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14-1. A material is subjected to a general state of plane
stress. Express the strain energy density in terms of the
elastic constants £, G, and v and the stress components o,
oy,and 7.

‘Strain Energy Due to Normal Stresses: We will consider the application of normal
stresses on the element in two successive stages. For the first stage, we apply only o,

on the element. Since o, is a constant, from Eq. 14-8, we have

U = /—dV——V

When o is applied in the second stage, the normal strain &, will be strained by

vo
y . .
g/ = —ve, = - Therefore, the strain energy for the second stage is

0_2
U, = /<2E + o,8, )dV

|
—
1
I\J‘q
<
+
q
=
/T
m\é
<
~_
| I
QU
<

Since o, and o, are constants,
Vo .,
(Ui)Z = °E (o'y - 2Vo')co'y)

Strain Energy Due to Shear Stresses: The application of 7., does not strain the
element in normal direction. Thus, from Eq. 14-11, we have

U, = / B ’Txy Vv

The total strain energy is

Ui= U + (U + U
2 2y
oV Vv Txy
= + — + —
28 T 2E (@ T o) + g
Tiy Vv
=3F — (o + o' - o, 0,) + —— 2
and the strain energy density is
2
U; 1 T
vl (a'x + 0' - 2vo,0,) + 22 Ans.
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14-2. The strain-energy density must be the same whether
the state of stress is represented by o, o, and 7, or
by the principal stresses o; and o,. This being the case,
equate the strain—energy expressions for each of these two
cases and show that G = E/[2(1 + v)].

1 % 1
U= [[ZE (o2 + 0'%) = Eaxoy + ZGT?QC| av

1 v
U = [|:2E(0-% + O'%) —E0'10'2:|dV

Equating the above two equations yields.

1 2 2 v I, _ 1 5 2 v
ﬁ(a'x + oy) — Ea'xa'y + ﬁfxy = ﬁ(ol + 0%) — Eo'l oy @
o, + o O, — 0,\2
However, o, = % + \/(%) + 7%y

2 2\ — 2 2 2
Thus,(0'1+0'2)70'x+0'y+21'xy
— _ 2
0'10'2—0'_,60'}, Txy

Substitute into Eq. (1)

=

v 1 1 v v
(0’% + O'?,) — EU'XO'y + ET%}, = ﬁ(a'i + o'i + 273},) - Ea'xa'y + E’T%y

[\S]
N

2
1, T v,
26™TETE™

1 _ 1.
2G E E
1 1
- = +
6 gLt
E
= ED
2(1 + v) Q
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14-3. Determine the strain energy in the stepped

Referring to the FBDs of cut segments in Fig. a and b,
BIF. =0, Ng—20=0  Npc=20kN

BIF =0, Nuz—-30-30-20=0 Nyp=80kN

The cross-sectional area of segments AB and BC are A, p = %(0.12) = 2.5(10"%)7 m® and

Ape = %(0.0752) = 1.40625(10 ) m?.

N’L Nag’Lag . Npc’Lpc

Uida =25 4 E = 24, E, 2Apc Ep,
[80(10%) ]2 (1.5) [2010%) [2(0.5)
) 2[2.5107)7[200(10%) ] 2[1.40625(107%) 7 |[101(10%) ]
=3.28] Ans.

This result is valid only if o < o\,

oo Nap _ 80(10°)
B Ay 2510

= 10.19(10°Pa = 10.19 MPa < (), = 250 MPa OK.

" _ Npe _ 20 (10%)
BCT Ape T 1.40625(107%) 7

= 4.527(10°)Pa = 4.527 MPa < (o), = 410MPa OK.

rod assembly. Portion AB is steel and BC is A 100 mm B -
brass. Ey, = 101 GPa, Ey = 200 GPa, (oy),, = 410 MPa, 30 kN mfg .
(oy)s = 250 MPa. | E
<—
f 30 kN
1.5m 0.5m |
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*14-4. Determine the torsional strain energy in the A-36
steel shaft. The shaft has a diameter of 40 mm.

Referring to the FBDs of the cut segments shown in Fig. a, b and c,

SM,=0; Taz—300=0 Tuz=300N-m

SM,=0; Tge—200-300=0 Ty =500N-m

SM,=0;, Tep—200—300+900=0 Tep=—400N-m

The shaft has a constant circular cross-section and its polar moment of inertia is x

J = g(o.oz‘*) = 80(10~%)m m*.

T2 _ T a5 Lag N Tpc’Lpce N TepLep
267 26T 2GJ 26T 300N-Mm

)

W) =2

1
- 3007 (0.5) + 5007 (0.5) + (—400)* (0.5
2[75(109)80(10‘9)77]{ (0.5) + 5007 (0.5) + (—400)" (0.5)

= 6.63] Ans.

X X,

Tec Tep
_200NM GooN-m
300N-M ZO00N:
Cb ) 300NN

*14-5. Determine the strain energy in the rod assembly.

Portion AB is steel, BC is brass, and CD is aluminum. 15 mm 20 mm 5 KN C25 inm D
Ey = 200 GPa, E,, = 101 GPa, and E, = 73.1 GPa. A 2kN B | >
3 kN
i < |
L 2kN | ! SN T
300 mm 400 mm 200 mm |
N’ L
VY
B [3 (10°) * (0.3) [7 (10%) ]* (0.4)
2(%)(0.015%)(200)(10%) 2(5)(0.02%)(101)(107%) 248 Pag = 2 1)
—{
[-3(10°) ]*(0.2) a2 Ne, = 74a)
2 (3)(0.025%)(73.1)(10°
() )(73.1)(10%) ot
=0372N-m = 0372J Ans. Skal Mg = ~3xn
344 2 kA
2 k) S&N
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14-6. If P = 60 kN, determine the total strain energy 2m
stored in the truss. Each member has a cross-sectional area l;
of 2.5(10°) mm? and is made of A-36 steel. rcc .

Normal Forces. The normal force developed in each member of the truss can be
determined using the method of joints.

1.5m
Joint A (Fig. a)
5 3F, =0 Fap=0 D
E5
+13F, = 0 Fag — 60 =0 Fap = 60kN (T) i lA
. P
Joint B (Fig. b)
3
+13F, = 0; FBD(§> - 60 =0 Fyp = 100kN (C)
4
B IF, = 0; 100{ 5 | = Fpe =0 Fge = 80kN (T)
Axial Strain Energy. A= 2.5(103)mm2 = 2.5(1073> m? and
Lgp=V2>+15=25m
N2L
) =3
(Ul)u 2AE
1

- 2[2.5(10—3)“200(109”{{60(103)]2(1-5) + [100(10°) P (2.5)

+ [80(103”2(2)}
=4321] Ans.

This result is only valid if o < oy. We only need to check member BD since it is
subjected to the greatest normal force

Fgp  100(10°)

= = 40 MPa < oy = 250 MPa OK.
A 25(107)

OBpp =
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14-7. Determine the maximum force P and the 2m
corresponding maximum total strain energy stored in the l;
truss without causing any of the members to have r"c o

permanent deformation. Each member has the cross-
sectional area of 2.5(10°) mm? and is made of A-36 steel.

1.5m
D
kS
Normal Forces. The normal force developed in each member of the truss can be A
determined using the method of joints. P
Joint A (Fig. a)
L SF, =0 Fup=0 %
+13F, = 0; Fap— P = Fap=P(T)
Joint B (Fig. b) ’i’;
3
+12F, = 0; Fgp <g) - P= Fgp = 1.6667P (C) F
AD
£ 4 X
SIF, =0 1.6667P 5)° Fpc =0 Fpe = 1.3333P(T) A

Axial Strain Energy. A = 2.5(10*)mm? = 2.5(1073)m>% Member BD is critical
since it is subjected to the greatest force. Thus,

oy = 122 P

2.5(1072)
P = 375kN Ans. y
Using the result of P
FAB = 375kN FBD = 625kN FBC = SOOkN
Here, Lgp = V1.5 + 2> =25m.
2
W), =357 -
- 1 ( 3\ ]2 3\ 12 3\ ]2 } -
= 375(10 1.5 625(10 2.5 500(10 2
2[2.5(10*3)}[200(109)]L[ 5(10)Pas) + [@25(107)23) + [s0(10%) ) 60 Y
= 1687.5] = 1.6875kJ Ans. ,Z;=P

b)
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*14-8. Determine the torsional strain energy in the A-36
steel shaft. The shaft has a radius of 30 mm.

2
Uy = 33,7 = 51 005) + (Y005 + (NI O3)
~2.5(10°
- JG
9
= %)4 =262N-m = 262]J Ans.
75(10°)(3)(0.03)
o:ﬂ“" s
jﬁ'n T‘.‘ | oi-m
ARt
Ll

*14-9. Determine the torsional strain energy in the A-36
steel shaft. The shaft has a radius of 40 mm.

Internal Torsional Moment: As shown on FBD.

Torsional Strain Energy: With polar moment of inertia

T B . .
J== (0.04*) = 1.28 (107°) = m*. Applying Eq. 14-22 gives

<« TI°L
L “GT

1

=67 (80002 (0.6) + 2000 (0.4) + (—10000) (0.5)]

~45.0(10°) N*-m’
B GJ

B 45.0(10°)
75(10%)[1.28(10) 7]

=149] Ans.

8 kum Tog.0 kA
=
Arba &kl e T-2.0 kN-M
¢ okt 14 kb T- =10-0 kdm
Bram ~
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14-10. Determine the torsional strain energy stored in the
tapered rod when it is subjected to the torque T. The rod is
made of material having a modulus of rigidity of G.

