 0.5 >* - 8.857]

ASSUME Vp,, Occurs at 0.2 m < x <0.5m

dv 1 2 2
—=0=—[100.72x°~ 1 -0.2)° - 8.
= = EI[ 25(x-0.2)" - 8.857)

24.28x ~ S0x+13.857 =0
x=0.3300m OK

e I?!;(33.57):’ —41.67 <x-02> ~13.33 <x-0.5 >* - 8.857x]

Substitute x = 0.3300 m into the elastic curve :
1808 N-m’ _ 1.808
El 200(10°)7(0.0075)*

Voax =

=~0.00364 = -3.64 mm Ans

The negative sign indicates downward displacement,
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12-54. Determine the slope and deflection at C. EI is

constant. .
15 kip
|
30 ft | 15 ft |
184
O, = ~——=
“" 30
1(~225 -33 750
= = |~— 1(30)(10) = ——
o 2(51 )( 0 =~
1125
Oy = —
AT TE
1(=225 1(=225 -5062.5 _ 5062.5
Oc/a = = |——1(30 -———-) 15) = ——— = ——=
o 2(151 )( )+2( ) w El

B¢ = Oc/p+ 64

6c=22022 1180 Ans
EI  E  E

45
Ac= - —|
c =ltcul 30' tasal

1( 225 1 225) 101 250
tesn = = |~ 222)(30)(25) + = |- == (15)(10) = ———==
c/A 2( EI)( )(25) 2( EI( )(10) 7,
A = 101250 45(33 750) 50625

c = - | = ns
EI 30\ EI EI

12-55. Determine the slope and deflection at B. EI is P
constant. l
P g .
\ A : B
PLQM 8 . L \
Py _L

™ f
: E — Tan A
Ass BRINNCIVA
33 - \ o,

(
e tans

£l
1(-PL -PI*} PL?
= |l l(L) = —— = —
Oaua 2( EI)( ) = 2E T 2
O3 = Oga = 0,
2 2
= PL 0= PL Ans
2EI 2EI
1(-PL\ (2
Ap = ltgal = = —=WD)| 2 L
8 = ltpal 2( B )( )(3 ))
3
= f-L— Ans
3EI
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*12-56. If the bearings exert only vertical reactions on the
shaft, determine the slope at the bearings and the maximum
deflection of the shaft. ET is constant.

A Mo C X Mo
§ o ]
L

2|~

L
L i M, F
2

Support Reactions and Elastic Curve: As shown.
M/EI Diagram: As shown.

Moment - Area Theorems:

G-

M,y L?
T 24E E‘NIL
MoL? %QI.
6, = __”C/AI = —1&7 = .—.MOL Ans E_IEELX' )
4 L L 24E
T i L]Lx_
In a similar manner, °
x
M,L
6.=6, =—— -Mo
CT U T aE Ans 2EI
The maximum displacement occurs at point D, where 8, = 0. The maximum displacement is,
1M M,
6, = — =0 42 1 M, 3 3 )2
A 2(511_’](‘) 28" Buax =fom =3 (H—Z) ‘/?_L 1/6:1. (3) —‘/;L
Oy =6, +6p _ ﬁMQ L? A
MyL M, 216E1 ns
sy 702 x = \/_5 L
24E1  2EIL 6
12-57. Determine the slope at B and the deflection at C. P
El is constant.
MO = Pa
A B
3 HoPo j' //. |
hY
(e c | |
I 1 ] a : a |
"' Y L a 1
4,
(9¢
= o tana
'an C
# tos
1 |
1
'
¥ i3
1(-Pa 1[ 3Pa 2Pa
= 6, = | c— - — o —
aiA 2(51)(’) 2[ El EI]( )
a2
- 3Pa Ans
ElI
1 ~2Pa 2 1\~Pa
= e — + - | —
30(5)@ S(a)[(z) u}“"
3
- AP Ans
3E1
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12-58. Determine the slope at C and the deflection at B. P
El is constant. M, - Pa l
A s i B
P T |
C
zpa ,P < Pn\ j a \ a 1
K ] 1
Al [ 18
M a T a |

( ZPa) 1 ( Pa) 5Pa* _ 5Pa’
Ocip = |———]a + ~|——la = — =

El 2\ EI 2EI 2EI
6c = Ocia
2
o = SPa” n
2E]
1( Pa 2a 1( Pa 2a 2Pa a
Ag = |t = =|—— — |+ == + — |+ |[——|(a)|a + -
s = el 2( El)(a)(3) 2( El)a(a 3) ( EI)( )( 2)
3
- 25Pa Ans
6EI

12-59. The 120-Ib gymnast stands on the center of the simply
supported balance beam. If the beam is made of wood and
has the cross section shown, determine the maximum bending
stress in the beam and its maximum deflection. The supports i
at A and B are assumed to be rigid. E,, = 1.6(10%) ksi. 6in. 317

3in. T

Sin.

_ZyA _303)(6)+2(1) (2)(6) _

A AN & VA AN T T ¥
T T T 30+106 "
1
I= -1—2-(3)(6’) +3(6)(3-2.75)°
1 w1 e 2 [ ]

+§(2)(6 ) +3(2(6)(275-2) X3 < T8

=705 in* 950 T 9k
60-0 1p 60-01b

Support Reaction and Elastic Curve: As shown.

M/EI Diagram: As shown. ;@ B -]
{‘/C \‘\\ /_,4‘ T

Moment - Area Theorems: Due to symmetry, the slope at tanc
midspan (point C) is zero. Hence,
M
I
17540 5 2%
Apu =tayc =6 E(E)(Q)J
_ 145801b- ¢
- EI { X (Ft)
° 9 8
14580(1728)

= _=0.223in. |
T60(105) (70.5) ~ 231 Ans
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*#12-60. The shaft is supported by a journal bearing at A,
which exerts only vertical reactions on the shaft, and by a
thrust bearing at B, which exerts both horizontal and
vertical reactions on the shaft. Determine the slope of the
shaft at the bearings. EI is constant.

Support Reactions and Elastic Curve: As shown.
M/EI Diagram : As shown.

Moment - Area Theorems:

17 320 17320
fora = 5(—5)(12>(s>+5(ﬁ)uz>(m4)

_ 15360 1b - in®
N E
' 153601bia’ 640 1b - in?
g, = Ll _ T - Ans
L 24in El
In a similar manner,
640 Ib - in?
6y =6, = 5 Ans

80 1b
A 4in.
4in.
‘ 80 1b i
‘ 12in. -‘L 12in |
80 b
=
C —
AT som 4in- e
1
Rin. T /2/m
667 14 26.6714
+tan 8

12-61. The beam is subjected to the loading shown.
Determine the slope at A and the displacement at C. Assume
the support at A is a pin and B is a roller. £/ is constant.

Support Reactions and Elastic Curve: As shown.

M/EI Diagram: As shown.

Moment - Area Theorems: Due to symmetry, the slope at
midspan (point C) is zero. Hence the slope at A is

1/3Pa 3Pa 1/ Pa
6, =64c= 5(2—5-1—)(0) +(7E—l)(a) +E(EEI)(G)
_ 5Pa?
T2

The displacement at C is

e YY) (e

+1 Pa 2a
E(Ez)(“’(‘”?)
_ 19Pa

37 1 Ans

— o
—F—je——>
H——0

A ]
| ¢ | B
| a a | a
2P 3p
< =
'ﬁa.nA
N
= — =|
e Ve e A
anc Ac
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12-62. The rod is constructed from two shafts for which
the moment of inertia of AB is I and of BC is 2I. Determine
the maximum slope and deflection of the rod due to the

=W

loading. The modulus of elasticity is E.

L L
! 2 ‘ 2
(—PL)(L) 1(—?1,)(1.) (—PL)(L) -spL? sPL‘
Oyc = = + | — -] =
2EI 2\ 4E1)\2 aEI\2)  16EI  16EI
P
04 = s”c + 9(_-
al ‘::F
"7—‘1"7—"‘:")& SPL? _ sl
2 % Omazx = 04 = — + A
) mex = UM = TeEI T 16EI td
Apax = 84 = I‘AICI
-GRG 3 GEEGE 3 GEEE 3
2EI)\2 3)  2\4EI 3 4E1\2)\2 " 4
3
. . L
t 16ET

12-63. Determine the deflection and slope at C. EI is
constant.

B c
| Mo
|

L i L \
MoL
=z D)=y = -T2~
a 2( )( )()() s
Ac =|tc/al =2l tpal
L —Mo) (L) M, L*
= L ) py(2) = -0
e = 2( )( )( ) (51 25 6ET
2 2
Ac= M, L? (2)(M0L)=5M0L Ans
6E1 6EI 6EI
0 |28al _ M(,L
= LAl
L 6EI
1 My (Mo) ML 3M,L
Ocm = =[-Ho )L L)= =
c/ 2( EI)( =) P =" 2mr T 2m
Oc = 0csa+ 6,4
6 = Mol _MoL _ aMyL Ans

M,
[= s c M
‘1) :
% %
. .
M,
e
N
8 Iy
\ == i'/h t
-~ I ‘Ii
AN A
lan g \c_]__
)
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*12-64. If the bearings at A and B exert only vertical

reactions on the shaft, determine the slope at A. EI is
constant.

M, M,
A B o ‘
=0 N
MO ﬂ
Lia 1 2a 1 a‘J " o

M/EI Diagram: As shown.

o 3 A b
22
Moment-Area Theorems: V V—

Mg -M.
L M, 20\ 1/M, a <EL <FL
wn =3(35)(3 )+ 3(zg )@ (o+3)
M, 2a\ 1(M
+1(—-i)(a)(wf—)+-(—i)(a)(3a+‘—’) tan8
2\ 2E 3 ) 22H 3
_M,a 7
"~ 3E ¢ ;
A K/A
The slope at A is
a*
6. = %814l _ A’;%"T _ Mga Ans
= aal _3Er Dol
L 4a  12H tan A

12-65. If the bearings at A and B exert only vertical

M, M,
reactions on the shaft, determine the slope at C. EI is A B
constant. %
C D
Support Reactions and Elastic Curve: As shown. ¢

M/EI Diagram: As shown.

Moment - Area Theorems:

i ) o)

Yol 2o i)

_M,a?

T 3E
1M, Mya
Oy = = =2 (@) = =22
cra 2(251)(“) aE

The slope at C is,

6c =6, +6c,
Mya Mya Mgya
Em——t — = —
2B 3" "o’ Ans
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12-66. Determine the deflection at C and the slope of the
beam at A, B, and C. EI is constant.

4 5 8 kN'm
0 |
I 6m T 3m |
1/~8 —48
twa = = ~ (6)2) = ~——
wa z(m)( =2
1(-8 -8 -156
=263 +2) + =|(3)1.5) = =2
fera 2(51)( K3+2 (EI)( 5=
9 156 9(48) 84
Ac = - =t T e e I e A
c =ltc/al 6|u4| £ 6ED - El ns
9A='tB/A|=_8__ Ans
6 EI
1/-8 24 24
[7) =—(—-)6 B e— I —
= &) ' T Em
6p = Opa + 64
24 8 _16 M
=22 A
=% El EI ns 3
]
1/-8 -8 —48 48 !
Ocnm = =|O)+ =)@ ="2 =8
< 2(51)() (El)() EI EI
I
Oc = B¢ + 64
o--8_8 420 Ans
EI EI EI
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12-67. The bar is supported by the roller constraint at C, P
which allows vertical displacement but resists axial load
and moment. If the bar is subjected to the loading shown,

determine the slope and displacement at A. EI is constant. B c
A 2
Support Reactions and Elastic Curve: As shown. ‘
a i 2a
M/EI Diagram: As shown.
Moment - Area Theorems:
Pa 1/ Pa 5Pa? P
Baic = (_E)(ZG) + i(-.ﬂ—)(a) ==E
Pa _2pra <
tgc = ('EJ(Z") (a) = = 4 'I _ {l > Pa
Pa 1/ Pa 2 13Pa*
e =(-5 |20 a+5(-5 J@(3e)=-55 et
Due to the moment constraint, the slope at support C is zero. Hence,
the slope at A is
Tans M
5Pa? z
8, =184l = 73 Ans tanc 4 — £
Oalc //t:c '
and the displacement at A is | o —— “ s
Ay 3
Ay =ltascl = ltsicl —_— 2
3 3 3 e
= Bi - Zﬁ = 7& l Ans EI
3EI EI 3EI -tan A
*12-68. The acrobat has a weight of 150 b, and suspends 15t
himself uniformly from the center of the high bar. rf 3t~ 31t ﬂ
Determine the maximum bending stress in the pipe (bar) = 0 = —
and its maximum deflection. The pipe is made of L2 steel A B
and has an outer diameter of 1 in. and a wall thickness of
0.125 in.
Mpox =75(3) =2251b-ft
P — o
I= 4-”(0.5‘ - 0.375%) = 0033556 in*
Oy = ME2BUDO) _ 454 Ans
1 0.033556 ¢
402ksi < oy=102ksi OK g A———
Tl 758 756 TSTé £z N
225 1225 1244.53 1b - £ S
A = tyc= (——-—) 0.75)(3.375) + -(—) IH2) = —— S
max A/ C EI( )( ) ZEI()() El /—\
3 LY S e = I
max = _“—_‘——‘1244‘53(12 ) = 2.211in. Ans - = = ' F 075 f¢
29(10%)(0.033556)
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12-69. Determine the value of a so that the displacement P
at Cis equal to zero. EI is constant. l
A