Internal Torque. The internal torque in the shaft is constant throughout its length as
shown in the free-body diagram of its cut segment, Fig. a,

S

Torsional Strain Energy. Referring to the geometry shown in Fig. b, T

FrW =
r=r —(x) = — X
L L

The polar moment of inertia of the bar in terms of x is

r 4t T /’
J(x):g#:g[—o(Ler)} =" (L + x)? ‘

L 2L*

‘We obtain, T
Lr2ay T?dx

L
WUy, = /0 2dox = A 7o
ZG[ (L + x)4:|

2L
T /L dx
wro*G Jo (L + x)*

L

Tt 1
mry*G | 3(L + x)°
_I1TL
247ry*G

0

Ans.

St &

oX
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14-11. The shaft assembly is fixed at C. The hollow
segment BC has an inner radius of 20 mm and outer radius
of 40 mm, while the solid segment AB has a radius of
20 mm. Determine the torsional strain energy stored in the
shaft. The shaft is made of 2014-T6 aluminum alloy. The
coupling at B is rigid.

Internal Torque. Referring to the free-body diagram of segment AB, Fig. a,
EM,=0; Tyup+30=0 T,p=-30N-m
Referring to the free-body diagram of segment BC, Fig. b,

SM,=0; Tpe+30+60=0 Tuz=-90N-m

Torsional Strain Energy. Here, J,p= %(0.024) = 80(10_9)77 m* and
Tpe = 5 (0.04* — 0.02) = 1200(10~°)r m*,

T°L Tap’Lap | Tpc’Lpe

U= 2267 = 267+ 2675
B (—30)%(0.6) (—90)(0.6)
2[27(10%)][80(10"%)r] ~ 2[27(10°)][1200(10"°)r]
= 0.06379 ) Ans.

30A:m
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*14-12. Consider the thin-walled tube of Fig. 5-28. Use
the formula for shear stress, 7,,, = T/2tA,,, Eq. 5-18, and
the general equation of shear strain energy, Eq. 14-11, to
show that the twist of the tube is given by Eq. 5-20,
Hint: Equate the work done by the torque 7 to the strain
energy in the tube, determined from integrating the strain
energy for a differential element, Fig. 144, over the volume
of material.

U = 72dv but r
N A Ye T 00a,

T2
U[: /72 P av
L 81 ALG
2 [av _ T* [dA [" T°L [dA
= 2 2 T 2 — [ dx= 2 2
8ALG), *  8ALG /s £ Jo 8 AnGJat

However,dA = t ds. Thus,

_ L (ds
' 8ALG) t
1
Ue=T¢
U, = U,
Lrg L [ds
2 8A2G ) ¢
TL ds
= — ED
¢ 4A2G ) 1 Q
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*14-13. Determine the ratio of shearing strain energy to P
bending strain energy for the rectangular cantilever beam L ‘
when it is subjected to the loading shown. The beam is made v |_”
of material having a modulus of elasticity of £ and Poisson’s
ratio of v.

La

N

[

Section a - a
Internal Moment. Referring to the free-body diagram of the left beam’s cut P

segment, Fig. a,

+13F, = 0; -V -P=0 V=-P

+2ZMpy = 0 M+ Px =0 M = —Px E#;

6
Shearing Strain Energy. For the rectangular cross section, the form factor is f; = 5

6
—(—P 2 d
W), = /Lfsvzdx_/Ls( yar s /de_3P2L
W= 2GA ), 2G(bh)  5bhG ), SbhG Ca )
E
However,G = ——, then
2(1 +v)
. 6(1 + v)P’L
( i)v - SbhE
Bending Strain Energy.
Us = b mPdx /L (-Px)’dx, _ 6P? /sz oo OP7(2[F_2PL
ey 2EL ZE( 1 bh3) bRE Jo bRPE\ 3 )|o  bRE
12
Then, the ratio is
6(1 + v)P?L
Uiy SbhE 3(1 + v) (h)z
_ s — = Ans.
U 2P’L 5 L
bWE

From this result, we can conclude that the proportion of the shearing strain energy
stored in the beam increases if the depth /4 of the beam’s cross section increases but
decreases if L increases. Suppose that v = % and L = 10hk, then Egg;

shearing strain energy is only 0.09% of the bending strain energy. Therefore, the

= 0.009. the

effect of the shearing strain energy is usually neglected if L. > 104.
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14-14. Determine the bending strain-energy in the beam M,
due to the loading shown. ET is constant. A
A ) (] C
# O
U. = L M2dx ‘ L b ‘ L
)y 2EI | 5 | 5 |

LT M 2 L2\
“2EI ), L o)dat TR ) dxl M,
N\

ML - ’
=2 Ans. I g

= l
24EI f vz T 4 lu
A T
Note: Strain energy is always positive regardless of the sign of the moment function. : 0 ( j
X X, M
_%l_{ 1 ( 2 —LE

14-15. Determine the bending strain energy in the beam. P P
El is constant. l l
Referring to the FBD of the entire beam, Fig. a, ; 5\
|
L 3L L L ‘ L
C+EZMyz=0; P(Z)+P<T>_AV(L):O A, =P }‘*j \ 5 \ ZH‘

Using the coordinates, x; and x,, the FBDs of the beam’s cut segments in Figs. b and
c are drawn. For coordinate x,,

Q“FEML:O, M(xl)—Px1=O M(.Xl):le
For coordinate x, coordinate,

C+=M,.=0; M(x;) — P(%) =0 M(xy) = %

Lan L/4 L/2 2
Midx 1 { / ) / (PL) }
U =2 =_—2 Pxy)“dx; + — | dx
U e T 2E1), (Px1)%dx | 7 2

_L{Z(PZ 3)5+ P’L 5}
21 17\ 3 )|, T 16
P23
" 48EI Ans.
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*14-16. Determine the bending strain energy in the A-36 6 kip

structural steel W10 X 12 beam. Obtain the answer using
L 1

the coordinates (a) x; and x4, and (b) x, and x;.
X14'{ ~ X4
e
12 ft ‘ 6 1t

Support Reactions: As shown on FBD(a).
Internal Moment Function: As shown on FBD(b), (c), (d) and (e).
Bending Strain Energy:

Using coordinates x; and x, and applying Eq. 14-17 gives

L M2dx
, 2EI

Ul‘:

!
T 2EI

1 12ft 6t
=— 00x}dx; + 0x3 }
SEI [l 9.00x7dx; A 36.0x5 dx,

3888 kip? - ft®
- El

12ft 6ft
{ / (—3.00x,)* dx; + (—6.00x,)* dx4}
0 0

For W10 X 12 wide flange section, I = 53.8 in*.

3888(12%) o
U= ——— - =4306in-kip = 359 ft-1Ib Ans.
29.0(10%)(53.8)

b) Using coordinates x, and x, and applying Eq. 14-17 gives

L M2ax
, 2EI

Ui:

6ft
1

2E1

1 12ft X
= . - + +
T { A (9.00x% — 216x + 1296)dx; A

12ft
{ / (3.00x, — 36.0)%dx, + (6.00x; — 36.0)° dx3}
0

6ft
(36.0x3 — 432x + 1296) dx3}

3888 kip? - ft
EI

For W10 X 12 wide flange section, I = 53.8 in*.

3888(12%)

=2 ) 4306in-kip = 359 ft- b Ans.
7 29.0(10°)(53.8) n-xp s
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¢14-17. Determine the bending strain energy in the A-36 9 kN /m
steel beam. I = 99.2 (10%) mm®. ,,f’~f~ﬂﬂﬂTﬂﬂTﬂﬂTﬂfIlﬂlﬂﬂlﬂﬂlﬂﬂIﬁ’I/ﬂ
yo\
_é_
} 6m
Referring to the FBD of the entire beam, Fig. a,
1
C+ZMyp = 0; 5(9)(6)(2) - A, (6)=0 A, =9kN
Referring to the FBD of the beam’s left cut segment, Fig. b,
1/3
C+IMy=0;, M(x) + S * (x) (x/3) —9x =0
13
M(x) = 9x—1x kN-m
Ly 6m 2
_ M-dx 1 1
W= | g1 =21 ), (9x 4x> dx
6m
1 2, Lo 4)
= — + —_— —_
2E1 (81x 6" 5 X dx
3 ;9 S\
= — + —_— —_—
2EI K%‘ m* 10" > . }
_666.51 kKN* - m’?
EI
For A 36 steel, E =200GPa. Here, I =/[99.2(10°) mm?’] (171“)4
’ ' ’ ’ 1000 mm
= 99.2(107%) m* Then
666.51 (1000%)
Uy = = 33617 Ans.
200(10°) [99.2(107%)]
L3
L )0
£9X6) kN 22 . s
Wa zX=35X
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14-18. Determine the bending strain energy in the A-36 15 kN/m
steel beam due to the distributed load. I = 122 (10°) mm®.

Referring to the FBD of the entire beam, Fig. a,

1
+13F, = 0; A, - 5(15)(3) =0 A, =225kN

1
C+ZIM, =0, MA_E(ls)G)(Z):O My,=45 kN-m
Referring to the FBD of the beam’s left cut segment, Fig. b,

1
C+2XM,=0; M(x) + E(Sx)(x)(x/:’w) —25x+45=0

M(x) = (22.5x — 0.8333x> — 45)kN-m

L 2 3m
M-dx 1
), = = | 22. - 0. 3_4 2
(HN A SET 2E1{%( 5x — 0.8333x% — 45)% dx

1 m 6 4 3 2
= — } — 37.5x% + + 506.
5 M 0.6944x% — 37.5x* + 75x° + 506.25x

— 2025x + 2025)dx}

1
= 257 <O.09921x7 — 7.5x° + 18.75x* + 168.75x°

3m

—1012.54% + 2025x>
0

71598 kN - m?
EI

Im 4
F A I, E=2 Pa. H I =1{122(10° 4}(7)
or 36 steel, 00 GPa ere, { (10°) mm 1000 mm
= 122(107%) m*. Thus,

715.98 (1000?)

Wy =293J Ans.

- 200(10)[122 (107%)]
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14-19. Determine the strain energy in the horizontal
curved bar due to torsion. There is a vertical force P acting
atits end. JG is constant.

T = Pr(1 — cos 0)

Strain energy:

U = / L2 s
! 0o 2JG
However,

s =rb; ds = rdf

0 42 /2
Trdo r
P = =— Pr(1 — 2d
U, z TG 210G J, [Pr( cos 0)]°d6

P2 3 /2
= % (1 — cos 0)*do
0

P2 3 /2
=7 / (1 + cos®>6 — 2 cos 0)do
0

2JG

p3 [ 20 + 1
=7 / 1+L—2cos(9)d6
0

2JG 2

P2 3
= Jé (%T - 1) Ans.
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*14-20. Determine the bending strain energy in the beam
and the axial strain energy in each of the two rods. The
beam is made of 2014-T6 aluminum and has a square cross
section 50 mm by 50 mm. The rods are made of A-36 steel
and have a circular cross section with a 20-mm diameter.

Support Reactions: As shown on FBD(a).

Internal Moment Function: As shown on FBD(b) and (c).

Axial Strain Energy: Applying Eq. 14-16 gives

2
(Ui)a = Z“é
[8.0010% ]? (2)
2AE

~ 64.0(10° N*-m
a AE

B 64.0(10%)
T(0.022) [200(10°)]

=1.02J Ans.

Bending Strain Energy: Applying Eq. 14-17 gives

EM2ax
2E1

0

1 Im 2m
=—|2 ) 2 + .00?

2E1[ A (8.00x1)"dx % 8.00 dx2i|

_ 85333kN*-m’
EI

Uy =

B 85.333(10%)
73.1(10°)[ 5 (0.05) (0.05%)]
=22413N-m = 224kJ Ans.
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*14-21. The pipe lies in the horizontal plane. If it is
subjected to a vertical force P at its end, determine the
strain energy due to bending and torsion. Express the
results in terms of the cross-sectional properties / and J, and
the material properties E and G.

2 2
U, - de+/de

2E1 2JG

B %(Px)zdij L(Px)zdx+ L(ELY? dx
)y 2EI o 2EI b 2JG

P2 [(L\*1 P> L} Pr?
= — 5+ -+ (L)
2EI\2)3 2EI3 8JG
_3P2L3+P2L3
T 16EI 8JG
3 1
— 2713 + — .
P L {16151 SJG} Ans
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14-22. The beam shown is tapered along its width. If a b ﬂ
force P is applied to its end, determine the strain energy in r
the beam and compare this result with that of a beam that

has a constant rectangular cross section of width b and
height A.

Moment of Inertia: For the beam with the uniform section,

bh?
I= 12

For the beam with the tapered section,

_ 1 (b s _bh Iy
1_12(Lx)(h)_12Lx_Lx

Internal Moment Function: As shown on FBD.

Bending Strain Energy: For the beam with the tapered section, applying Eq. 14-17 gives

M2 dx

U, =
L= J, 2EI

1 L(ipx)zd
=— ———dx
22 Jy I,

P [t
== d
2EI, A rax

_PL* 3P}
4El,  bKE

Ans.

For the beam with the uniform section,

U - “MPdx
! o 2EI
1 L
= —-Px)*d
2EI, /0 (=Px)"dx
PL’
~ 6EI,
The strain energy in the capered beam is 1.5 times as great as that in the beam
having a uniform cross section. Ans.
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14-23. Determine the bending strain energy in the w dx
cantilevered beam due to a uniform load w. Solve the
problem two ways. (a) Apply Eq. 14-17. (b) The load w dx

acting on a segment dx of the beam is displaced a distance y, l l l l l vl l l l l l
where y = w(—x* + 4L3x — 3L*)/(24EI), the equation of
the elastic curve. Hence the internal strain energy in the dx—|| x
differential segment dx of the beam is equal to the external L

work, i.e., dU; = 3(w dx)(—y). Integrate this equation to

obtain the total strain energy in the beam. EI is constant.

Internal Moment Function: As shown on FBD.

Bending Strain Energy: a) Applying Eq. 14-17 gives

U_/LMzdx
i), 2EI
1 o wzr
_2EI[A{ Pl
W2 L4
—Sﬁ Axdx

w2 L’
T 40EI Ans.
. 1
b) Integrating dU; = E(wdx)(—y)
_1 w 4 3 4
au; = 2(de)|:—24EI (—x +4L°x — 3L >:|
w? 4 3 4
;= —4L3%x + 3L
dau; 18E] (x x + 3 )dx
w? - 4 3 4
U 48E1[ (x* = 4L + 3L%) dx
w23
T A0E] Ans.
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*14-24. Determine the bending strain energy in the wdx
simply supported beam due to a uniform load w. Solve the

— . w
Feting o the scpment ds ot th beam s displaced  disance RENERIIRERRENN

y,where y = w(—x* + 2Lx> — L*x)/(24EI), the equation Eo
of the elastic curve. Hence the internal strain energy in the ‘
xA ~—dx

<

differential segment dx of the beam is equal to the external
work, ie., dU; = %(w dx)(—y). Integrate this equation to I !
obtain the total strain energy in the beam. ET is constant.

Support Reactions: As shown on FBD(a).
Internal Moment Function: As shown on FBD(D).

Bending Strain Energy: a) Applying Eq. 14-17 gives

U_/LMde
! o 2EI
_ 1 [ LW zr
_2EI_/0 {Z(Lx x) | dx

r ,rL
=2 / (L2 + x* = 2Lx%) de
L Jo

8EI
w2L>
= Ans.
240E1 "
1
b) Integrating dU; = E(de) (=)
du; = 1(wdx) —L(—x4 + 2Lx3 — L3x)
2 24E1
o 3 3
= 2L + L
du; 18EI (x X x) dx
w? - 4 3 3
;= — +
U, 48EIA (x* = 2Lx° + L°x) dx
w23
" 240E1 Ans.
Wi
r y
J
A T A
WL W
@) z
Nk £
e
; vis)
—|b T XL
=
T
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*14-25. Determine the horizontal displacement of joint A.
Each bar is made of A-36 steel and has a cross-sectional
area of 1.5 in.

Member Forces: Applying the method of joints to joint at A, we have

4
BIF, =0; Fap=2=0 F ap = 2.50 kip (T)
3 .
+1SF, =0,  Fap-— 5@50) =0 F 45 = 1.50 kip (C)
At joint D
4 4 .
B IF, =0 $Fop = 5(250) =0 Fpg = 2.50 kip (C)

3 3
+13F, = 0; g(2.50) + g(2.50) —Fpc=0
Axial Strain Energy: Applying Eq. 14-16, we have

N2L
P 22AE

= S Ap 2307 (5) + (-1.50)%(6) + (=2.50)* (5) + 3.00°(3)]

51.5 kip? - ft
AE

51.5(12)

=220 .014207 in-ki
15[29.0(10%)] P

External Work: The external work done by 2 kip force is
1
Ue =5 @) (A = (B

Conservation of Energy:
U e — U i

= 0.0142 in. Ans.
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14-26. Determine the horizontal displacement of joint C.
AE is constant.

Member Forces: Applying the method of joints to C, we have

+12F,=0;  Fpccos30" — Fyccos30 =0 Fpe=Fuc=F
BIF, =0, P —2Fsin30 =0 F=P
Hence, Fyc = P(C) Fuc = P(T)

Axial Strain Energy: Applying Eq. 14-16, we have

N2L
i EZAE

SEYT; [P2L + (P L]

_PL
AE

External Work: The external work done by force P is

1
Ui=5P (Ak
Conservation of Energy:
U,=U;

1 P’L

—P(Ac)y = ——

S P =~

2PL

(AC)k = E Ans.
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14-27. Determine the vertical displacement of joint C. AE
is constant.

Joint C:

BSF, =0  Fcpcos30 — Feucos30 =0
Fep = Fca

+1=SFy=0  Fcusin30 + Fegsin30" — P =0

Fcp=Fca=P

Conservation of energy:

Ue = Ui

1 N’L

2 PAc= 25,

1 L

SPAc = [Fep + Fel

L
PAc = —(P*+ P?
¢ EA( )

2PL
AC = E Ans.
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AE is constant.

Joint B:
+T2Fy =0;
E3F, =0
Joint D:
+l3F, =0
5 SFx = 0;
Joint A:
+l3F, =0

*14-28. Determine the horizontal displacement of joint D.

FBC = 075P
Fgp=P
Fpa=0
FDC =P

3

FAC = 125P

Conservation of energy:

U, = U,
%PA p=23 ;\Zé
%PA p= ﬁ[(o.ﬁp)z(o.@) + (P)*(0.8L) + (0%)(0.6L)
+ (PH)(0.8L) + (1.25P)X(L)]
A, = 3.?21

Ans.

D C
P €«—F -
L

0.6L
Al AN
=2
‘ 0.8 L |

*14-29. The cantilevered beam is subjected to a couple
moment M applied at its end. Determine the slope of the
beam at B. EI is constant.

Ly,2 L 2

M2d 1 M2L

U; = *_ /Mgdx— g
0

o 2EI  2EI ~ 2EI

1
Uu,= E(MOQB)

Conservation of energy:

U, =U,

1 My*L

7M _ -

270UB T Ry
ML

5 EI

Ans.
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14-30. Determine the vertical displacement of point C of
the simply supported 6061-T6 aluminum beam. Consider
both shearing and bending strain energy.

100 kip

[

Ea2dx L (50x)*dx A
(Ui)b=£m=2[2[ ﬂ'

10.0(10%) |(576)
18 in.
= 0.4340(107%) / dx
0

= 0.4340(10—3)@3)

18in.

0

= 0.84375 in - kip

Thus, the total strain energy stored in the beam is
Ui = U)y + U
= 0.3041 + 0.84375

= 1.1478 in - kip Ans.