[— T
a
o]

Moment - Area Theorems:

1/7PLN/LN\/L PL3
() = lture)y = i(m)(i)(§)=rsa

(t50); = %(—‘;—‘;)(L) GL) - —f;-"g { ((Ac),
a 2 =
O ORI T e —— ==)

T
2
1 ﬂp
Sy
Nt~
Y

L
tarc
1 1(Pal®\ S5Pal® Pal?
(Bg), = =1(8 - =rle—— |~ ==
c)y 2](5/4)z| [(tcia)] 2(3EI) 48] 16El tana
Require, Ac=0=(4A¢), - (Ac),
_PL’ Pal?
T 48EI 16EI
at A
=3 ns

| {8
l— ) Il
[Ta L T L
2 z L
_P L
n 2 <
E
pL
4EL
i) ; K
> t —
| a arL a+L
I[
C ~3l 8
L A
I a L v
pPlatl) Pa
VA L
ET

L
a 4?( AIIL
j
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12-70. The beam is made of a ceramic material. In order
to obtain its modulus of elasticity, it is subjected to the elastic
loading shown. If the moment of inertia is / and the beam has

Lo

a measured maximum deflection A, determine E. A|

I

p o

Moment - Area Theorems: Due to symmetry, the slope at
midspan (point £) is zero. Hence the maximum displacement is,

A _ _ Pa\/L-2a +L—2zz +l _}iq ( )(Za)
'"“"“E'(E)( 2 )(“ 4 ) E(ﬂ)“ 3
_ Pa 1,2
-N—E}(BL 4a*)

Require. A_,, =4, then,

Pa 2 a
== (3L%-4d"
A 24E1(3L a*)
= te (3L%-4d*) Ans
24A1

A= b
l A~
a L-2a | &«
P P
Tana

t — t—x
l a L e
12-71. Determine the maximum deflection of the shaft. | a L “ | a |
ElI'is constant. The bearings exert only vertical reactions on ‘ 2 ‘ ‘ 2 ‘
the shaft.
i =’
I I

& o= £ . '
af2 1 %l Gy U2
P P
(a)
= Zan A Am(
f‘/z o=
Tanc
Zz ¢
pa
ZEL
[
Amax =~ farc «
P
B9 2909
_ iire pns
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*12-72. The beam is subjected to the load P as shown.
Determine the magnitude of force F that must be applied at
the end of the overhang C so that the deflection at C is zero.
EIis constant. A

[—
o]
[ —— =

1/ Pa 1( Fa 2\ Pa® 2Fa®
=X P\ o @)+ LB\ ay20) = PL -
KL 2(251)( x"“z( EI)( )(3a) 2E1 3EI

tcra = %(%)(211)(2(1) + % (%)(2@ (a + .2_32) +

YY) - Pa’_2Fa’
2\ EI 3 EI EI

3
Ac =tc/a— 'Z'PB/A =0

Pa® _2Fd’ 3(}'{13 2Fa’)

v EI EI 2\2EI 3EI
-fa »
et F=— Ans

12-73. At what distance a should the bearing supports at P P
A and B be placed so that the deflection at the center of the

shaft is equal to the deflection at its ends? The bearings l A B l
exert only vertical reactions on the shaft. E7 is constant. | |

L

Support Reactions and Elastic Curve: As shown.

P 14
M/EI Diagram: As shown. j’

cx A —)

Moment - Area Theorems : Due to symmetry, the slope at C T —JJ
midspan (point £) is zero. |

e z2a | &

P P

we=(5 )T Tl E) o
Pu

=-—(3L%-4d")
2461

Ac =tergl = ltasel

Pa ; .2y Pa 2 M
=—(31-4a*) - —(L- £1
prie )-gg(t-2
Pa? La o
= — (3L-4a) of % i X
6E1
Require, Ay = A, then,
“Pa
I

Pa 2 Pa?

—(L-2a)%=—(3L-

sl =g B4
284" -24aL+3L* =0

a=0.152L Ans
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12-74. Determine the slope of the 50-mm-diameter A-36
steel shaft at the bearings at A and B. The bearings exert
only vertical reactions on the shaft.

500 mm

800 mm

7\1200 mm

&P
300 N i
300N

Support Reactions and Elastic Curve: As shown. I I —
A 18
M/EI Diagram: As shown. ’
o5m) o8m || 12Zm
Moment - Area Theorems: /056N 600N 1200A T+4N
toia = 1(892‘8 1208+~ (222)0.8) (14667 %—Sgﬂ'mfﬁghézx”m
e = 5(— J12 0. i(u)""' ) cssg
528 17528
+[ = |(0.8)(1.6) + =| = |(0.5)(2.1667 528 M-m
(5 Jomae+3(F Jos e 222
_ 1604.4N-m? | —
7 5 of.y + l»{; !x(m)

t, =1 8928 1.2)(1.7 +l 364.8 0.8) (1.0333
A/B—E(T)( 2)(L7) -2'(—5'.7-)( .8) (1. )

+(—5-2—8-)(08)(09 +l 328 0.5)(0.3333
= )08 09 E(E—)(JL )

_ 14856 N-m®
B El

The slopes at A and B are,

1604.4 N-m?
_ il _ = —
6,

L 2.5m
_ 64176 N-m?
- EI
641.76

~ 200( 10%) ( £) (0.025%)

=0.0105rad Ans

1485.6 N-m?
El

L 2.5m
59424 N m?
N EI
594.24

= =0.00968rad  Ans
200(10°) ( £) (0.025%)
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12-75. Determine the maximum deflection of the 50-mm-
diameter A-36 steel shaft. It is supported by bearings at its
ends A and B which only exert vertical reactions on the
shaft.

500 mm

800 mm

7\1200 mm

Moment - Area Theorems:

1/892.8 1/364.8 1 1
= o[ 22 1(1.2)(0.8) + = [ —— (0.8)(1.4667 —
toa = 5(— (1208 +5( 5 )0 (14667) ke =]
528 1528
+(E—)(O.8)(1.6)+5(E)(0.5)(2.l667) osn] obm | 12m r
0560
_ 1604.4N-m? / Gon  1zooN s
& £} s04n, 4565 0m
1604.4 N-m’ = Faugn
g, = Ml _ El =641.76N-m2 ZEI 2
ATTL 25m El
!
. H
The maximum displacement occurs at point E, where 6; = 0. °l o5 | 13 zgx(m)

17528 528 17456
0, = =| = |(o0. = —
ra 2(51)( 5”(5!)”2(51’)’
1 2
= —(228x* +528x +132 05m) X
= (2285 + 5285 4132) N tans
6 =0, +06, tl:r’ﬁ;q __:‘L—/ﬂi r
_641.76 St e
El

+El1(2zax’+szxx+132)
x =07333m<0.8m (0.K!)

The maximum displacement is,

1(528 528
Boas = Iyl = 3 (E)(O'S) (03333) + (-ET)(O.7333) (0.8666) Bana

17456 .
(£ 0. 19888
+2(H)(o7333)(o 888)

50076 N-m?

Er
500.76

~200010°) (%) (0.025%)
=0.00816l m=8.16 mm { Ans
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*12-76. Determine the slope of the 20-mm-diameter A-36 200 mm 300 | 500 |
steel shaft at the bearings at A and B. The bearings exert e mm ‘
i HD A C B
only vertical forces on the shaft. 4 Y .
el ;
Moment- Area Theorems: J'
1/ 34375 17 125.625 Y 350N
= =——— (0. . == 0.3)(0.7
ton = 5~ (0903333 + 5 Jonwon e
34.375
—— [(0.3)(0.65
+(-=5 Jon06s)
_22.75833 N-m?
-
? <
1/ 34375 17 125.625 1 A 1 8
== . . == 0.3)(0.1
e =5~ )(0 5)<04667)+2( = )( )(0.1) | — -8
34.375
+(— EI )(0'3) (0.13) 02m| 0:3m 0:5m
 7.44167N-m? Boon BTSN Feon 68750
- El B
EL
The slopes at A and B are,
' a2 il X (r
22.75833N-m’ ' T
9. = fgial _ ET ~24.375N-m
AL 0.8m £z
_ 28.448N-m? /o
T EH B
28.448

———————=00181rad Ans
200(10°) ( £) (0.014)

7.44167 N. m’
Bl

- "A/8| =
% L 0.8m
_ 9.302N-m?
N El
9.302
= —  =0.00592rad Ans
200(10°) ( £) (0.014)
12-77. Determine the displacement of the 20-mm-diameter 200
pace] 300 mm 500 mm
A-36 steel shaft at D. The bearings at A and B exert only
vertical reactions on the shaft. HD A C B
E ? |
Support Reactions and Elastic Curve: As shown. J'
M/EI Diagram: As shown. \/ 350N
800 N
Moment - Area Theorems:
o 1( 34375)(0 5 (0:6667) 125.625)(03)(03) 2 -
D3 = 5 7] . X -2-( . . I A j]
34.375 17 160 N
+ - 0.3) (0.35) + - [ —— ](0.2)(0.1333
( El )( ) )2( EI)( ) )
17.125 N-m? | ozm| 0:3m 0:5m
g Boon HBIEA Zson 68750
M
17 34375 17 125.625 EL
tag = 5[— )(0.5)(0.4667)+—(— )(0.3)(0.1)
7 sams ? o fr ¢ 2 oxe
_— 0. . T ]
+( = )( 3)(0.15)
7.44167 N-m’
- El
The displacement at D is,
Bp =|ipg| =] 1.25¢, .|
17.125
- _ 1.25(7‘44167) f%
El EI
_7823N-m’
ET
7.823
200(10°) ( £) (0.014)
=0.00498 m=4.98 mm | Ans
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12-78. The beam is subjected to the loading shown.

M
Determine the slope at B and deflection at C. E1 is constant. ’
A = | B
g : o
‘ c
| a i b |
The slope:
1 "Moa ( )
t, =
e 2[EI(a+b)J( )
1} Mob b
o=y (a+ 2)
2 EI( +b) 3
_ Mo(b® + 3ab® - 24°)
6El(a + b)
3 2 _ 53
95 - tasB = Mo(b + 3ab 2a ) Ans
a+b 6EI(a + b)?
The deflection:
_ Mob M,b®
ferm = 2[El(a+b))( )( ) 6El(a + b)
s
Apr = b & Mob
c = (m) e —lcm P
_ Mob (P +3ab® - 2a°) MP
6EI(a + b)? 6EI(a + b) ~ f
Moa b(b—a) —M,a
= 2 A EX(at
3El(a + b) e Extas)
12-79. Determine the slope at B and the displacement at P P P
C. The bearings at A and B exert only vertical reactions on
the shaft. E1 is constant. A D B c

Moment-Area Theorems: L a —+— a J—— a 4+— a J

6""’%( 251)( ot ( Pa)(a)_-%% o
i (e S
]

oS oler (ol TR
. 3 2
5(“)‘ ’( )

“©
o

il
ET
l7Pa
Y
o a 20 3o 4a
. . . T T T /r X
Due to symmetry, the slope at midspan (point D) is zero. Hence,
the slope at B is TP
A 2E1 = Pa
6 o 3Pa? A EL £1
s =16s/pl = “E ns
The displacement at C is \t‘MB (fg/p tnD
AT N
Ac =lteipl =gl | e
_17Pa® P o mn 2 ‘ & |
" T2E T3E ’ \ 1
13P£13 'ta,,C
= Ans
12E1
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*12-80. Determine the displacement at D and the slope at P P P
C. The bearings at A and B exert only vertical reactions on
the shaft. EI is constant. A D E c
\ a . a a . a \
Moment- Area Theorems:
1/ Pa Pa 1/ Pa S5Pa*
el ool e 5
e =3"m) 9 2m) 9 ') 9T E P p P
1/ Pa a Pa a Pa®
= - — )+ {-— )= A 2 8
a0 z( 251)“”(3%( 251)(")(2) 3H ¢
" e |
Ma a | a a |
Due to symmetry. the slope at midspan (point D) is zero. Hence, % 3P
the slope at C is <
S5Pa?
6c =16cpl = 2E Ans
The displacement at D is
Ap =tgpl = pa’ T A
o =gl = 3 ns
12-81. The two force components act on the tire of the 2 in.
automobile as shown. The tire is fixed to the axle, which is - 26 in.
supported by bearings at A and B. Determine the maximum g 2
deflection of the axle. Assume that the bearings resist only O
vertical loads. The thrust on the axle is resisted at C. The %é k% A
axle has a diameter of 1.25 in. and is made of A-36 steel. N C

Neglect the effect of axial load on deflection.
18 in.

_.1
222

7
&

-
g

Support Reactions and Elastic Curve: As shown. 7 i 200 1b
M/EI Diagram: As shown. 900 Ib
Moment-Area Theorems:
: -1(5400) 26 (26)'6084001b-1n’ L 26 i
ws =3\ 7w 3 f] oo bine A = *J] 200/b
4
608400 1b - in? oo\ F
g o lsl B _234001b-in? ORNTE B
ETTL T 26 T H
goo Ib 207.7 16
The maximum displacement occurs at point C, where 6, =0. £1

400 b, 100X 1bm:
. /ZEL
40k “ZEL

172700 103.846 , L %
%n =3(13m)0 =5 3400 r———t
i

0. =65 +6cs5 A pA Xén.;

23400 . 103.846
Er Er

x =15.0lin. <26in. (0.K!)

2
=- X

The maximum displacement is

172700 2 (2
A = | = = — 3 = X
max = el 2(lm)(ls o1 )(3)(15 01)

_ 234173.27

El
_ 234173.27

29.0(10%) (§) (0.625¢)
=0.0674in. 4 Ans
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12-82. The two A-36 steel bars have a thickness of 1 in. 4kip 4kip
and a width of 4 in. They are designed to act as a spring for

the machine which exerts a force of 4 kip on them at A

and B. If the supports exert only vertical forces on the bars,

determine the maximum deflection of the bottom bar.

A T T IJI B
For botgem pfal . I
457 4%° ~Fm r e e

A_ l gc l _8 k-12in. 36in. 12 in.

tr:p ‘Ix:p

5‘~\‘~_~_PE,_’ %]}‘
M Auer =t = (B\ag)9+ 12+ 1 B)a2)8
gl - . mes = tac =189+ 12)+ 2 )12)®)

T €r
4 I\L = 8 = i 8 =2.12in. Ans
I ' ' ' El  29(10°)35)X4)(1%)

12-83. Beams made of fiber-reinforced plastic may one S kip
day replace many of those made of A-36 steel since they are
one-fourth the weight of steel and are corrosion resistant. i
Using the table in Appendix B, with o0 = 22 ksi and

Taow = 12 ksi, select the lightest-weight steel wide-flange l
beam that will safely support the 5-kip load, then compute
its maximum deflection. What would be the maximum k 10 ft \ 10 ft ~
deflection of this beam if it were made of a fiber-reinforced

plastic with E,, = 18(10°) ksi and had the same moment of

inertia as the steel beam?

Muax = 25Kkip- ft

S kip
Sga = Mmaz _ U2 _ 436550 ' - °
Callow 22
2s ro0ft s0 ft
P ki
Select W12 x 14 4) ’
(S, =149in* I =88.6in’ = 1191in. & = 0.200in.) tana
ty ~oo ‘as ==~ 77
Check shear:
%‘ 25 tanc {b)
Toax = 222 = 22 = 105ksi < Taow = 12ksi OK vekip)
A, 11.91(0.200)
2.5
Use Wi12x 14 Ans
_ _ 1725 2 _ 833.33kip- f¢ id ]
Apax = ltwcl = 5(5)00)(—3-)(10) -t —
Forthe A-36 steel beam: )
3 i T
L BB
, 29(10°)(88.6) )
For fiber - reinforced plastic beam:
833.33(12%) .
= — = 0.903 in. Ans
T 18(10°)(88.6)
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*12-84. The simply supported shaft has a moment of
inertia of 27 for region BC and a moment of inertia 7 for
regions AB and CD. Determine the maximum deflection of
the shaft due to the load P. The modulus of elasticity is E.

Support Reactions and Elastic Curve: As shown.
M/EI Diagram: As shown.

Moment - Area Theorems: Due to symmetry, the slope at midspan
(point E) is zero. Hence,

A,n.x=&,s=;(l’;;,)(4)(b L)+( )53

%
= 256E1 Ans tana
]
tanE

R A
ey pa——y 1 7%
P
A b < D
| 1 1 !
L Tz
% + T P2
£ £

12-85. The A-36 steel shaft is used to support a rotor that
exerts a uniform load of 5 kN/m within the region CD of
the shaft. Determine the slope of the shaft at the bearings A

and B. The bearings exert only vertical reactions on the
shaft.

2Omm & KN

4 I.HtlHH.H 2

4omm

’

a% e et |?
ﬁ[/w,q Soe mmn 1s00
750" 750~

]
* P
perar '
= 'fanE
en

M Tany

33

4.
Op =Opp = —— = —

20 mm
100 mm

P —(—)(0 D+ (4 6875)(0 15)+ _(3.5156)(0 15)= 4.805

4.805

Ans

SkN/m

IERERERE 4

] D
40 mm 20 mm
300 mm 100 mm

$)50.01)

EI

=0.00306 rad = 0.175°
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12-86. The beam is subjected to the loading shown.
Determine the slope at B and deflection at C. EI is constant.

2 2 3
Oy = WO (By 2 waly o Twa”
e =612 32 " e

2 wa

Twa®
12E1

Ans

0p = 6p/c =

2 2
Ac =ty = wa_a +f +3 wa_ é
¢ =tyc 2El(2)(a 4) 3(2EI)(a)(8a)

_ 25wa*

= An
——t 48ET g

a

12-87. Determine the slope of the shaft at A and the
deflection at D. EI is constant. 4 EL quﬁ Bﬁ Dqﬁ
e
P P

Support Reactions and Elastic Curve: As shown. A 21 8 2

M/EI Diagram: As shown.

Moment - Area Theorems: @ + 2P * 04
P P
. 1( Pa)(a)(a)_ P el
#a U E ) T\3)T TeEr
a 21‘" 3a

. 0 , , Fx
. _l__Pa() +a+l_Pa 2 _Pal
ou =305 o (+5)*3(-5 )@ (59)= 5

Pz
The slope at A is EL
P =|13M|=£§=Pa’ Ans
L 22 128

The displacement at D is

Ap =|tpal = g’am
Pa® 3(Pa®
TE 5(651) .
= Elfa: Ans \—_
aE] tan o
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*12-88. Determine the slope at B and the displacement

. . 5 ki
at C. The member is an A-36 steel structural tee for which P )
_ -y | 1.5 kip /ft
o bbby bbbyl
5 a B
: . A ! "
Support Reactions and Elastic Curve: As shown. ‘ ‘ c
. . . . T 31t T 3 ft —l
M/EI Diagrams: The M/EI diagrarus for the uniform distributed load
and concentrated load are drawn separately as shown.
skip
Moment- Area Theorems: Due to symmetry, the slope at midspan l
C is zero. Hence the slope at B is ‘i—l.sfé):?-o Kip
| S iubiideiatis |
A i g
177.50 2(6.75 |
o =1oncl =35 )0 +5(7 ) I
_ 24.75kip- f? 3f¢ T 3f
—a 70 kip 7okip
_2475(144)
7 29.0(10°)(76.8)
=0.00160 rad Ans Le’ tan8
NI
ot
The dispacement at C is §’3\ < A‘l /{ﬁm t
""""""""" (Y3
( tanc
177.50 2 2(6.75 5
se=tcl =5(5 )5 )3 () (3)@ - G
_ 47.8125kip- 5 75_2/:_&
- E
_ 47.8125(1728)
29.0(10%)(76.8) 5 : +—x{t)
=0.0371in. Ans 2 ¢
'5\' 675 A:.'e.é
T Ez
} $—X ($i
° 3 ¢
12-89. The W8 X 48 cantilevered beam is made of A-36 12 kip
steel and is subjected to the loading shown. Determine the
displacement at its end A.
2 kip-ft
I i
A ‘ ‘ C B
‘ 8 ft 1 8 ft
Elastic Curve: The elastic curves for the concentrated load and couple
moment are drawn separately as shown.
|z kip
Method of Superposition: Using the table in Appendix C, the 1 2Epft
required slope and displacement are ¢ 14' ié 5
H %) 1638.4kip -’ 1. B
PLi; _12(16) _16384kip-f | et J
=_A8 _ = t &ft
A =3y = 3 El " "
A MyL3c 2(8%) _64.0kip-fi
O:==g 25 - &' 12 kip
0. < Molsc _2(3) _ 160 kip - f2
6r="F ~H " =m
640 160 192 kip - f® f _-_,..E
(80)z =)y + @ loc =g+ (= —F— ¢ @&
The displacement at A is +
=80, +(8), (el 2 Hirte
_ 16384 192 L D
S =g H (A‘I =T,
_ 18304 kip- f© A
- E
_ 1830.4(1728) -0593in. L Ans
29.0(10%)(184)
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12-90. The W8 X 48 cantilevered beam is made of A-36

. . . . 1.2 ki
steel and is subjected to the loading shown. Determine the P
deflection at C and the slope at A.
2 kip-ft
I a.
i < ’
| 8 ft : 8 ft
Elastic Curve: The elastic curves for the concentrated load and couple
moment are drawn separately as shown. -2 Kip
Method of Superposition: Using the table in Appendix C, the Z,ﬁf'ﬂ
required slope and displacement are L [‘ - B
e
Px? 1.2(8?%) 7t BFt
(Bc), = g Blyg —x) = —==(3(16) - 8] "
=5121dp-ft3 . |2 Kip
EI /LAé)l
(5o _MoLic _2(8%) _640kip-f __EE
2" T2E  2E T H L ==
(6. = PL}, 12(16%) 153.6kip-fi’ s
AN TE T T2E T H —7/" +
MyLyc 2(8) 16.0kip-f2 (W, ()
(94)1=(9C)2=T=-—E7—=——E-]—-——— IQL’ZK‘P!t
3 T ———
The slope at A is =3
- (Gz)z
64 =(64), +(64), s
_153.6 . 16.0
EI Er The displacement at C is
_ 169.6 kip- fi2
- = B =(8¢), +(&¢)
c c/y c/2
= 196U 50458 rad Ans 512 64.0
29.0(10%)(184) =E+F
_ 576kip - f©
EI
__st6(1728)
_29.0(10’)(184)—0'187“ i Ans
12-91. The W14 X 43 simply supported beam is made 2 kin/f
of A-36 steel and is subjected to the loading shown. ip/ft i
Determine the deflection at its center C. l l l l l l l l l 140 kip-it
A £
- I
‘ 10ft 10ft |
SwL* _ 5(2)(20%) _ 208333 ) ‘ )
(Ach = = = \
768EI 768EI EI
Mx . 2 2 40(10) . 2 2 Kirfpe
A = —(x" =3Lx+2L") = 10° = 3(20)(10) + 2(20 i
Ac)e == (¥ ) 0Bl (20)(10) + 2(20)°) , foripf
_ looo | "El L;, %u
- EI rof¢ s0fe
n
2083.33 = 1000 2£7/5¢
Ac = (A + (A = —_—
¢ = (Ach + (Ac)2 B E = LL
_ 08333 s
EI 4
Numerical substitution for W14 x 43, I, = 428 in* (A), 4okpit
3
¢ = J08333012) _ 4499in, Ans S
29(10%)(428)
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#12-92. The W14 X 43 simply supported beam is made
of A-36 steel and is subjected to the loading shown. 2 kip /ft
Determine the slope at A and B. l l l l l l l l l 140 kip-ft
A i
64 = 941 + 04; - ‘C B
ol oM 101t ‘ 101t |
T 3aE " sm
7(2)
- 1(0) + 30(12)(240) _ 61,200 2kp(1
384 E1 6EI 29(10°)(428) )
= 0.00493rad = 0.283° Ans = = ekt

oB = oﬂl + 952

_ 3wl? LML
128 EI 3 E] 9
), + 69,

G240 40012)240) 92,400

= +
128 E1 3E1 29(10%)(428) @)W KR
0.007444 rad = 0.427° ~——=t

Ans

1]

12-93. Determine the moment M in terms of the load P
and dimension a so that the deflection at the center of the

beam is zero. EI is constant.