External Work. The external work done by the external force (100 kip) is
1 1
U, = EPA = E(IOO)AC = 50A¢

Conservation of Energy.

U(:’ = Ui
S50Ac = 1.1478
Ac = 0.02296 in. = 0.0230 in. Ans.

(*)

A 1 B
¢ La
1.5 ft ‘ 1.5 ft
4in.
Support Reactions. Referring to the free-body diagram of the entire beam, Fig. a, ‘..1:‘1
C+IMy = 0; 100(1.5) — A,(3) = 0 A, = 50kip T
12 in
Internal Loading. Referring to the free-body diagram of the beam’s left cut l
segment, Fig. b, Section a—a
+13F, = 0; 50 -V =0 V = 50 kip
C+3IM, = 0; M — 50x = 0 M = 50x 100 Kips
. . . 6
Shearing Strain Energy. For the rectangular beam, the form factor is f; = 5
6 (c2
) EAAC / st 0.3041 in - ki l
= = — = 0. in - kip
Tl 2GA o 2[37(10°)]14(12)] 4(
1
Bending Strain Energy. / = 5(4)(123> = 576 in*. We obtain /'5ft / '5ff

g
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14-31. Determine the slope at the end B of the A-36 steel
beam. I = 80(10°) mm*,

M = —750x

8 m

2 y 2EI
1 . ~ [P(=750x)%dx
S 6avye - [ 08

_ 16000
200 (10%)(80)(107%)

0p

=1(107) rad Ans.

*14-32. Determine the deflection of the beam at its center
caused by shear. The shear modulus is G.

Shear Functions: As shown on FBD(b).

6
Shear Strain Energy: Applying 14-19 with f, = 5 for a rectangular section, we have

AR
)y 2GA

1 56\ /P2
" 2bhG [2 A (5)(5) de
~3PL
200hG

Ui

External Work: The external work done by force P is
1
U,=-(P)A
=5 (P)

Conservation of Energy:

1 3P2L
—(P A =
2( ) 20bhG

_ 3PL
106hG

Ans.

Support Reactions: As shown on FBD(a).

D~
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*14-33. The A-36 steel bars are pin connected at B and C. 300 N-m
Ift tgey each have a diameter of 30 mm, determine the slope A “:9% ’;:) - T D
at k. E
}-—3 m—»‘kZm%« 2ma‘<f3m*—{
Ly 3 2
M=dx 1 1 65625
;= = Q)5 [ T5x)dx; + Q) [ (=75x)%dxy = =
= [N g [ ossran + @ [ rsran - 5

1 1
U, = 5(M/)a = 5(300)95 = 1500

Conservation of energy:

U, =U,
65625
1500, = ——
E™ Er
4735 4735
0p = = = 0.0550 rad = 3.15° Ans.

EI  (200)(10%)(Z)(0.015%

14-34. The A-36 steel bars are pin connected at B. If 800 Ib
each has a square cross section, determine the vertical 2 in.
displacement at B. A B

H
& 2 i = Oz

8 ft 4 ft— 10 ft |

Support Reactions: As shown on FBD(a).

Moment Functions: As shown on FBD(b) and (c).

Bending Strain Energy: Applying 14-17, we have

U - L M2dx
), 2EI

1 4ft 10ft
=— —800x,)% dx +/ —320x 2dx]
2E1['é ( l) 1 b ( 2) 2

~23.8933(10%) Ib? - ft?
B El

23.8933(10%)(12%) )
= = 1067.78 in - Ib

29001095 (2)(2%)]

External Work: The external work done by 800 Ib force is

U, = %(800)@3) = 400A

Conservation of Energy:
U e = U i
400A 5 = 1067.78

Ap = 2.67in. Ans.
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14-35. Determine the displacement of point B on the 20 kN
A-36 steel beam. I = 80(10°) mm*. l

L 2 3 5
vi- [ —Z}E,[ [1azs e + [ [(7.5)<103><x2)12dx2}

 1.875(10%)
T EI
1 1 3 3

Ue = 5 PA =5 (20)(10)45 = 10(10°)Ag

Conservation of energy:

Ue = Ui

1.875(10%)
10(10)A = ———=
( ) B EI
BP0 ISB00 67 m = 117 mm Ans.

PTEL T 200(10°)(80)(1076)

*14-36. The rod has a circular cross section with a
moment of inertia /. If a vertical force P is applied at A,
determine the vertical displacement at this point. Only
consider the strain energy due to bending. The modulus of
elasticity is E.

Moment function:

C+EZMp=0; Plr(1 —cos6)] — M = 0; M = Pr(l — cosb)

Bending strain energy:

S M?ds
;= ds = rdb
U, | 2El s=r
6 2 T
M*rdo r
= = Pr(l—cos)]*do
, 2EI 2E1£ [Pr(1 = cos6)]
P2 3 w
= 2Er1‘4 (1 + cos?6 — 2 cos 0)do

P2 7T( 1 cos26 )
= 1+-+ —2cos 0 | db
251[ ) cos

Py 7T(g_ﬁ_cos2‘9_2(:059)d€_P2r3(§ )_377P2r3
2EL)y \2 2 2EI\27 4EI

Conservation of energy:

Ay = Ans.

1187



14 Solutions 46060 _Partl 6/11/10 8:18 AM Page 1188 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*14-37. The load P causes the open coils of the spring to
make an angle 6 with the horizontal when the spring is
stretched. Show that for this position this causes a torque
T = PR cos 0 and a bending moment M = PR sin 6 at the
cross section. Use these results to determine the maximum
normal stress in the material.

T = P Rcos#6; M = P Rsinf

Bending:
Mc PRsinfd
Omax — T = o~
2 (7))
Tc P Rcos 0%
Tmax — 7 = T
(s

o, + oy oy — 0y 2 5
Omax — ) + 5 + Ty

16 P Rsin 0 16 P Rsin 6 \? 16 P R cos 6\?
=3 = — = ) T\
ad wd T d

16 PR

= o [sing + 1] Ans.
T

14-38. The coiled spring has n coils and is made from a
material having a shear modulus G. Determine the stretch
of the spring when it is subjected to the load P. Assume that
the coils are close to each other so that # ~ 0° and the
deflection is caused entirely by the torsional stress in the coil.

Bending Strain Energy: Applying 14-22, we have

T°L P’R’L  16P’R’L

Vi=567 = 2G5 (@] G

However, L. = n(2mR) = 2nmR. Then

_ 32nP’R’

U .
! d*‘G

External Work: The external work done by force P is

1
Ue = EPA
Conservation of Energy:
Ue = Ui
23
1 PA — 32nP°R
2 d‘G
64nPR’
A= n47 Ans.
a'G
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14-39. The pipe assembly is fixed at A. Determine
the vertical displacement of end C of the assembly. The
pipe has an inner diameter of 40 mm and outer diameter
of 60 mm and is made of A-36 steel. Neglect the shearing
strain energy.

Internal Loading: Referring to the free-body diagram of the cut segment BC, Fig. a, C \/

ZM,=0; M, + 600x =0 M, = —600x

Referring to the free-body diagram of the cut segment AB, Fig. b, z

SM, =0, M, — 600y = 0 M, = 600y 600N \/

M, = 0; 600(04) —T,=0 T, =240N-m ﬂ z
T

Torsional Strain Energy. / = (0.034 - 0.024) = O.325<10_6)77m4.We obtain

2

B Loy B 0.8m 240%d - M \
W), = /0 al /0 SETD * = 0.3009J 1} ?

267 J[0.325(107¢) ] X
Bending Strain Energy. / = %(O.OS4 - 0.024) = 0.1625(1076)7-rm4.We obtain Ca-)
B L Mzdx B 1 0.4 m ) 0.8 m 5
W)y = /0 L " 2151[/0 (—600x)? dx + /0 (600y)* dy #
1 3 3().4m 3\ 3 0.8 m
= 57| 120(10°)x ot 120(10%)y .
34560 N?-m?
a EI
34 560

= = 033857
200(109)[0.1625(10*6)77}

Thus, the strain energy stored in the pipe is

Ui= Uy, + Uy

= 0.3009 + 0.3385

= 0.6394]

External Work. The work done by the external force P = 600 N is

U, = %PA = %(600)% = 300A¢

Conservation of Energy.
Uu,=U,
300A¢ = 0.6394

Ac = 2.1312(107%) = 213 mm Ans.
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*14-40. The rod has a circular cross section with a polar b4
moment of inertia / and moment of inertia /. If a vertical

force P is applied at A, determine the vertical displacement

at this point. Consider the strain energy due to bending and

torsion. The material constants are E and G.

T = Pr(1 — cos 0); M = Prsin 6

Torsion strain energy:

U/STzds/gTzrdG
iT ) 261 T )y 267

ks

= ﬁ | [Pr(1 — cos 6)]*d6
P2 3 77
= 2Gr]_l (1 + cos?6 — 2 cos 6)d6
P2 ’T( cos20 + 1 )
= 1+————2cos6 |do
267 /0 2 cos
_ 3P
4GJ
Bending strain energy:
' M%d
Ui = al
, 2EI
612 T
M<r dé r
= = Prsin 0)2d
| 2 2EIA [Pr sin 0]~ d6

_pPr 7T(l — cos 20>d6 PP
"~ 2EI ), 2  4EI

Conservation of energy:

Ue = Ui
LN 3PPPw  Praw
277 T 4Gy 4ET
A—Pr3”<i+i) Ans
~ 2 \G7 T EI .
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*14-41. Determine the vertical displacement of end B of ‘ 3m
the frame. Consider only bending strain energy. The frame ‘

is made using two A-36 steel W460 X 68 wide-flange — B
sections. w3

Internal Loading. Using the coordinates x; and x,, the free-body diagrams of the
frame’s segments in Figs. a and b are drawn. For coordinate x,

+3M, = 0; —M; = 20(10%)x; = 0 M, = —20(10°)x, .
For coordinate x,,
_ 3 _ _ 3 20 kKN

+IMp = 0; M, — 20(10°)(3) = 0 M; = 60(10°)N - m
Bending Strain Energy. A

Lm0 3m 2 4m 2

M*dx 1 3 3

o= | Sgr = ZEI[A {—20(10 )xl} dx, + A {60(10 )} dx2:|

1| [ 400(10°) " 4m

= E 3 x13 + 36(109))6

9(10°)N?- m?
EI

For a W460 X 68,1 = 297(10°)mm* = 297(10°) m*. Then

Uy = (1) — 151521
o= 200(10°)297)(10°6)

External Work. The work done by the external force P = 20 kN is

U, = %PA = %[20(103)%3 = 10(10°)A,

Conservation of Energy.
Ue = Ui
10(10°)A 5 = 151.52

Ap =0.01515m = 15.2 mm Ans.