My

Elastic Curve: The elastic curves for the concentrated load and couple

moment are drawn separately as shown.

Method of Superposition: Using the table in Appendix C, the
required slope and displacement are

Pa’
=g *

(Ac), =(Ac)y = ——(x*-3Lx+2L%)

S ORTORY
M,a*
16E1

Require the displacement at C to equal zero.

(+T  Ac=0=(A¢), +(Ag), +(Ac),
Pa® Mya® M,ad*
-—t +
48El  16EI  16El

M, = -’f Ans
6
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12-94. The beam supports the loading shown. Code restric-
tions, due to a plaster ceiling, require the maximum deflection
not to exceed 1/360 of the span length. Select the lightest-
weight A-36 steel wide-flange beam from Appendix B that
will satisfy this requirement and safely support the load. The
allowable bending stress is o0 = 24 ksi and the allowable
shear stress is 740w = 14 ksi. Assume A is a roller and B is

a pin.
4 kip/ft
{ Y Y YYVYYVYVYY
A B
121t : 121t
ko
7 Cr st
‘2 | nz#
Vaax =36 kip ﬂ“? :T
v Chip
My, =162 kip - ft N
N\
Strength criterion: B a
m
-3
M 14+ Iy 6
Callow = ——
allo an.‘ ) / /‘\
P S
2= 162(12)
an'd

Speqa = 81in°

Choose W16 x50, S=81.0in’, t, =0.3801in., d=16.26 in., I, = 659 in*
Check shear:

s
A'e b

Tallow =

36

142 ————
(16.26)(0.380)

=583ksi OK

Deflection Criterion;

wL* 4)4)'(12)°

Vnax = 0.006563—— = 0.006563( )=0.7875in. < —L(24)(12) =0800 OK
EI 29(10°)(659) 360

Use W16 x50 Ans
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12-95. The simply supported beam carries a uniform load
of 2kip/ft. Code restrictions, due to a plaster ceiling,
require the maximum deflection not to exceed 1/360 of the
span length. Select the lightest-weight A-36 steel wide-
flange beam from Appendix B that will satisfy this
requirement and safely support the load. The allowable
bending stress is o,ow = 24 ksi and the allowable shear
stress iS Tuow = 14 ksi. Assume A is a pin and B a roller
support.

8 kip 8 kip
2 kip/ft
b bl
A B
L 41t 8 ft 4ft—
Mz =96 kip - ft
Strength criterion:
Callow =
req’d
24 26012)
req'd
Seeqra =48in’
Choose Wi14x34, S=486in°, 1,=0285in, d=1398in,
eV
sllow A“b
u>—2A _6m2ksi  OK
(13.98)(0.285)
Deflection criterion;
Maximum is at center.
SwL* PAG®) ., .2 12 o2 3
oy = e 4 (2) e [(16) — (4) ~ (8))] (12
Vinax 384EI+( )6EI(16)[( )"~ (4)" - (8))1(12)
2 4
508! 1733®), s
384EI EI
= ASTIA0Y) o o0asain. < L (16)(12) = 0533 in,
29105)(340) " 7360 e

Use W14x34  Ans

t-ho

Shy
T T T v/
LT “rl'i
by 24 fp.
Fhyp
P P M, =60 ﬁ-r-#
24kip Vo

I=340in*

_OK
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*12-96. The W10 X 30 cantilevered beam is made of
A-36 steel and is subjected to unsymmetrical bending
caused by the applied moment. Determine the deflection of
the centroid at its end A due to the loading. Hint: Resolve
the moment into components and use superposition.

M = 45 kip-ft

L=170i*, I, =167in’
_ Msin 0)L* _ 4.5(sin 30°)(157)(12)°

Xmax = =0.9032 in.
2El, 2(29)(10%)(16.7)
2 ov(1521(19)?
Youn = (M cos O)L” _ 4.5(cos 30°)(157)(12)" _ 1 1sam 0
2EI 2(29)(10%)(170)
A, =4/090322-0.15372 =0916in.  Ans
12-97. The assembly consists of a cantilevered beam CB 15 kip

and a simply supported beam AB. If each beam is made of
A-36 steel and has a moment of inertia about its principal
axis of I, = 118 in*, determine the displacement at the center
D of beam BA.

Method of Superposition: Using the table in Appendix C, the
required slopes and displacements are

_PL}c _7.50(16%) _ 10240 kip- f¢

A, = —2€ = = 1
&7 g 3E E
&), = Pha _1508) _1280kip-f | . 164t 750 kip
N T RE T 8H | H [ .
(Ao)z=% a=512°;p'fe 1 C%‘“’" = |4
=y 5

The vertical displaccment at A is

AD=(AD)1+(AD)2
_ 1280 5120
T E O H
_ 6400 kip- f©®
- El

__64000728) R
= 29000 (118) o™ ns
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12-98. The rod is pinned at its end A and attached to a
torsional spring having a stiffness k, which measures the
torque per radian of rotation of the spring. If a force P is k
always applied perpendicular to the end of the rod,
determine the displacement of the force. EI is constant. A ) |

~

In order to maintain equilibrium, the rod has o rotate through an angle 6.
(..,zm:o, k6 - PL = 0; 6 = —

Hence, i L

A’=L9=L(’-;E)=fk£z- YOS -

/
/4
1
Hy
AL
N~
®

Elastic deformation: N
3
AI’ - _P—l'_
3EI

Therefore,

Ans

2 3
A=A'+A"=£’i-+-P—"—=PL‘(1+ L

k  3EI k  3EI

12-99. The relay switch consists of a thin metal strip or
armature AB that is made of red brass C83400 and is
attracted to the solenoid § by a magnetic field.
Determine the smallest force F required to attract the 2 mm — f—
armature at C in order that contact is made at the free

end B. Also, what should the distance a be for this to a
occur? The armature is fixed at A and has a moment of j
inertia of I = 0.18(107%) m*.

50 mm

Elastic Curve: Asshown.

Method of Superposition: Using the table in Appendix C, the '-A‘—{ P
required slopes and displacements are \ Nn—%—

_ PLic _ F(0.05%) _0.00125F m? ‘\AC 0.05m
TEr T T2 El
_PLc _F(0.05%) 41.667(10)F m’ “
T3E T T 3m E t \
Ay =Ac+6cLcy 005m
_ 41,667(10")F+0.00125(10“)F \

] i (0.05) M‘v —~

104.167(1076) F m? A
I — [2]

¢

0

Ac

Requie the displacement Ay = 0.002 m. From Eq.[2], From Eq.[1]
rom Eq.[1],

_ 104.167(10°) F .
01(10°) (0.18) (10775 a=, = SLE67(10°)(0.345056)
101(10°) (0.18) (10-12)
F=0.349056 N = 0349 N Ans =0.800(10) m = 0.800 mm Ans
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*12-100. Determine the vertical deflection and slope at
the end A of the bracket. Assume that the bracket is fixed
supported at its base, and neglect the axial deformation of
segment AB. EI is constant.

201b/in.

Yy v 80 1b

Elastic Curve: The elastic curves for the concentrated load, uniform
distibuted load, and couple moment are drawn separately as shown.

Method of Superposition: Using the table in AppendixC, the required
slopes and displacements are

wLiz 20(4%) 21333 1b-in?
(B)), =—r="""=
6El 6ET El
MLy 160(3) 480 1b-in?
(61); =(8p), = —=2C = ——=—F%
_ _ PL};. 80(3%) _3601lb-in?
6y =)y =S =S ~ &
wLip 20(4*) 6401b-in’ c n
== = —_— -L >
B, =35 35 ] 20 1b/in
_ 480 _19201b-in’ 1
(B4),, =(8); (Lug) = 57 (4 = —r— = ];AA)V

360 14401b-in®
(A4),, =(85); (Lyp) =.E(4) =—F {

The slope at Ais

64 =(64), +(6,), +(64)5
21333 480 360
= to— o —
EI El EI
1053 1b-in?
]

The vertical displacement at A is

(44), =(484), +(84),,(44 Dy
640 1920 1440
= —_—t—
EI E El
4000 1b- i 3
=—1b_l_ﬂ_ l Ans
El
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12-101. The W24 X 104 A-36 steel beam is used to
support the uniform distributed load and a concentrated
force which is applied at its end. If the force acts at an angle
with the vertical as shown, determine the horizontal and
vertical displacement at point A.

Method of Superposition: Using the table in AppendixC, the

required vertical displacements are
4 ip -
(), -2L 200 _2500p: @ 2 kol
8EL  8EL EL s titll]
BL*  #5)(10°) 1333.33kip-fo’ . A R 8
A, =3 = = y
A 3EI, EI J
) 10£t !
The vertical displacement at A is %):4 Kip I
(A,q), =(AA)V| 4“(A.4)V1 2 KI.P/fC
_ 2500 . 1333.33
THE, EL ‘ =
_3833.33 kip- £ (A‘)Z[ T R
= 7, - .
JIBBATY o, .
29.0019(3100 s E— =X
%:—-tg
The horizontal displacement at A is (A‘)"II -~
P L “4kip
(AA );, = ﬁ
3
F(5)(10%) 1000 kip - ft* _1000(1728) i
- _ =7 _0230in.
38 =& 290109 (259)  0230in Ans
12-102. The framework consists of two A-36 steel 5k
1p

cantilevered beams CD and BA and a simply supported
beam CB. If each beam is made of steel and has a moment
of inertia about its principal axis of I, = 118 in*, determine
the deflection at the center G of beam CB.

P
AP _1506) 10240 185
T3k 3E | H = ?=-=§,
3 3 4
Ay = P _1506) 1,280 Ag
48E1  48EI  EI
Ag=Ac+AG 15kip
_10.240 1,280 11,520 ? ¢
EI  EI EI = IA
~ (4
- 1L5200.768) s erind  Ams h

"~ 29(10°)(118)
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12-103. Determine the reactions at the supports A and B,
then draw the moment diagram. E7 is constant.

M,
Al
=== BI=
- L ]
Support Reactions: FBD(a).
. M By
51F =0; A, =0 Ans o M,
+TZIF =0, A,-B,=0 (1 cﬁ | Be
(+2M, =0, My-A,L+M; =0 (2] 7 -
Moment Function: FBD(b) A} @)
(+ TMy =0, M(x)+My—Ax =0 " Vi
M=) =45 =My (——= 5w
Slope and Elastic Curve: X ?
&2 A ()
v
EI ey =M(x) v
d*v
B - =A% - My i,
2L
b Marc (3] X
2 5 T
A M,
Elv =-6Lx’--22x2+c,x +C, (4] “
Mo
d Conditions B2
Boundary H
_ 1
Atx=0,v=0. FromEq.[4], C, =0 .
dv -M,
=L, —=0. F NER
At x e rom Eq. [3]
2
A _mLsc, (5]
2
At x =L, v =0. FromEgq. [4],
3 2
0=ﬁ6£._M°L +C,L (6]

Solving Egs. [5] and [6] yields,

3M,
=_0 Ans
2L
M,
C = _"1_‘
4
Substituting A, into Egs. [1] and [2] yields:
3M, M,
Bear M7 Ans
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*12-104. Determine the reactions at the supports A and
B, then draw the shear and moment diagrams. EI is
constant. Neglect the effect of axial load.

lP
A B
1, 2,
3 3
P
Ma l MD
PR ] ! &
[ /g | Zi/3 |
A
(ztn=o menL-pb-m=0 m ¢ ’t
+TEF, =0, A+B,-P=0 (0]
Ms
Moment functions: M,(x) ( -] B
Mi(x) = Byx, - My |
X,

gt/

My(x) = Ax, - M,

My
Slope and elastic curve: A'Ti IXELI ) M)

2
gt M(x)

dx?
_ . d*v, Z
ForM\(x) = Byx, ~My;  EI— =B,x; - My
dﬂz V
dv, B
Ele— = 2220 . 20
&, 7 MG 37 P
B, 3
Elv, = LI .’:’.'_x}..'. Cix+ C;
6 2 i
ForMy(x) = Ax, - M, | ,
d*v, -Z
El-:ixz—" = Ax -~ M ,27/0
dv; A,x;z
El—% = 222 .
™ > Myx, + Gy M
gpL
3 3 i
Eluz=ﬁ.;L_yi{L+C,‘z+C. 9[

6
Boundary conditions: /l\
Az =0 % o 1 |
. \]——

From Eq. (3), -2PL
=0-0+C; C =0 -

SR
&

Atxy =0, v, =0
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12-105. Determine the reactions at the supports A, B,and
C; then draw the shear and moment diagrams. EI is
constant.

Support Reactions: FBD(a).

53F =0; Ans
+TZE =0;

Gz =0 B L4 (2L)-PG)-P(¥‘-)=0

A, =0
A, +B +G-2P=0 (1]

(2]

Moment Functions: FBD(b) and (c).

M(x,)=Cx,
PL

M(x,) =G x; —Px; Ay

Slope and Elastic Curve:

d*v
EIF = M(x)

ForM(x,)=Cx, ,

(31

(4]

PL
For M(x;) =C,x, —Px; +-5'.

d*v, _

dx%

dv, G , P, PL
O x4 —x,+C
EI ) zxz zxz 211 3

PL
EI Cx;—Pxy + 3
(5]
(6]

P PL
Elv, = %x; -Z"; +Tx§ +Cyxy +C,

Boundary Conditions:

v, =0 at x;, =0.  From Eq.[4], G =0

Due to symmetry, From Egq.[5],

v, =0 at x; =L.

O0=2—-"

C,L?
-2 |L+C
6 6 4+(2)+‘

P P V&Y
N o
X | <
+ 1 () 'c
L Z T z
z 'z 13 FTC p ¥
A} 5? V(%)
a
@ M(xp(‘Cl:l
Z I L
L x
¢) Lo C’_
\%
=P
34 p =
I CRES B B
7 ~7%P
- -llz.p
M
5L sPL
32 32
1 ‘T m
2 2
_3pPL
/6
Continuity Conaitions:
L dv, dv
Al = == et Rt A
tx =x, 7" &, &, From Egs.[3] and [5],
2 2 2 2
S (4 e - S -2(Lf 2 (L)- 82
2\2 2\2 2\2 2\2 2
_ P2 L
'Y 2
L
At x, =x, =7 Ui=v From Egs.[4] and [6],

26 F-5)6)

S-S

N~

5
C =—
S, l6P Ans
Substituting C, into Egs.[1] and [2],
11 5
B =—PpP = —
) =3 Ay l6P Ans
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12-106. Determine the reactions at the supports, then
draw the shear and moment diagram. E/ is constant.

I |—

A B =2
L e L
Support Reactions: FBD(a).
+
—ZIF, =0; A =0 Ans
+TIE=0; B -A -P=0 (1 P
(+IM =0 AL-M,-PL=0 (2) Ay 1
Al
Moment Functions: FBD(b) and (c). - ]
M ‘ ]
M(x,) = —Px, L ¢
M(x;) =M, ~Ax, By p
@)
Slope and Elastic Curve: Vi)
Me)
d? I‘——i
B = M(x) X
dx Av‘, (k)
For M(x,) =-Px,, VL)
2o MC [l::l M%)
-l = A
B =P [-T‘
dv P ©)
E—t=-_x+C (3]
dx, PRl ‘
4
El v, =-Ex3 +C,x, +C, [4] e
2L
ForM(x,) =M, -A x,, < L 2
1 I X
Pe) T
d*v,
B M4y \/
—pL
dv. A
El;f:Msz-—-zlx§+C, (s
M,
El v, =7Ax§—é6lx§+c,xz+C4 (6]
Boundary Conditions:
v, =0 at x, =0.  From Eq.[6], C, =0
dv,
—==0at x, =0. From Eq.[5], G =0

2

v, =0 at x, =L.  From Eq. [6],

oMl AL

2 3 (7

Solving Egs.[2] and [7] yields,

PL 3P
M, = — = —
b= A 3 Ans
Substituting the value of A, into Eq.[1],
5P
B, = ? Ans

Note: The other boundary and continuity conditions can be used to
determine the constants C; and C, which are not needed here.
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*12-107. Determine the moment reactions at the supports
A and B. El is constant.

—
[— T

Support Reactions: FBD(a).

(+2M, =0; Pa+P(L-a)+M, -A L-M; =0
PL+M, A L-M; =0 [ L

Moment Functions: FBD(b) and (c).

M(x))=A,x, -M,
M(x,) =A,x; —Px; +Pa-M,

Slope and Elastic Curve:

d*v P
El = = M(x) P
e |
For M(x,) =A,x, - M, , P
F——+ ="
dv, a -2 a b
E —dr% =Ayx, —MA A]' (&)
d A
o gt R SV ST) (21
dx, 2 Ay V)
Elv, = 2x -2t + O 4Gy (3] Ax«ﬁjl)m(x,)
% k)
ForM(x;) =A,x, = Px, + Pa-M,, p
A VIXy)
Elaf‘uz _ ¥
E%——A,xz—PxZ+Pa—MA A ‘ )M(f,.)
dv, A P M2 o
B = 3a - gh t P M+ Gy (4 =
A P Pa M,
El v, =—‘%x§—gx§+-i—x§——2ix§+c3x2+c4 (5]
Boundary Conditions:
4 Continuity Conditions:
v
— =0ax =0 FromEq.[2], C, =0
. o dv, _dv,
v, =0 atx, =0. From Eq.[3], G =0 At x; =x, =a, -d—xT —-d—x;—. From Egs.[2] and [4],
dv L 2
Due to symmetry, —Z=0a x, ==. FromEq.[4], Aya “M.a
dx, 2 2 4
__A,az_Paz+Paz M A,L2+PL2 Pal ML
T2 2 ATTE TR T T2

o541l

PR L PR R S R Sy Y
dv, dv, Solving Egs.[6] and (7] yields,
Dueu)symmeu'y,dx—l=—-d—xz— at x; =a and x, =L-a From i
Eqgs.[2] and [4], M, = Ta(L—a) Ans
Aya y =P

y 2 Ay 2 P 2
———MAa=—T(L—a) +5(L—a) ~Pa(L-a)

ALY P2 Pa ML Substitute the value of M, and A, obtained into Egs.[1],

-— —_ e —— —
+M, (L-a) + 3 3 3 2 )
a
My =—(L-a) Ans
A AL g 3P 3P 3PE My o L
HETT 8 2 2 2 :
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12-108. Determine the value of a for which the maximum
positive moment has the same magnitude as the maximum

negative moment. EJ is constant.

+TIF =0, A, +B -P=0
L+ZMA=0; M, +B,L-Pa=0
Moment Functions: FBD(b) and (c).

M(x)=B,x,
M(x;) =B,x, - Px; +PL-Pa
Slope and Elastic Curve:

4o
El-ax—z—M(x)
ForM(x,) =B,x, ,
d*v,
E1 e =B,x
d B
%:—’x}-&-Cl
1
El v, =—x::+C,xl +C,

dZ
4 d; =B,x, -Px, +PL-Pa
dv, B P
EIZi =-24x§—§-x§+PLr2—Paxz+C3
2
B P PL Pa
Elv, = -?’ ;—Exi+-fx§ ——z—xz +Cyx, +C4
Boundary Conditions:
v, =0 atx, =0. From Eq.[4], C, =0
6 x, =L.  FromEq.[5]
2
2
O=B’2L —%— PL* - PaL+C,
B, L* PL?
=—2" " 4+Pd
G=7"3
v;=0atx, =L FromEq. [6],
O_B,L’_P_U+PL’ PaL2+ B, L? PL2+PaL
I R G il mhed Cale
B,L’+PL’ Pal?

e A
Continuity Conditions:

dv, _dv,

At x, =x;=L-a , —_—= =
dx;  dx,

From Egs.[3] and [5],
B B
7’-(L-a)2+C, = -2—’(L—a)z—§(L—a)z+PL(L—a)

B L* PL?
-Pa(L-a)+ ————’2 —T+PaL

[—

S S
A ‘
L \
(1 s
vex)
[2) mCh !
A( n I — M) Iﬁ!
T a T L-a Io——x
T W o @,
p
V(K-.) [
Mé@(lr =]
n 3
pP J(L-(Ltl;) Lo B
g%&z L34t m’)l «) *

]
[3] ' J
L-a
[4] 2
zp(’“l +ai+2L%) _Zp”f_s(ﬂ_a
M
§‘§ (3L-a)(L-a)
[5]
+ X
(6] ° a L
Pa 2,
- L& (aaltataL?
”(34 takzL?)
At x, =x;=L-a , v, =v,. From Egs.[4] and [6],
B Pa* B L?*
L(L-a)’+|— -2 L-
6( a) (2 2 )( a)
B P PL P
=-6L(L—a)3——(L-a)3+7(L—a)2-—f(L-a)z
. B, L? PLZ Lo )+B L’+PL3 Pal?
T2 Lo+ ==+ "=
Pa_reL BL _,
6 2 3
P, 2 P 3 P 2
N A VIR
2L 2L} 213
Substituting B, into Egs.[1] and [2], we have
A, —m(ZL3—3a L+a3)
2
M, = 21_2( -3aL+a*+2L%)
Require | My, .| = |Mp,s (| . From the moment diagram,
2L3(3L a)(L- a)——(-3aL+a +2L%)
a —4aL+21.’=o
"=(2‘m1- Ans
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12-109. Determine the reactions at the supports, then wo
draw the shear and moment diagrams. EJ is constant.

a ¢
B 9 2 -
Support Reactions: FBD(a). \ \
r L T L "
+
= ZIF =0; A =0 Ans
+TEE=0; A +B,+G -woL=0 m
GIM =0; B, L+G (2L)-w,L(L) =0 (2]
Moment Function: FBD(b). et
Iwa N (2 T s
W, X\ e T
+ My, =0; - -=(2x)x(2 = A =2 ==
G oMy =00 M) 2(Lx)x(3)+(;x 0 x ]
w ) I
M(x)=Cx - =x°
(x)=Gx 6Lx
Slope and Elastic Curve:
d*v
El = = M(x)
d*v w
El — = -9,
dx? G 6L
dv C, w
g% _Yo 4
&2 Tmrta (3
G ¥
Ev= -6-x - 12(;’LJ:5+C,,\' +C, [4]
Boundary Conditions:
Atx=0,v=0. From Eq.[4], C, =0
dv
Due to symmetry , % =0 atx =L FromEq. (3], Wol
/0
2 3
S L v it
2 24 5
Cl =—Ey_L-Z+W0_LJ
2 24
M- 2L
Atx =L, v =0. From Eg. [4], 0 o_\‘ T '\i W}t
L o
_GL _woL‘+ _QL2+woL’ L st f}l-
6 120 2 24 e
wolL - 2
=2 Ans 4
10 M
Bl el
Substituting C, into Egs. [1] and [2] yields: 75 75
v /\L_x
4w, L wolL { t f 2L
B = = — A o
y 5 10 ns __{42_{ —?L I‘
Shear and Moment diagrams: The maximum span (positive) ol
moment occurs when the shear force V = 0. From FBD (c), - /‘;L
wol 1l/w
+T2F =0 L-—(-i ) =0
y 10 2L/
g
X=-5—L
ﬁ M= ngoL2
M o M+1 Wwo ()x WDL() 0 Atx:—s-L. =775
=0 - — - |——(x) =
wa = (TH)W(E)- T _ wol?
M:YO_LX wo 3 At x=L, M=- 15
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12-110. The beam has a constant F;/; and is supported
by the fixed wall at B and the rod AC.If the rod has a cross-
sectional area A, and the material has a modulus of
elasticity F,, determine the force in the rod.

Ll |

+TLE =0 Tic+B -wL =0

2
G tM=0 TAc(L.)+M.-1;—‘~=o M

- WL]Z

== - TacL, @
Bending Moment M(x) :

M) = Ticx—~ fzi ‘?‘

Elastic curve and slope : "giHHHHH
|

~

d? wxt
Elﬁ =M(0) = Ticx- =

N

EI= =2 _* ¢ ()

EI ' Cix+C. -
VYV e = e oo
6 % 1x+C; ) .-__-_‘l.---_---l, '4‘

Boundary conditions : i‘ﬁ"g
_Tiels g
AE, 37
From Eq. 4)
TicL,

-E I
1h( 2

b
i
o

v=

)=o—o+o+c2 w
E L L, L ¥
_E, I, ;

& =(p 2 e ) M Toer =

242
v=0 at x=L, x

From Eq. (4)
_ 7,'«?143 “’Ll4 E] ’1L2
s — Tic

—— C] Ll -
6 24 AE,

0 &)

dv
Zx =0 at x=1L,
From Eq. (3)
Taicl 2 3
o= Tcl -‘.“;'_' +G ®
Solving Eqs. (5) and (6) yields :
M;Ez WL]‘

- A
S ELP+3E L)

Lic

692



© 2008 by R.C. Hibbeler. Published by Pearson Prentice Hall, Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all
copyright laws as they currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

12-111. Determine the moment reactions at the supports
A and B, and then draw the shear and moment diagrams.
Solve by expressing the internal moment in the beam in
terms of A, and M 4. EI is constant.