M, V -
C'O % Lo

X, 3 M Y 2000)N
I 3m

ROUOIN Ny
@) k)
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14-42. A baris 4 mlong and has a diameter of 30 mm. If it
is to be used to absorb energy in tension from an impact
loading, determine the total amount of elastic energy that it
can absorb if (a) it is made of steel for which
Ey = 200 GPa, oy = 800 MPa, and (b) it is made from an
aluminum alloy for which E, = 70 GPa, oy = 405 MPa.

oy 800(10°) 4103
ey =g = 0007 A0 ) m/m

u, = %(ay)(sy) = %(800)(106)(N/m2)(4)(10_3)m/m = 1.6 MJ/m’
= %(0.03)2(4) = 0.9(10 )7 m?

;= 1.6(10%)(0.9)(10 )7 = 4.52kJ Ans.

=

b)

oy 405(10°
e, = —=

=———= =15786(10"3
T E T 70010°) (107%) m/m

u, = %(oy)(sy) = %(405)(106)(N/mz)(5.786)(10_3)m/m = 1.172 MJ/m’®

<
Il

%(0.03)2(4) = 0.9(10 37 m3

1.172(10%(0.9)(10 3)7 = 331 kJ Ans.

=
Il

14-43. Determine the diameter of a red brass C83400 bar
that is 8 ft long if it is to be used to absorb 800 ft-Ib of
energy in tension from an impact loading. No yielding occurs.

Elastic Strain Energy: The yielding axial force is Py = o,A. Applying Eq. 14-16,
we have

N (0,APL  olAL

Ui=04E = 24E 2E
Substituting, we have

o2 AL

Ul' =

2E
11.471Z(d?)((8)(12)
0.8(12) = [5(@) 5
2[14.6(10%)]
d = 5.35in. Ans.
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*14-44. A steel cable having a diameter of 0.4 in. wraps
over a drum and is used to lower an elevator having a weight @
of 800 Ib. The elevator is 150 ft below the drum and is
descending at the constant rate of 2 ft/s when the drum

suddenly stops. Determine the maximum stress developed in
the cable when this occurs. E = 29(10°) ksi, oy = 50 ksi.

E  T(0.4%)(29)(10%

_ _ _ e 150 ft
k 7 150 (12) 2.0246 kip/in.
Ue = Ui
%mvz + W Apax = %kA%W
A
1 800 5 1 3\ A2
= =—= + =2 :
> { ETiE) }[(12) @)F + 800 Ay = 5 (2.0246)(10) A

596.27 + 800 Aoy = 1012.29 A2

Apae = 1.2584 in.
Poax = kApay = 2.0246 (1.2584) = 2.5477 kip

Prax  2.5477 .
T max = A = %(0.4)2 =203ksi < o, O.K. Ans.

*14-45. The composite aluminum bar is made from two
segments having diameters of 5 mm and 10 mm. Determine
the maximum axial stress developed in the bar if the 5-kg
collar is dropped from a height of 4 = 100 mm. > mm 200 mm
E, = 70 GPa, oy = 410 MPa.

WL 50981)(02) . 5(9.81)(0.3)
AE — Z(0.005%)(70)(10°) " Z (0.01%)(70)(10°)

Poax = W[l +4/1+ Z(Ahﬂ

Poax 7051
- =2 _ 359 MPa < OK. Ans.
Tmx = AT (0,005 =9y s

Ay =2

= 9.8139(10 %) m 10 mm —f J—
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14-46. The composite aluminum bar is made from two
segments having diameters of 5 mm and 10 mm. Determine
the maximum height % from which the 5-kg collar should
be dropped so that it produces a maximum axial stress in the
bar of o . = 300 MPa, E, = 70 GPa, oy = 410 MPa.

_ WL 50981)(02) 5(9.81)(0.3)
T TAE T T(0.0052)(70)(10%) T (0.012)(70)(10°)

P = W[l +4/1+ 2(}‘)]
Ast

o T 2y _ _h
300(10 )(4)(0.005 ) = 5(9.81) |:l + \/1 + 2(9.8139(106))J

1201 =1+ V1 + 203791.6 h

h = 0.06096 m = 69.6 mm Ans.

Ay = 9.8139(10 %) m
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14-47. The 5-kg block is traveling with the speed of ‘&300 mmﬂkmo mm-—|
v =4 m/s just before it strikes the 6061-T6 aluminum c 5
stepped cylinder. Determine the maximum normal stress
developed in the cylinder.
40 mm
Equilibrium. The equivalent spring constant for segments AB and BC are
™ 2 9
AwE 2002 )[68.9(10 )} sty
BT 03 - /m
w
—(0.04%)| 68.9(10° }
ke = 2B _ ! ){ " = 288.608(10°)N
BC T e 03 - oo /m
Equilibrium requires
Fap = Fpc
kap Aap = kpcApe
72.152(10°)A 45 = 288.608(10°) A g
1
Apc = 4 Aup @
Conservation of Energy.
Ue = Ui
1 1 1
Emvz = EkABAABZ + EkBCABCZ )

Substituting Eq. (1) into Eq. (2),

1 1 1 1 2
Emvz = EkABAABz + EkBC(ZAAB>
lmvz = lkABAAB2 + o kpcAap’

2 2 32

%(5)(42) = %{72.152(106)}%32 + 31—2[288.608(106)}AA32
Aap = 0.9418(107) m

Maximum Stress. The force developed in segment AB is F,p = kpAp =

72.152(106)[0.9418@0‘3)} = 67.954(10°)N.

Thus,
Fap 67.954(10%)
Omax = TAB = 2 = = 216.30 MPa = 216 MPa Ans.
AB ™ 2
—(0.02
, (0.022)

Since o, < oy = 255 MPa, this result is valid.
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*14-48. Determine the maximum speed v of the 5-kg %300 mmﬂ»BOO mm-— v
c B

block without causing the 6061-T6 aluminum stepped
cylinder to yield after it is struck by the block. —"—'——'—AI

t
40 mm

Equilibrium. The equivalent spring constant for segments AB and BC are

Ak 7 (0.02%)[68.9(10)

k =
AB T s 0.3

= 72.152(10°)N/m

nE 7 (002)[689(10°)

k =
BC™ Lac 0.3

= 288.608(10°)N/m

Equilibrium requires
Fap = Fpc
kapAap = kpcApc

72.152(10°)A 45 = 288.608(10°) A ge

1
Apc = n Ayp @

Conservation of Energy.
U e — U i

1 1 1
Emv2 = EkABAABZ + EkBCABCZ 2

Substituting Eq. (1) into Eq. (2),
1 1 1 1 2
Emvz = EkABAABz + EkBC (ZAAB)

1 1
Emvz = EkABAABZ + ikzacAAB2

1 2 _ 1 6 2 1 0 2
S (G = E{72.152(10 )}AAB +§{288.608(10) A g

Aap = 0.23545(107)v

Maximum Stress. The force developed in segment AB is F,p = kapA,p
= 72.152(10°)[0.23545(107%)v | = 16988.46v.

Thus,

7 (0.02?)
2 \0
v = 4716 m/s = 472 m/s Ans.
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*14-49. The steel beam AB acts to stop the oncoming 200 mm
railroad car, which has a mass of 10 Mg and is coasting v=05m/s A 200 mm i*\\
towards it at v = 0.5 m/s. Determine the maximum stress n_m o | T

developed in the beam if it is struck at its center by the . _yim

car. The beam is simply supported and only horizontal 1m

forces occur at A and B. Assume that the railroad car o _U_B

and the supporting framework for the beam remains rigid.
Also, compute the maximum deflection of the beam.
Ey = 200 GPa,oy = 250 MPa.

From Appendix C:

PL} 10(10%)(9.81)(2%)
48EI1  48(200)(10%)(1)(0.2)(0.2%)
W 10(10%)(9.81)

k=——7 160(10% N
Ay 06131251073 (10 N/m

AY, v? 0.613125(107%)(0.5%) S
A pax 931 = 3.953(10°)m = 3.95 mm Ans.

A, = = 0.613125(10%) m

W' = kAo = 160(10°)(3.953)(1073) = 632455.53 N

w'L  632455.53(2)

M =
4

= 316228 N-m

M'c  316228(0.1)
O = =~ =23MPa<o, OK. Ans.
I L£02)02%
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14-50. The aluminum bar assembly is made from two
segments having diameters of 40 mm and 20 mm.
Determine the maximum axial stress developed in the bar if
the 10-kg collar is dropped from a height of # = 150 mm.