M) =A x—M, - —‘t;—;-

Elastic curve and slope: Ax
2
Elg;z-‘-' =M(x) =Ax-M, —%
4
E® 4% —MAx—i"-3+c. )
dx 2 6 WL
3
EI _A}‘»\-} MAa\z WX‘ c C ) \\j
V=T T2 T tone @ WL
M 2
2
Boundary conditions: %‘k‘-
/—u.\
% =0 at x=0 / ! \
From Eq. (1) -we -wL?
G =0 % )
v=0 at x=0
From Eq. (2)
C =0
iv =0 a x=L
dx
From Egq. (1)
L? wL?
0= AL -M\L-— 3
2 /) 3 3)
v=0 at x=L
From Eq. (2)
3 2 4
0AL ML _wlt
6 2 24
Solving.Egs. (3) and (4) yields:
wL
=3
2
M, = KL_ Ans
12
Due to symmetry:
M= 25 Ans
12
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12-112. Determine the moment reactions at the supports
A and B. EI is constant.

Support Reactions: FBD(a).

S2E=0; A=0 Ans {
L T ——
+TIE =0 A, +B,-"==0 m M =
A,
LeL " . 4
Gi=0 B Loy -25(5)=0 @ N e
23 3 2
%
Moment Function: FBD(b).
\ x F(Ex
Wo x _ o
G My =0; —M(x)-i(-i-x)x(g)+8,x =0 g
=Bz 225 Ml |l =
M(x)=B,x 6Lx c i 4
- VI x
Slope and Elastic Curve: o By
d*v
E’Z{ = M(x)
d*v wo 3
B =5 g~ Atx =L v =0 FromEq. [4],
dv B’ 2 Wo 4
—— D - ex +C, 3
& 2> "L T B3 0B woL‘+( B,L2+woL’)L
Ev =E’.x’ -_ﬁ_,’+clx +G 4] 6 120 2 24
6 120L wol
B, = 0 Ans
Boundary Conditions:
Substituting B, into Eq. [1] and [2] yiclds,
Atx=0,v=0. FromEq.[4], C,=0 y y!
_ 2woL woLz
At x =L.%=0. From Eq. {3}, 4= 5 M= 15 Ans
0 =--——B’L2 ————WOL +C,
2 24
B L* w,L?
Gt
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12-113. Determine the moment reactions at the supports
A and B, then draw the shear and moment diagrams. E7 is A | M
constant. Q'B 0
- L -
At
Support Reaction: FBD(a). Ma )
4-&40 |
5 3E =0; A, =0 Ans Ax k Mo
+TZE=0; B, -A, =0 [ ‘
(+IM,=0; B, L-M,-M; =0 (2] &y
Elastic Curve: As shown. tans
-~ Nt
g: = 3 (g/a=0
M/EI Diagrams: M/EI diagrams for B, and M, acting on a cantilever T ;5;,\
beam are shown. M TanA
EL
Moment-Area Theorems: From the elastic curve, t5,, = 0. Byt
EI L
1/B L 2 M, L x
t =0=-[2= = ——0) (—)
we=0=3(% Jo (3 )+ (-5 o3 - |
33
_3M, A
T ns v M
Substituting the value of B, into Egs.[1] and [2] yields, o L M. ’\
X z - N
- M, _ M, A -3M. [
o M3 " 2
‘MO

12-114. Determine the moment reactions at the supports My My
A and B, then draw the shear and moment diagrams. E7 is 4 5 5 B
constant.
\ L \ L \ L |
I 3 I 3 il 3 |
M, -
6an =0=(20)(L) L (A0) ) (M 3
o (Et)(a) * 2(51)(") +( El)(L) Zang Zana
7
0= %2+§A,L-MA ) “h =0 &‘/4 =0
Mo\(L\(L L\, 1(A L\ (LY (-My) (L o '4‘ :h'm
=0= = o | [peodpr Spuag il joke Sy am A — —
faa (EI)(3) (3 * 6) * 2(51) (I‘)(B) * ( EI ) (L)(l) ( 4
My, AL M, "
0="0,52_1
6 * 6 2 @
Solving Eqs. (1) and (2) yields: v M
A, =0 £t
M, = M Ans #!'
3 } + —t ] ] ,
1 l/, v T
Due to symmetry:
B, =0 M %'_. EA:'. +
= b_"l Ans try (24 S TQ‘.:
M 4 —, ; i "
3— M. .gf
3
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12-115. Determine the reactions at the supports, then P
draw the shear and moment diagrams. E7 is constant.

= = = B
N | -
a a a
! !
Support Reaction: FBD(a).
53F =0 A, =0 Ans
+TIF =0; B, +A, -2P=0 1)
(+M, =0; B, (39 +M, - P(9) - P(2) =0 (2] P P
Elastic Curve: As shown. Ay l l
3
M/EI Diagram: M/EI diagrams for B, and P act on a cantilever Ag | ) 4
beam as shown. My Iﬁa‘ e e
Moment- Area Theorems: From the elastic curve, 15, =0.
tans
_1/3Ba). (2 1/ 2Pa 2 % —— " ty0
fan =0= 5( E )(3“)(3)(3‘” + 5("—57)(“)(2‘” 5") 7 lwa
Pa a\ 17 Pa 2
+(-—E—])(a)(2a+i)+i(—a)(a)(a+ -3-a) 'éﬂ'
IBye
2P EZ
B, = 3 Ans _ ; N —x
a za 3o
Substituting B, into Eqgs.[1] and [2] yields, 3 'E:'
ET
4P
A, = 3 M, =Pa Ans
*12-116. Determine the reactions at the supports, then } i
draw the shear and moment diagrams. £7 is constant. 5 kip 3 kip
sk'? sk;P l B l
1 AP -y —a¢

—4ft— 6 ft L 6 ft 4 ft—

1/-30 =720
==|—|(6)4+4) = ——
(tare 1 Z(EI)( )4 +4) El

s = 3(32)00(3)- 24

typ =0=(taph +(tap)2

0720, 333334
EI EI

A =216kip Ans
Due to symmetry:

G, =2.16 kip Ans
B, =568kip  Ans

; pft)
v(nr) M([/F {t
284 864 g6t

s kip g kip , ‘/\
| | g ) ANNYAN

“2/b -8.40

2 EiP ‘A}= -68"—” 2.4 kP 284
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12-117. Determine the reactions at the supports, then draw P
the shear and moment diagrams. £/ is constant. Support B is A B i C
a thrust bearing. ﬂix i i E
L L
P P
s i ?
upport Reaction: FBD(a).
8
. [ = g— ) m—
—3F =0; B, =0 Ans e
+T2€=0; -A,+B,+( -P=0 [1] 1 ¢ 'f,‘ z
3L Ay & C
Gm=0 B =g (2L)-P(7)=o (2] @
v
Elastic Curve: As shown.
M/EI Diagrams: M/EI diagrams for P and B, acting on a simply 3T JTT'I + _ y _
supported beam are drawn separately. P =z 23." p 2
7 T # By =

Moment- Area Theorems:

_l”;L 3LN\/2\/3L 1/3PLN\/LN\/3L L
e =555 )(ﬂ(s)(ﬂ*a(m)(a)(?a)

_7PL

T 16EH

1/ B, L 3
(e, = 5(-$)(2L><L> - -32’;

oI

_spL
48E
1/ B L L B L}
I{ = -2 L) ~=]=-22
(arc): 2( zzz)( )(3) 126
7PL’ B L}
Z, =, + (¢ = —_—
aic = (8e) )+ (c), 68 25 " M
tare = (tarc) +(t3)0) _5PL’ B L 33 3 £
e Ty A Yo pL G
421
/:/\ ) .
i | n ! v
From the elastic curve, 5 1 i ; X T
L &4
tc =2,c f
7PL’ B,L _(5PL* B,L’ =
= - =9l ZEL
16E1  2EI 48E1 12E
1P v 192, M
32
= 13PL
B, 1 Ans v
Substituting B, into Eqgs.[1] and (2] yields , R b L |
-3p C S ° T ;L I’L
= z
13P A 3P 32 -3pL
=57 V5 Ans Y 3%
32
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12-118. Determine the reactions at the supports, then M, M,
draw the shear and moment diagrams. E7 is constant.
B
A | |
T a ‘ a a ‘
Support Reaction: FBD(a). | ‘ |
LEE =0 A =0 Ans A o
+TIE =0, =-B,+A,=0 (] TP o
(+ZMA =0; -B,(30)+M, =0 (2] 4—(—1( =r—
Mol |
Elastic Curve: As shown. Ma 7 Fa ]
8y
M/EI Diagrams: M/EI diagrams for B, and M, acting on a cantilever
beam are drawn.
Moment - Area Theorems: From the elastic curve, tz,, =0. = B ) tanA
7;;\ 'éa/r'
toa =0= (33“3 30 +[ =2 (@) (a+ tano
aia =0=3 )( )( )(a) (H)a(a 2) M
EL
Mo
MO EL
) = %2 Ans
a3 x
Substituting B, into Egs.[1] and [2] yields, ° -
-3y
MO MO EL
= a M, = X Ans
12-119. Determine the value of a for which the maximum P
positive moment has the same magnitude as the maximum
negative moment. £7 is constant. ) a Y
_él_
} L

P(L a) ~P(L—a)*(2L +a)

(tah == (

(:”.)z--(“’ xLx L

3EI

Ly - a)(a+2"'3' )

tam = 0= () +(an)2

tan n 8
)= %ﬁ-‘ Lys=o
oEl —

-P(L-a)*(2L+a) A, L* L
0-Pl-ay@+a) AL m
6EI 3EI A fa &
4= P(L—-a)*(2L+a) i <|
L3 - plt-a
€1
Require: P Ra(L-o)
IMy] = M;] j = (¢re)
)
Pa(L-a)'2L +a) _ Pa(L-a)(L+a) I
ZL’ € 2(eza)*c2erd) fo
=3 0 (3ti¢ )
a*+2La~1*=0 M ¢ 2220a)
- s Lali-a)
a=0414L Ans ] K
T 1
M,,:ﬁgfiﬂ Ct+a)
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*12-120. Determine the moment reactions at the supports
A and B, then draw the shear and moment diagrams. E7 is

constant.
M,
A . B
L L - L o
2 2

Support Reaction: FBD(a).
By

+T2F =0, A -B =0 ( Py T M

(+EM =0; My +M,+M,-B,L=0 121 A;{-hi - ‘1‘}’3

Elastic Curve: As shown.

M/EI Diagrams: M/EI diagrams for support reactions M, , B, and { JU— 5
the couple moment M|, act on a cantilever beam are drawn separately. 2 1 G :E
~ .. (
fanB
Moment- Area Theorems: Since both tangent at A and B are ‘EAz
horizontal (parallel), 85,4 =0.
2 ]
I
My My\/LN\ 17 BL } <
65, =0=|— |(L)+|— |[= |+ =[ - |(L o ! ‘
o (EI)( ) (El)(z) z( a)( ) = -
0=2M, +M, -B,L (3] Byt
£l
As shown on the elastic curve, ty,, =0 Eﬁ.
I
w=0=(7 )05 (2 )55 ) #
8 EI 2 B2 N2)\2 4 L
Ir B/ L 2 9 i
+--=|(L)|=L £ £
2( E )( )(3 ) “
0=12M, +9M, -8B L [4]
\
Solving Egs.[3] and (4] yields, 3M,
’
2
_ M 3 + x
LARNEY) .% L
wy = Mo A
= — ns
LAY M My
< Mo
Substituting My and B, into Egs.[1]and [2] yields , /] +
— X
M, ‘ = -
L kS
p3
M=o A -/
0 = — ns —2
4 z
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12-121. Determine the reactions at the supports A and B. wo

Supnort Reactions: FBD(a).

53E =0, A =0 Ans

+TzE =0; A,+B,—WLL=0 (1]
2 uhl
LoL g
(Grom, =0 B,L+M,-“%(§)=o 2] — 1L

Method of Superposition: Using the table in Appendix C, the
required displacements are

,

4 3
b= Mok B, @ 8y

= 3omr Vs = 3m

The compatibility condition requires

+ 0=1vy"+v,”

0= wO_L‘q- —B_’E
3EI

Substituting B, into Eqs.[1] and [2] yields,

2wy L M, = wol?
15

Ans

12-122. Determine the reactions at the bearing supports
A, B, and C of the shaft, then draw the shear and moment AL 1= g i | IC
diagrams. EI is constant. Each bearing exerts only vertical ﬂi ! E

reactions on the shaft.
Lf Im— Im —-\-— Im Im —»‘

Support Reactions: FBD(a).

400N 400N
+TZF =0, A,+B,+( -800=0 [(m
(+ZMA =0; B, (2)+G (4)-400(1)-400(3) =0 (2]
. 8
Method of Superposition: Using the table in Appendix C, the _IJ 1 r ALE —} ‘&5
required displacements are iy J
Im I1m m im [I: VT Jr ¥ _JI
m 1
,_ Pbx (Lz » xz) 4} 400N B4 4oon C} son” " LN
Vs = SEL I
=M(42_x1_22) ﬁ - — /ﬂ]‘
6EI(4) —
366.67 N-m’ 1
=Tz 400N
E +
PL*> B, (4%) 133338, m’ e = T
tm ez L= T NS o=
Ve T RE "~ MEH H \1..___%/—
4008 4
The compatibility condition requires i
e Vo |
(+4) 0=2v,"+v;" ﬁ: - &]:E\
366.67 1.33338, S
o) (2235
El El
B
) ¢
B, =550N Ans MCNm) 275
. 1”5 R5
Substituting B, into Egs.[1] and [2] yields, /\ 125
&
2 B 5  x(m)
} i 1 o ’
A, =125N C,=125N Ans a K 1 K —x(m)
-5
%o “RJ5
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12-123. The A-36 steel beam and rod are used to support
the load of 8 kip. If it is required that the allowable normal c ;D?——
stress for the steel is o, = 18 ksi, and the maximum |
deflection not exceed 0.05 in., determine the smallest
diameter rod that should be used. The beam is rectangular,
having a height of 5 in. and a thickness of 3 in.

8 ki
S, =8, P

F)12) _ (8- F)48)
AE 3EG)O)GP

Assume rod reaches its maximum stress.

o=~ =18(10°)

>1m

18(5)(12) _ 1179.648(8 - F)

E E 1‘5%1,
i 14

F=17.084 kip

Maximum stress in beam,

Mc _ (8-7.084)(48)(2.5) . .
O = = et L = 3 52 ksi < 18 ks OK
7 OGP i < i

Maximum deflection

PL} _  (8-7.084)48)°

= ?E = m =0.0372in. < 0.05 in. OK

Thus,
7.084

A=T08 30356 in? = 1n a?
18 4

d=0.708in. Ans
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*12-124. Determine the reactions at the supports A, B,
and C, then draw the shear and moment diagrams. E7 is

constant.
12 ki
P 3 kip/ft
. l Y YVYYVYVYVYYVYY
| 2
Al C
=2 B_=2. EAREOER

}‘76 ft ‘ 6 ft T 12 ft ‘

Support Reactions: FBD(a).

5 IF, =0 C, =0 Ans
+TIF=0; A +B,+C -12-360=0 (1] » L
Yy Yy . _—
(+2M,=0;  B,(12)+C, (24)-12(6)-360(18) =0 [2] 2k 3T 36 kip
[ aintaitel sttt -
Method of Superposition: Using the table in Appendix C, the [ : J ﬁ.ﬁt‘.
required displacements are 3 | )l
it T épt |4 6t 6ft |
) . Ay & ¥
oo WL _S()(24%) _6480kip- 0 )
® T768EIT  768EH | H 12Kp mi‘f’ﬁif_f_n
. Pbx ) f o
vy =——6EIL(L2—b‘—x2) n{ﬂ J ’?’ 7’33"
- 12(6)(12)(242_62_122) _ 2376 kip - ¢ . Tofe ¥ en v i
6EI(24) El i y
oomo P _B,¥) 2888, ® 3 kiplt
P TaE 4E H = — ,,3,
- . . O
The compatibility condition requires
(+4) 0=vy"+0,"+ 0" zer Tt
6480 2376 ( zsasv)
0= ——— 4222 (2200
E  H El f — A’ﬂ
—tr—
B, =30.75 kip Ans +
Substituting B, into Eqs.[1] and [2] yields, T
- RS
cram - —
A, =2.625 kip C, = 14.625 kip Ans = I
. (xip) ¢
MUKip-ft)
356 21375
575
N ! (fe 262 95 24
_ i\= +— x(ft) i e N i X (5t)
\ =9.375 ots
-405 '
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12-125. Determine the reactions at support C. Elis constant
for both beams.

T
[—

| B
®)
. Al ZOE C
Support Reactions : FBD(a). et < g
N L \ L g
L3E =0; C =0 Ans 2 2
L
(rzv =0; C,(L)—B,(E)=O [
Method of Superposition: Using the table in Appendix C, the
required displacements are
PL’ B i
vp=——=2_
48El 48FEI l
, Py, P(Y)° P02 — 1 & %
B T3 T T 3E 24EH A =
¥ [7,
. PL}, B, L
B T3 T 24E By .
™~ Y
The compatibility condition requires A b —_ >
a2 +
+dh I N = y e
4 < 8
B,L> PL +( B,L’) 2 I
48El  24FI 24E7 Substituting B, into Eq.[1] yields,
2P P B’
B, = 5 C = 3 Ans
12-126. Determine the reactions at A and B. Assume p
the support at A only exerts a moment on the beam. EI is
constant.
A B
B L L
! 2 2
PL? ML
(84) = —; 6,), = —A=
A aEl (64)2
By superposition: P
0 = ()1 — (Ba): ’%L "
]
- PL _ ML vz 2 8 &
8EI EI
PL
M = — Ans
8
Equilibrium: A
(+2M3=(); —E+f.l_‘_MB= ‘
8 2 i
P
3PL
M = Ty Ans %
<(62.), Pt
3=
jEF} =0; B, =0 Ans +
@),
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12-127. Determine the reactions at the supports A and B. w
El'is constant.