Take E, = 70 GPa, oy = 410 MPa. 1.2m
40 mm
0.6 m
20 mm|
. ApE ™ (0012) [70(10%)] 106 mm
= = = 11.667(10%) 7 N
ABT T m 0.6 (10%) m N/m A
An-E 7 (0.022) [70(10%)
kpe = =2~ = [ ] = 23.333 (10°) 7 N/m
Lge 12

Equilibrium requires
Fap = Fpc

kapAap = kpcApc

11.667(10% 7 A 45 = 23.333(10%) 7 Apc

Apc = 05 A, @)
Ug = Ui
1 1
mg (h + Ayp + Apc) = EkAB Aop + EkBC A%c ?2)

Substitute Eq. (1) into (2),

1 1
mg (h + AAB + 05 AAB) = EkAB Aag + EkBC (O.SAAB)Z
1

mg (h + 1.5A 4p) = EkAB A%p + 0125 ke A4

10(9.81)(0.15 + 1.5A 4p) =  [11.667(10%) | A% 5 + 0.125 [23.333(10%)7 |A%

N | =

27.4889 (10%A% 5 — 14715 Ay — 14715 =0
A,p = 0.7343(10 %) m

The  force  developed in segment AB is Fup = kspA =
[11.667(10%)7][0.7343(107%) | = 26.915(10°) N. Thus

Fup  26915(10°)
Aup 7 (0.012)

= 85.67(10%)Pa = 85.7 MPa Ans.

Since 0y < 0y, = 410 MPa, this result is valid
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14-51. The aluminum bar assembly is made from two
segments having diameters of 40 mm and 20 mm.
Determine the maximum height 4 from which the 60-kg
collar can be dropped so that it will not cause the bar to
yield. Take E, = 70 GPa, oy = 410 MPa.

The equivalent spring constants for segment AB and BC are

_AumE m(0.01%)[70(10°)]

= — 6
k ap L., 06 11.667(10°) = N/m
Age E m(0.02%)[70(10°)]
kpe = = = 23.333(10% 7 N/m
Lpc 12

Here, Fap = kap Aap = [11.667(10%)7 | A 45. It is required that o e = 045 = 0.
[11.667(10%7 | A 45
w(0.01%)

Fap

= 2= 410(10%) =
Yo Ay’ (107

o

A, = 0.003514 m

Equilibrium requires that
Fap = Fpc
kapAap = kpcApc
11.6667(10% 7 A 45 = 23.333(10%) 7 A e
Apc = 0.5A5 = 0.5(0.003514) = 0.001757 m

Ue:Ui

1 1
mg(h + AAB + Agc) = EkABA%B + EkBCA%?C

1
60(9.81)(k + 0.003514 + 0.001757) = 5 [11.667(10%) | (0.003514?)
1
+5 [23.333(10% | (0.001757%)
h=0571m Ans.
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*14-52. The 50-1b weight is falling at 3 ft/s at the instant it
is 2 ft above the spring and post assembly. Determine the 3 6t
maximum stress in the post if the spring has a stiffness of /s

k = 200 kip/in. The post has a diameter of 3 in. and a -1
modulus of elasticity of E = 6.80(10%) ksi. Assume the [
material will not yield. 2lft

Equilibrium: This requires F;, = Fp. Hence

kgpAgp = kpAp and A, = =-A,p [1]
sp

Conservation of Energy: The equivalent spring constant for the post is
_AE 5 (39)[68010%)]

k = 2.003(10°) Ib/in.
P L 2(12) (10°) 1o/in
U, =U,
1 2 1 2 1 2
Emv + W(h + Amax) = EkPAP + EkspAsp [2]

However, Ay = Ap + Ag,. Then, Eq. [2] becomes

1 1 L
S+ W(h+Ap+A,,) = 3 kpAb + S kAl 131

Substituting Eq. [1] into [3] yields

1, kp 1 1(Kk*P
= + + Ap+ ——Ap | =kPAp + | —— A}
2 " W<h g kSP P> 2k ! 2 < k»‘p P>
1[50 Y., 2.003(10°%)
= + + A, +——
2 <32.2>(3 )(12) 50[24 Ay 200(10%) Ar
1 1o 1120031097
=-|2 + o
5 [2.003(10°)]aj 2( 200009 )

11.029(10°)A% — 550.69A, — 1283.85 = 0

Solving for positive root, we have

Ap = 0.010814 in.

Maximum Stress: The maximum axial force for the post is Ppa = kA,
= 2.003(10°) (0.010814) = 21.658 kip.

P 21.658
Tmax = ;“1*“ = 73 = 3.06 ksi Ans.
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*14-53. The 50-kg block is dropped from 4 = 600 mm
onto the bronze C86100 tube. Determine the minimum

length L the tube can have without causing the tube to yield. A
30 mm -
Maximum Stress. 20 mm h =600
= mm
A = (003 - 0.022) = 0.5(10%)
L 50(9.81)L ion a— a a
A, =L _ O51) = 3.0317(10°)L Sectona-a | L,
AE - [05(107)mr][103(10%)]
50(9.81 B
oy = W 008D 5 103Mpa
-3
A 0510737
Using these results,
N N CIESVINE: T PR
Ay 3.0317(107°)L L
Then,
Omax — Oy = N0y
45 = (1 1+ 2208 Yo 31
L = 03248 m = 325 mm Ans.
14-54. The 50-kg block is dropped from 4 = 600 mm
onto the bronze C86100 tube. If L = 900 mm, determine
the maximum normal stress developed in the tube. A
30 mm ﬁ
Maximum Stress. 20 mm 7 = 600 mm
A = w(0.03 - 0.022) = 0.5(10%)x
WL 50(9.81)(0.9) _ Sectiona —a a a
Ay, =—= = 2.7285(107° L L
" AE - [05(107%)m][103(10°)] (107)
50(9.81 B
Oy = w_ 008 = 0.3123MPa
A 05(1073)a

Using these results,

n—1+1/1+2<h)—1+\/l+2[ 06 }—664.18
Ay 2.7285(107°)

Thus,

Omax = hog = 664.18(0.3123) = 207.40MPa = 207 MPa Ans.

Since o, < oy = 345MPa, this result is valid.
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14-55. The steel chisel has a diameter of 0.5 in. and a
length of 10 in. It is struck by a hammer that weighs 3 1b, and
at the instant of impact it is moving at 12 ft/s. Determine
the maximum compressive stress in the chisel, assuming
that 80% of the impacting energy goes into the chisel.
Eg = 29(10%) ksi, oy = 100 ksi.

s 2 3
K = ATE - w = 560.41 kip/in.
08 Ue = Ui
O.SB (m)((lz)(lz))2 + 3oy | = %(569.41)(103)%“

Amax = 0.015044 in.
P = kA = 569.41(0.015044) = 8.566 kip

Poax  8.566 ,
Tmax = Z" = 703 = 43.6ksi < o, OK. Ans.

*14-56. The sack of cement has a weight of 90 Ib. If it is <>
dropped from rest at a height of 4 = 4 ft onto the center of
the W10 X 39 structural steel A-36 beam, determine the
maximum bending stress developed in the beam due to the f

impact. Also, what is the impact factor? L

R

| ]
Impact Factor: From the table listed in Appendix C, ! 121t 121t ‘

Ay

_pL? 9024(12)P _ay
= ISET  3829.010)209) 7.3898(102) in.

| h
n=1+ 1+2(—)
Ay

- 4(12)
- \/1 i 2(7.3898(10’3))

= 114.98 = 115 Ans.

Maximum Bending Stress: The maximum moment occurs at mid-span where
_ PL _90(24)(12)

M pax = 2 ) = 6480 1b - in.
_ Mpyc 6480(9.92/2) )
Ty = 7 209 = 153.78 psi
Thus,
Omax = hog = 114.98(153.78) = 17.7 ksi Ans.

Since 0y < 0, = 36 ksi, the above analysis is valid.
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*14-57. The sack of cement has a weight of 90 Ib. QT
Determine the maximum height # from which it can be A
dropped from rest onto the center of the W10 X 39 |

structural steel A-36 beam so that the maximum bending f

stress due to impact does not exceed 30 ksi. Eo \

} 12 ft 12 ft |

Maximum Bending Stress: The maximum moment occurs at mid-span where
PL  90(24)(12
My =— = 20eHa2) = 6480 1b - in.
4 4
M 6480(9.92/2)
I 209

Ost =

= 153.78 psi

However,
Umax = na-Sl
30(10°) = n(153.78)

n = 195.08

Impact Factor: From the table listed in Appendix C,

PL*  90[24(12)P
48EI  48[29.0(10%)](209)

h
=1+ /1 +2(—
" (Ast)

19508 = 1 + J1 + 2(%)
7.3898(107%)

h =139.171in. = 11.6 ft Ans.

Ay = = 7.3898(107%) in.
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14-58. The tugboat has a weight of 120 000 Ib and is
traveling forward at 2 ft/s when it strikes the 12-in.-diameter
fender post AB used to protect a bridge pier. If the post is
made from treated white spruce and is assumed fixed at the
river bed, determine the maximum horizontal distance
the top of the post will move due to the impact. Assume
the tugboat is rigid and neglect the effect of the water.

From Appendix C:
_ 3E1(AC)max
- (Lpc)®

Conservation of energy:

1 1
Emvz = 5 Pmax (AC)max
1 2 1 <3E](AC)rznax)
Smvt = 5
2 2 (Lgc)
273

my LBC

(AC)max = 3E]

120 000/32.2)(2)*(12)*
(Ae)max = J ( /3229127 _ 0.9315 ft = 11.177 in.

(3)(1.40)(10%)(144)(5)(0.5)*
~ 3[1.40(10%)](5)(6)*(11.177)
max (144)

= 16.00 kip
PoaxLic  16.00(10%)(144)?
= = = 0.11644 rad
2EL 2(1.40)(10°)(5)(6)*
(AA)max = (AC)max + 0C(LCA)

(A Dmax = 11.177 + 0.11644(36) = 15.4in. Ans.

bc
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14-59. The wide-flange beam has a length of 2L, a depth
2¢, and a constant EI. Determine the maximum height 4
at which a weight W can be dropped on its end without
exceeding a maximum elastic stress o,y in the beam.

_2prL?
€7 3Erl
2WIL3
Ast =
3EI
h
n=1++/1+ 2(—)
Ay
Wlc
amax = n(a'st)max (O-St)max = I

Tomax = [1 + 41+ 2(%) } WILC
st

_wr (amaxl)z 20max] | Omax L | Oax [ 5
"~ 3EI WL WLe | 3Ec | WLe

i

h

L
Ne

Ans.
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*14-60. The 50-kg block C is dropped from & = 1.5 m

onto the simply supported beam. If the beam is an A-36

steel W250 X 45 wide-flange section, determine the C
maximum bending stress developed in the beam.

B
o
Equilibrium. Referring to the free-body diagram of the beam under static
condition, Fig. a An ;!B
=0 = _2 ‘ 4m ‘ 2m ‘
C+=M, = 0; By(6) — P(4) =0 By—gP | \ \

Then, the maximum moment in the beam occurs at the position where P is
applied. Thus,

2 4
Mmax = By(z) = gP(Z) = gP

Impact Factor. From the table listed in the appendix, the deflection of the beam at

Pb
cppp (L= b = ). where P = 50(9.81)

=4905N,L = 6 m,a = 4m, and b = 2 m. From the table listed in the appendix,

the point of application of P is A =

the necessary section properties for a W250 X 45 are d = 266 mm = 0.266 m and
I, = 71.1(10°) mm* = 71.1(10~°) m*. Then
490.5(2)(4
Ay = Ol (62 — 22 — 4%) = 0.1226(10 ) m
6{200(109)“71.1(10*")}(6)

We have,

/ 1.
n=1+ 1+2<h>=1+J1+25=157.40
Ay 0.1226(1073)

Maximum Stress. The maximum force on the beam is P, = nP

4 4
= 157.40(490.5) = 7721(10°) N Then, My = 5 P = 5[77.21(10)]
= 102.94(103) N - m. Applying the flexure formula,
102.94(10%)(0.266/2
oy = MmaC (10°)0266/2) _ 192.56 MPa = 193 MPa Ans.
I 71.1(107°)
Since o, < oy = 250 MPa, this result is valid. P
Ae
4m 2 m
A’J’ 33
(«)
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¢14-61. Determine the maximum height /4 from which the
50-kg block C can be dropped without causing yielding in
the A-36 steel W310 X 39 wide flange section when the

block strikes the beam. «
1
‘ h
ﬁ R
|
l 4m i 2m l
Equilibrium. Referring to the free-body diagram of the beam under static
condition, Fig. a
2
C+AM, = 0; By(6) — P(4) =0 By=§P
Then, the maximum moment in the beam occurs at the position where P is
applied. Thus,
2 4
Mmax = By(z) = EP(Z) = gP
Maximum Stress. Since P = 50(9.81) = 490.5 N. Then the maximum force on the
4 4

beam is P, = nP = 490.5n and M, = EP =3 (490.5n) = 654n. From the P

table listed in the appendix, the necessary section properties for a W310 X 39 are
d =310mm = 031m and I, = 84.8(10°) mm* = 84.8(10°°) m*. Applying the

flexure formula,

M ax €

Omax — Ji

654n(0.31/2)
2s0(10°) = 84.8(107°)

n = 209.13

Impact Factor. From the table listed in the appendix, the deflection of the beam at

. . . . _ Pba 2 22 _
the point of where P is applied is A = CEIL (L b a ), where L = 6m,
a =4m,and b = 2 m.Then
490.5(2)(4
Ay = @ (62 — 22 — 42) = 01028(107%) m
6[200(10°) |[84.8(107%)](6)
We have,
/ h
=1+ 4/1+2{—
h
209.13 = 1 + 1+2 ————
0.1028(107%)
h=2227m =223m Ans.

Since o, < oy = 250 MPa, this result is valid.
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14-62. The diver weighs 150 1b and, while holding himself

rigid, strikes the end of a wooden diving board (4 = 0) with

a downward velocity of 4 ft/s. Determine the maximum

bending stress developed in the board. The board has a Vl
thickness of 1.5 in. and width of 1.5 ft. E,, = 1.8(10%) ksi,

oy = 8 ksi.

- — B

b4 ft—f——t 10 ft

Static Displacement: The static displacement at the end of the diving board can be
determined using the conservation of energy.

LM dx
o 2EI

1
S PA =
2

1 1 4 ft 10 ft
—(150)Ay = —{/ (—375x,)* dx; + / (—150x,) dx
2 t 2EI b 1 1 b 2 2

A 70.0(10%) Ib - ft’

st T EI
70.0(10%)(12%)

1.8(10%)[5 (18)(1.5%)]

= 13274 in.

Conservation of Energy: The equivalent spring constant for the board is

Wo_ 1505 30 1/in,

Ay 13274

1 1
0+ W = > kA,

1/ 150 1
{5 (32—2)(42)}(12) + 150A,,,, = 5(11.30)A§m

Solving for the positive root, we have

Apax = 29.2538 in.

Maximum Stress: The maximum force on to the beam is P, = KA.
= 11.30(29.2538) = 330.57 [b. The maximum moment occurs at the middle support
M ax = 330.57(10)(12) = 39668.90 1b - in.

My ¢ 39668.90(0.75)
Ty = -
ma 1 +(18)(1.5%

= 5877 psi = 5.88 ksi Ans.

Note: The result will be somewhat inaccurate since the static displacement is so large.
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14-63. The diver weighs 150 1b and, while holding himself

rigid, strikes the end of the wooden diving board.

Determine the maximum height /2 from which he can jump

onto the board so that the maximum bending stress in the vl
wood does not exceed 6 ksi. The board has a thickness of

1.5 in. and width of 1.5 ft. E,, = 1.8(10°) ksi.

Static Displacement: The static displacement at the end of the diving board can be |

determined using the conservation of energy. h
oY Ij
Lo — T T
1PA B M dx et ey -"‘A - “.:"
5 Y, b4 ft— ——101t

1 1 4 ft 10 ft
= - _ 2 + _
) (150)A 2E] {A (—375x1)" dx; A (—150x,) dx,

~70.0(10%) Ib - ft’
st EI
70.0(10%)(12%)
1.8(10%) (75 (18)(1.5%)]
= 13274 in.

Maximum Stress: The maximum force on the beam is P,,,,. The maximum moment
occurs at the middle support M. = Prax (10)(12) = 120P ax-

Mmax c

Omax — Ji

3y _ 120Pp, (0.75)
o(107) 5 (18)(1.5%)

P = 337.51b

Conservation of Energy: The equivalent spring constant for the board is

w 150
= A T T3oma - 11.30 Ib/in.. The maximum displacement at the end of the
st -
. _ Proax 3375 .
board is A = 1130 - 29.687 in.
U, =U;

1
W(h + Amax) = EkAgnax

150(h + 29.867) = %(11.30)(29.8672)

h = 3.731n. Ans.

Note: The result will be somewhat at inaccurate since the static displacement is so large.
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*14-64. The weight of 175 b is dropped from a height of

4 ft from the top of the A-36 steel beam. Determine the

maximum deflection and maximum stress in the beam if the |:|
supporting springs at A and B each have a stiffness of

k = 500 1b/in. The beam is 3 in. thick and 4 in. wide.

‘

4 ft
A B []13in
k ko
41in.
| 8 ft ‘ 8 ft |
From Appendix C:
PL?
A =
beam 48K |
ASEI 48(29)(10°)(5)(4)(3°
Kocam = —3 = @) )(“)3( )3) _ 1 7700 kip/in.
L (16(12))y

From equilibrium (equivalent system):

2Fsp = Fbeam

stpAsp = kbeamAbeam

1.7700(10%)
sp W beam

Ay, = 1.7700Apcam @

Conservation of energy:
Uu,=U;

1 1
W(h + Asp + Abeam) = Ekbeam A%eam + Z(E)ksp Agp
From Eq. (1):
1
175[(4)(12) + 1.770Apeam + Abeam] = E(1.7700)(103)A%eam + 500(1.7700A peam)?

2451.5A%cam — 484.75Apeam — 8400 = 0
Apeam = 1.9526 in.

From Eq. (1):
Ay, = 3.4561 in.
Amax = Agp + Abeam

= 3.4561 + 1.9526 = 5.41in. Ans.
Froeam = Kveam Abeam

= 1.7700(1.9526) = 3.4561 kip
_ Foeam L 3.4561(16)(12)

M pax = 4 4 = 165.893 kip - in.
M paxc 165.893(1.5) .
T max = = = 27.6ksi < o, O.K. Ans.
1 12 (H(3)
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*14-65. The weight of 175 1b, is dropped from a height of
4 ft from the top of the A-36 steel beam. Determine the
load factor n if the supporting springs at A and B each
have a stiffness of k = 300 1b/in. The beam is 3 in. thick
and 4 in. wide.

L? (16(12))°
From equilibrium (equivalent system):

2Fp = Fream

2k Ay = Kpeam Aveam

~ 1.7700(10°)
sp 2(300) beam

g
3
I

= 2.95Apeam

Conservation of energy:

Ug:Ul‘

From Eq. (1):

3495.75A%am — 691.25Apcqm — 8400 = 0
Apeam = 1.6521 in.
Foeam = Kveam Aveam
= 1.7700(1.6521) = 2.924 kip
2.924(10%)
il SV

16.7
175
Mc
Omax — n(Ust)max = n(T)
175(16)(12
M = % = 8.40 kip - in.
8.40(1.5) .
Omax = 167 | 7———=-] = 23.4ksi < o,
2 (4(3)

‘

4 ft

-~

| 8 ft : 8 ft

From Appendix C:
PL?
Bbeam = 4o
48ET  48(29)(10%)(5)(4)(3°
Ko _48@29)A0)EHHE) 17700 kip/in,

@

1 1
W(h + Abeam + Asp) = Ekbeam A%eam + 2(5)ksp Agp

1
175[(4)(12) + Apeam + 2.95Apcam] = 5(1.7700)(103)Ageam + 300(2.95Apeam)’

Ans.