A
Support Reactions: FBD(a). L L N
2 2 !
5L5F =0, A =0 Ans
wlL
+T£}';=O; Ay-(-By—-z—-:O [
wLN\/L
(+zw, =0, B, (L)+M, -(—2-)(3)=0 [2] wrL
=z
Method of Superposition: Using the table in appendix C, the A [ R
required displacements are ! . : ]
Ax Py
Twl? PL* BL} £ e £
ra M e =2 7 F F@ Z 8
v = g ¥ Vs Z3E T 3m ) ¢
W
The compatibility condition requires A |
1 E
: e
+b 0=vp"+vy”" < Z
TwL® ( B,L W
RRETYT A T ITTIIT]
S——t ’
~~~~~~ =T
_Twl A e
B, = 5 ns +
Substituting B, into Egs.[1] and [2] yields, 52 _______ = 1
F
A= STwL M= 9wL? Ans
128 AT128 &y
*#12-128. Each of the two members is made from 6061-T6 P
aluminum and has a square cross section 1in. X 1 in. They
are pin connected at their ends and a jack is placed between A B
. . . o .
them and opened until the force it exerts on each member is E :
500 Ib. Determine the greatest force P that can be applied to
the center of the top member without causing either of the c F D
. . . )
two members to yield. For the analysis neglect the axial = ‘ :|’
force in each member. Assume the jack is rigid. 61t ™ oft

8 = b5
[P—(R+50 )L} _(R+50 )L ; P
48 EI Ty P—(RASe ,:-_%7.m
r +50 'T'S:‘L
P=2R+100 | Re5e

?A..—_-*-.Tm—"
R= %—50 }i};ﬁ. f f

Maximum moment occurs at center of each member.

Top member:
1 P
Mpax = il(P-(-i— 50 +50 )}(6X12) =18 P
Bottom member:

Moyx = %[(;—50 +50)1(6)(12) =18 P

Both memberss will yield at the same time.

o, _Mc
max = I

18P})

37(10%) = ——2—
Ly

P=3431b Ans
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12-129. Determine the reactions at the supports, then draw

w
the shear and moment diagrams. E£7 is constant.
Y Y VY VYVYYVYVYVVYVVVYYVY
Afe |
AR a5 ¢
Support Reactions: FBD(a). ‘ | |
I L L g
53F =0; A =0 Ans
+T2E =0, A/ +B,+C-2wL=0 [
(hw, =0; B, (L)+G (2L)-(2wL)(L) =0 [2) iWL
Y A 3
Method of Superposition: Using the table in Appendix C, the ﬁ)g_,; .
required displacements are
L L
oo e _SwLt_swlt Ay 8y Gy
® T384E T 384E1  24EI
o
3 3 3
oot B B2 (AL
I y ming B3
The compatibility condition requires A + P "{
i [P
(+d 0=v5"+v," w sl v [~
0= Swit 2 L - | »5; E \I
24E] 6EI SR o
i SRR g
SwL %
B, = - Ans
N M
Substituting the value of B, into Eqs.[1] and [2] yields, 1.1 guL* qwi*

-5¥L
8 -wLE
8
12-130. The beam is supported by a pin at A, a spring w
having a stiffness k at B, and a roller at C. Determine the
. . Y YYYVYYYYVYVYVYYVVY
force the spring exerts on the beam. E7 is constant.

Method of Superposition: Using the table in appendix C, the
required displacements are

,_Swlic  5w(2L)* SwL
384E1 384E7 24E1

ooro Phc U E, 2L} _E,L 4
Ty 48El 6EI W

E
Using the spring formula, v, = -,’(—P .

The compatibility condition requires

+4) v,, =V + Uy

SwkL*

Ly = ——————— Ans
P 4(6EI+kLY)
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12-131. The beam AB has a moment of inertia \ 5 ft | 5 ft |
I = 475in* and rests on the smooth supports at its ends.
A 0.75-in.-diameter rod CD is welded to the center of the A B
beam and to the fixed support at D. If the temperature of C {

the rod is decreased by 150°F, determine the force
developed in the rod. The beam and rod are both made of S0'in

A-36 steel.
D {

Method of Superposition: Using the table in Appendix C, the

required displacements are
3
Ve = PL o Fp(20) 0.002613F;, {
48E1  48(29)(10%)(475) % ﬁ % .
. i
Using the axial force formula, | N 7 ¥ 5/t
PL F-p (50, feo
5F=—=-,-L)—=o.oo3903Fw T pFeo
AE  7(0.75%)(29)(10%) initial )
5T Y final

The thermal contraction is,
8= aATL=6.5(107) (150)(50) =0.04875in. {
The compatibility condition requires

( + l) Ve = 57- + 8,,-
0.002613F;, = 0.04875 + (—0.003903Fp)

Fep = 7.48 kip Ans

,—"'..‘\ Y

A STTTTTTTTLT
1 W-A.i

-
~
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*12-132. Determine the deflection at the end B of the 50N
clamped A-36 steel strip. The spring has a stiffness of
k = 2 N/mm. The strip is 5 mm wide and 10 mm high. Also, }—200 mm -]
draw the shear and moment diagrams for the strip. \ J
T B
A4 10 mm k=2 N/mm

= Ila(o.oos)(o.on3 = 0.4166 (10”°) m*

pL? 50(0.2%)

A = = = 0.0016 m
(Aahs 3EI  3(200)(10°)(0.4166)(107%)
L so~
PL? 2000A5(0.2) Jaonm 50 -T—“T
(AB)Z = —= S = = 0064An [ \ g
3EI  3(200)(10°)(0.4166)(107%) ﬂ ‘ 7 *-~E\ i,
470% 200" " ot
Com patibility condition: v,
+1 Ay = (As): - (8p):2 ] e | #I@)
t S~ o o),
= - MN-m) +
Ag = 0.0016 — 0.064A5 | . ] -,
A = 0001503 m = 1.50 mm Ans '74‘1/ I
b= Kbq
B, = kAp = 2(1.5) = 3.00N

12-133. The beam is made from a soft elastic material
having a constant E/. If it is originally a distance A from the
surface of its end support, determine the distance a at which
it rests on this support when it is subjected to the uniform
load wy, which is great enough to cause this to happen.

.;pﬁ.‘

The curvature of the beam in region BC is zero, therefore there is no bending moment in the region BC.
The reaction F is at B where it touches the support  The slope is zero at this point and the deflection is A
where

w(l-a) R(L-a)’
8EI 3EI

IV we

o o wol-a RL-a) A{%’

© T 6EI 2E1 E ﬂ“ﬂ <
Lea a

A=

Thus, F
%
R= (8AEI) Ans
9w
i
Lea= (72AEI )
Wo
%
a= ,,_(12_‘;.51) Ans
Wo
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12-134. The box frame is subjected to a uniform 4 E B
distributed loading w along each of its sides. Determine the B —
moment developed in each corner. Neglect the deflection <_T_T T T T T T T_T_,
due to axial load. EI is constant. P a— —

e— —»

la— —

le— W —> L

e— —»

e— —

l— —>
Elastic Curve: In order to maintain the right angle and zero slope 4_'_ TEEEREE _"_’
(due to symmetrical loading) at the four corner joints, the box frame oy
deformes into the shape shown when it is subjected to the internal C D

uniform distributed load. Therefore, member A B of the frame can be
modeled as a beam with both ends fixed.

Method of Superposition: Using the table in Appendix C, the

required displacements are
,_wbh ~_ML w_ B L
| = — 03" = — g = L
6EI El 2E1
wlL® Mg L? B L3
2 WE g v Mg T v, =y l
b7 b Y-
Compatibility conditions require,
0=86,"+6,"+6," -
o WL]+MBL+( BILZJ : _ Pt e S~ 8
iy A
N FITTITIL;
0=wL"+6M, -3B,L mn f— - gi

" 5

+h 0=1vg"+v"+ Vg l e 'l/:

G WL ML (B,L!) " b
4=

CEE 2E 3 EAAAASABAE)
0=3wL*+12M; -8B, L (2] W
+ v
Solving Eqgs.[1] and [2] yields, Os
4 et Y
_w ]
b= 7 Mo
2
My = ZL_ Ans —+
12 Bs}.
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12-135. Use discontinuity functions to determine the
equation of the elastic curve for the beam. Specify the slope
and deflection at A. EI is constant.

Wo

%xA B

Support Reactions and Elastic Curve: As shown on FBD,
Moment Function: Using the discontinuity function,

6 6L
Slope and Elastic Curve: /ﬂm Wel
T 2

d*v e e e

B Zt_z— = _-""‘ 4_] A

.__.=—w—-x +C, (1

Elv=- W"Lx’+c,x+c2 (2]

Boundary Conditions:

dv

— =0atx=L.  FromEq.[l],

- Eq.[1]
_ woL? _WoL]
O0=- 24 +C| Cl" 24

v=0atx=L  FromEq.[2],

wolt wol* wol*
- +—+C C, =~
120 24 2 2

0=

Slope: Substituting C, into Eq.[1],

d
do_ wo (i ph
dx  24EIL
3
OA = .‘.1.9_ = iV_O_L— Ans
dxlx=0 24E]
Elastic Curve: Substituting C, and C, into Eq.[2],
v= —t’—q-—(—x’+5L‘.r—4L5) Ans
120E/L
woL?
=— Ans
Vo =" 305
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*12-136. The wooden beam is subjected to the loading
shown. Assume the support at A is a pin and B is a roller.
Determine the slope at A and the displacement at C. Use
the moment-area theorems. EI is constant.

w
l Y VY VY Y
A B ¢
A
2a i a
Support Reaction and Elastic Curve: As shown.
M/EI Diagram: As shown.
Moment-Area Theorems:
) wa
1( wa 1 wa'
tgia ==|—== |(2a)| = =
814 2( 25 )( a)(3)(24) 35 T
2 A 1 jC
1{ wa 2 1( wa? 3a 23wa* -] |
tea ==|—=——= |(2a = - — = ——_— aTar
ci 2[ 2151)( )(‘"’3")+3( 251)(“)(4) 2E v z
The slope at A is
wa'
9, = Vol _ 38 _ .wij Ans
L 2a 6E
The displacement at C is
3
Ac =]tcl —E"BMI
_ 23wa* 3(wa
TuE 203"
llwa*
= A
2E s
—wWa®
RET
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12-137. Determine the maximum deflection between
the supports A and B. EI is constant. Use the method of

integration.
w
Y Y Y VY ¥Y ¥ A .
c
A _Q e
X1 X2
L
Elastic curve and slope:
2
51%‘1_“ = M(x)
For M; (¥) = ‘"';}
Z
d*v; -wxf
El— = —
dx
L. BN o (8
dx 6 X, 4#
. z
—wax}
Ev =-3-‘-+C‘x| +G ) ; wL
For M, (x) = _'_“’2‘“_1 i
Eldzvz --wl.xz~
2
dvy -wL;J;
El-—= = ——%
e O @
- 3
El =% L0 vc, @
Boundary Conditions: WL
v =0 at x =0 2
From Eq. (4):
C,=0
w=0 a x=L
From Eq. (4) :
4
0=t ,cL
12
3
o=t o=t Ll _w
w=0 a x =L dxlzy=t  dxyls;=t  6E]
From Eq. (2) w . s B
. v = ———(-x; +8L°x; =7L")
0=-*,cLec, © B YT !
2 —7wL*
W )max = ST (x =0)
Continuity conditions : s e .o o P
The neg: sign
i =& X, L
— —— =X =
dx  -dx TR wl .2 3
From Egs. (1) and (3) v = —IZEI(L X2 ~X3) ()
3
-¥ .c =..(_.£ ."il;_) oy
max hen —= =0
¢, = w_L’_ () occurs when o
) 3 From Eq. (6)
Substitute C; into Eq. (5) - 31.‘% =0
G = TwlL*
T I~
 _w 2L -2 . ‘/5
s l( -x) Substitute x; into Eq (7),
Ans

dy_ w3 32
dx gL 3

©)

wlL!
M)max = —7=—
183 E1
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12-138. If the bearings at A and B exert only vertical P
reactions on the shaft, determine the slope at B and the
deflection at C. EI is constant. Use the moment-area A

theorems. j I [ K
| i

Support Reaction and Elastic Curve: As shown.

M/EI Diagram: As shown.

Moment-Area Theorems:

o I(Pa)() Pa?
Y (e PR et
810 =2\ 28 4Er

Due to symmetry, the slope at point D is zero. Hence, the slope at B is

Pa?
65 =|6g,p] = a5 Ans

The displacement at C is &

Pa? Pa®
Ac =61, =m(a) =5 T Ans

12-139. The W8 X 24 simply supported beam is subjected 6 kip/tt '
to the loading shown. Using the method of superposition, S kip-ft
determine the deflection at its center C. The beam is made rvYyy

of A-36 steel. A | NE#:i

| 8 1t 8 1t .

Elastic Curves: The elastic curves for the uniform distributed load
and couple moment are drawn separately as shown.

Method of Superposition: Using the table in AppendixC, the
required displacements are

_=SwL* -5(6)(16*) _ 2560 kip- f 6 ﬁ’r{n Kip-
() = T35 = 768EI El v 57pﬁ
(Ag) =——A-1°—x x2—3Lx+2Lz) i[; —f— ﬂ
2 6EIL IF \--(ééf-—' 1
__ 508 o ) srt p | e |
= _651(16)[3 3(16)(8)+2(16%) | "
_80kp-f 6 kiplft
EI
| — - _.R
The displacement at C is /h\.ﬁ_, ______ 777
o),
Ac=(Ac)|+(Ac)z =+
_ 2560 80 .
“EHH 5,>“'f"f‘
2640 kip - f° i —
260k 10 ——
_2640(1728) 0
--——-——29“03)(82'8)-1.90m. d Ans cln
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*12-140. The shaft is supported by a journal bearing at A4,
which exerts only vertical reactions on the shaft, and by a
thrust bearing at B, which exerts both horizontal and
vertical reactions on the shaft. Draw the bending-moment
diagram for the shaft and then, from this diagram, sketch
the deflection or elastic curve for the shaft’s centerline.
Determine the equations of the elastic curve using the
coordinates x; and x,. EI is constant.

~ 801b
<
4in

, B
—h
J 4in, L
T | o ﬂ
12n. " 12in. |

B
’»xl

For M, (x) = 26.67 x;

dzvl
EI—} =26.67
EIZVT’ =13.334 +C, o)) — br0™ "
1 I/' {

Elv, = 4.44% +C x; +C, ) " A

For M, (x) = —26.67x; 2467 Z6-67
2 -
% - 2667x, Mly-in)
dg 20
EI% =-13334 + G, A3 .
2

Elv, = —4.44%} + C3y + C4 @ - ..Lo/' ;
Boundary conditions: elastic curve

nw=0 a x=0 N4
From Eq. (2) M e==” ">\

C =0 o~ -

=0 at x=0 v M(x)2 2667,

04 =0 c
Continuity conditions: Xy X,

» &
My o emeD2 4T Mu)-2461%,  2éerit
dq  dx

From Egs. (1) and (3)
1920+ Cy =~(~1920 +c¢3)
G =-C; ®
Vi =W at x=x =12
7680+ 12Cy =-7680+12C;
C3 -C1 = 1280 (6)

Solving Egs. (5) and (6) yields:
C3 =640 C; =-640

vy = L%I(4.44x? -640x;)lb-in®  Ans

1
V= E](—4.44x§ +640x;)Ib-in®>  Ans
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12-141. The rim on the flywheel has a thickness ¢, width b, A t

and specific weight vy. If the flywheel is rotating at a constant

rate of w, determine the maximum moment developed in

the rim. Assume that the spokes do not deform. Hint: Due

to symmetry of the loading, the slope of the rim at each \ /
spoke is zero. Consider the radius to be sufficiently large so

that the segment AB can be considered as a straight beam o
fixed at both ends and loaded with a uniform centrifugal / \

force per unit length. Show that this force is w = btyw’r/g.

Centrifugal Force: The centrifugal force acting on a unit length of
the rim rotating at a constant rate of @ is

w=matr= bxG)m’r: biyatr (Q.E.D.)
8

Elastic Curve: Member AB of the rim is modeled as a straight beam
with both of its ends fixed and subjected to a uniform centrifigal force w.

Method of Superposition: Using the table in Appendix C, the WL Lé— 0 ‘12'7 J WL
required displacements are 2 Il | 1l =2
| Y
i
L ML B L? '\Jg
= 6," = —2- 6, = 2— T RN W 4 WL
6El EI 281 12
bl g . ML oo BE wt
2 e Y Y] M
Compatibility requires, v
1> B
_Qn ” ” 127 .
0=065"+6;"+6,
L
L ML B L?
0= il P gl L '?[ T X
6EI - EH \ 2H 3 \/ L
0=wL+6M,; ~3B,L [1 LY
25
(+h 0=vp"+v3"+ V"
wl® MyL* ( B L
=—+ +| 21—
8EI  2EHI 3E
0=3wL’+12My -8B, L (2]
Solving Egs.[1] and [2] yields,
B - L M. = wlL?
) T
D A wlL M wl?
3 ry, =— = —
ue to symmetry y ) A D
Maximum Moment: From the moment diagram, the maximum
. btyawr
moment occurs at the two fixed end supports. With w = and
nr
L=rf=—,
3
5 bryo’r( e\ 2 5
12 () ppngs
M, = M (5) _mhe Ans
12 12 108¢g
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12-142. Determine the moment reactions at the supports Wy
A and B. Use the method of integration. £/ is constant.

Support Reactions: FBD(a). A B
wol L
+TIE =0; A,+B’-%=0 (1
L(L
+IM, =0; B L+M, -M, -iL(—)=
(o, R A G 21

Moment Function: FBD(b).

1
(+ My, =0; —M(x)—i(%x)x(g)—M, +B,x =0

_ Wo 3
M(x) —B,x -ax -My

Slope and Elastic Curve:

dv B , wy ,
EII=?’X -mx -Mx+C, (3]

B w M,
Elv=22y 0 s_"32
5 x 120Lx 2 x"+Cix +C, [4]

Boundary Conditions:

dv
At x =0, = =0  From Eq.[3], C, =0

Atx=0,v=0. FromEq.[4], G =0

dv
At x =L, -Zx-=0 . From Eq. (3],

B,L* w,L
0=—x_ 70~
PR TR
0=12B,L-w,L*-24M, [s]

Atx =L, v =0. From Egq. [4],

6 120 2
0=20B, L—w, L - 60Mj (6]

Solving Egs.[5] and [6] yields,

MB = WOL" Ans
30
B = 3woL
4 20

Substituting B, and M} into Egs. [1] and [2] yields,

wol?

M, = _2_0_. Ans
TwolL
A = —
4 20
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12-143. Using the method of superposition, determine the
magnitude of My in terms of the distributed load w and

dimension a so that the deflection at the center of the beam
is zero. EI is constant.

Y

My i i My
e)
\ \ |
| a \ a \ a \
w
Mo CIrrird M.
sua | g )
@ch = 3eamr | Amr C, wwE
1Ta T a | a |
rd
Moa® <o i e
Bcn =@ck =T T ~~. e
S
Ac =0=(Ach +(Ac) +(Ac) /Ac),
+ @.)
M,
+T 0= Swa’ +——-—M‘;;Iz —_ "'!7/4\4:; °
384E1 8 = praeen =
- +
Swa® A )
= Ans /)
M, yn Hz )‘\
~N
~N
N
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