O.K.
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mounted on the end B of the 6061-T6 aluminum cantilever
beam. Determine the maximum bending stress developed

14-66. Block C of mass 50 kg is dropped from height
h =09 m onto the spring of stiffness k& = 150 kN/m
C
e
in the beam. h

Conservation of Energy. From the table listed in the appendix, the A La
3
displacement of end B under static conditions is Ay, = 3EI Thus, the

equivalent spring constant for the beam is k, = where

3
! 3 —6) 4

1= 5 0(02) = 666667(10°)m?, L =3m, and E=E,

= 68.9 GPa.Thus,

3{68.9(109>}{66.6667(10*6)}
3EI
o= T 3

= 510.37(10°)N/m

Equilibrium requires,

F P

sp
ko Asp = kyA,

150(10%)A,, = 510.37(10%)A,

A, = 340254, @

We have,

1 1
mg(h + Ay, + Ay) = ko A2+ > ko A,,>

Substituting Eq. (1) into this equation,
1 1
S09.81)(0.9 + 340254, + Ap) = 5 {510.37(103)%,)2 + 5{150(103)}(3.4025%)2

1123444.90A,% — 2159.41A, — 441.45 = 0

Solving for the positive root,

A, = 0.020807 m

Maximum Stress.  The maximum force on the beam is
Ponax = kA = 510.37(10%)(0.020807) = 10.619(10*) N. The maximum moment
occurs at fixed support A, where M. = Ppaol = 10.619(103)(3)
= 31.858(103> N - m. Applying the flexure formula with ¢ = % = 0.1 m,

| Mpaee  31858(10°)(0.1)
T 66.6667(10°)

= 47.79 MPa = 47.8 MPa Ans.

Since o, < oy = 255 MPa, this result is valid.
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200-kg block C can be dropped without causing the 6061-T6

14-67. Determine the maximum height £ from which
aluminum cantilever beam to yield. The spring mounted on

C
the end B of the beam has a stiffness of & = 150 kN/m. I
h
'
a
[ k 100 mm
5|
A La r
200¢mm
| Sectiona —a

Maximum Stress. From the table listed in the appendix, the displacement of end B
3

under static conditions is Ay, = 3EI Thus, the equivalent spring constant for the

_ 3EI 1 -
beam is ky = =5 where 1 = 12 (0.1)(02°) = 66.6667(10"°) m*, L = 3m, and
E = E, = 68.9 GPa.Thus,

3[68.9(109>}{66.6667(10‘6)}
3EI
o= T 3

= 510.37(10°)N/m

The maximum force on the beam is P, = kA, = 510.37(103)A,,. The maximum

moment occurs at the fixed support A, where M ,x = Puax L = 510.37(103)A,,(3)

= 1.5311(106>Ab. Applying the flexure formula with o, = oy = 255 MPa and
0.2

C 7:0.1m,

M .« C

max

Omax = Oy = I
1.5311(10°)A5(0.1)
66.6667(107°)

A, = 0.11103m

255(10°) =

Equilibrium requires,

F P

sp =
kspAsp = khAh
150(10%)A,, = 510.37(10%)(0.11103)

A,, = 037778 m

Conservation of Energy.

Ue = Ui
mg(h + A +A):1kA2+1kA2
sp b 2 b =D 0 sp =sp
200(9.81)(h + 0.37778 + 0.11103) = %{510.37(103)}(0.11103)2 + %{150(103)}(0.37778)2
h=65Tm Ans.
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*14-68. The 2014-T6 aluminum bar AB can slide freely
along the guides mounted on the rigid crash barrier. If the
railcar of mass 10 Mg is traveling with a speed of
v = 1.5 m/s, determine the maximum bending stress
developed in the bar. The springs at A and B have a stiffness
of kK = 15 MN/m.

Equilibrium. Referring to the free-body diagram of the bar for static conditions, Fig. a,

5 3F, =0 2F, — P =0 F,, =~ ) 300 mm

DTMO mm
Referring to the table listed in the appendix, the displacement of the bar at the Secti o
3 ectiona —a

sp

position where P is applied under static conditions is Ay = BEL Thus, the
48E1

1
equivalent spring constant for the bar is k, = T where [ = E(O.4)<0.33>
= 0.9(107%) m*, L=4m, and E = E, = 73.1 GPa. Thus,
48[73.1(109)“0.9(10*3)}

ki = vE = 49.3425(10°) N/m

Using Eq. (1)

E ,
_P P—rﬂ—‘
Fy, = 5
1 <m
kspAsp = EkbAb P
ez
1 (kb> 1| 49.3425(10%) NP, o
=R a, = o] NN, = 164475 2
72\ 2 as(10) | ’ M
Conservation of Energy.
Lo,_1 2 {1 z}
_ J— + _
oM = Sk 2| kA, EP

Substituting Eq. (2) into this equation,

1 1
Emv2 = EkbA,,Z + ky, (1.64475A,)°
1 2 1 2 2
Emv = EkbAb + 27052kspAb

%{10(103)}(1.52) = %{49.3425(106)%,,2 + 2.7052{15(106)}%2

A, = 0.01313m
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14-68. Continued

Maximum Stress. The maximum force on the bar is
(Pp)max = ky Ay = 49.3425(10°)(0.01313) = 647.90(10*) N. The maximum moment

. (Ppmax L 647.90(10%)(4)
occurs at the midspan of the bar, where M, = 4 = 4

= 647.90(103) N - m. Applying the flexure formula,
Moaec  647.90(10%)(0.15)

Omax = i - = 107.98 MPa = 108 MPa Ans.
0.9(1073)

Since o, < oy = 414 MPa, this result is valid.
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*14-69. The 2014-T6 aluminum bar AB can slide freely
along the guides mounted on the rigid crash barrier.
Determine the maximum speed v the 10-Mg railcar without
causing the bar to yield when it is struck by the railcar. The
springs at A and B have a stiffness of k = 15 MN/m.

Equilibrium. Referring to the free-body diagram of the bar for static conditions, Fig. a,

B IF, = 0; 2F,,— P =0 F,, = — 1)

Referring to the table listed in the appendix, the displacement of the bar at the

3 Sectiona —a
position where P is applied under static conditions is Ay = BEL Thus, the
48E1 1
equivalent spring constant for the bar is k, = T where [ = E(O.4)<0.33>
= 0.9(1073) m*, L=4m, and E=E,=731GPa.  Thus,
48{73.1(109)“0.9(10—3)]
ky = vE = 49.3425(10°) N/m
Using Eq. (1) F‘;P_T;
P
F,, = >
<m
1
kgpAgp = Ekb Ay A - P
1/{ k 1| 49.3425(10°
Ay == <b>Ab == # A, = 1.64475A, Q) <1
2\ ksp 2l 15(10°)
Maximum Stress. The maximum force on the bar is (Pp)max = kp Ap gp
= 49.3425(106)Ab. The maximum moment occurs at the midspan of the bar, where (a )
P L 49.3425(10°)A,(4)
M inax = ( b)zlax = ( 4 ) = 49.3425(106>Ab. Applying the flexure

formula with o, = oy = 414 MPa,

_ M pax €

Omax — I

_49.3425(10°)4, (0.15)
~09(107)

414(10%)

A, = 0.050342 m
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14-69. Continued

Substituting this result into Eq. (2),

A, = 0.0828 m

Conservation of Energy.

1 1 1
—mv? = EkbAbz + 2[2 kspAsz]

2

%{10(103)}2 = %[49.3425(106)}(0.0503422) + 2[; {15(106)}(0.08282)}

v =575m/s Ans.
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steel beam lies in the horizontal plane and acts as a shock
absorber for the 500-1b block which is traveling toward it at
5 ft/s. Determine the maximum deflection of the beam and
the maximum stress in the beam during the impact. The
spring has a stiffness of £k = 1000 1b/in. 121t

14-70. The simply supported W10 X 15 structural A-36 jp C{‘

For W10 X 15:1 = 689in* d = 9.99in. —

From Appendix C:

3
beam — 4[8121 12 ft

4A8ET  48(29)(10%)(68.9
Koeam = 83 _ B8N )(% )=4.015kip/in.
L (24(12))’ 5 || —

Equilibrium (equivalent system):

Fsp = Fbeam
kspAsp = kbeamAbeam

4.015(10%)
sp W beam

Ay = 40150 peam @

Conservation of energy:

Ue = Ui

1 1 1

E mVZ = E kbeam A%eam + E ksp Agp
From Eq. (1):
LS00 N L e 1 2
2 <322(12))(5(12)) - 2 (4015)(10 )Abeam + 2(1000)(4015Abeam)
10067.6A%c0m = 2329.2

Apeam = 0.481 in. Ans.

Fbeam = kbeam Abeam

= 4.015(0.481) = 1.931 kip

1.931

M pax = (T)(lz) (12) = 139.05 kip * in.
Mg 139.05(%

Tmax T T 689

=101ksi <o, OK. Ans.
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14-71. The car bumper is made of polycarbonate- 09m 09m
polybutylene terephthalate. If £ = 2.0 GPa, determine the
maximum deflection and maximum stress in the bumper if it
strikes the rigid post when the car is coasting at v = 0.75 m/s.
The car has a mass of 1.80 Mg, and the bumper can
be considered simply supported on two spring supports
connected to the rigid frame of the car. For the bumper
take 7 = 300(10°) mm*, ¢ =75 mm, ¢y = 30 MPa and

k = 1.5 MN/m.
0.75m/s
Equilibrium: This requires F,, = b;am.Then
kAbeam k
ksp Asp = T or Asp = 2% Abeam [1]

sp

Conservation of Energy: The equivalent spring constant for the beam can be
determined using the deflection table listed in the Appendix C.

o BBEL _ 482(10%) [300(107%)]

e 18 = 4938271.6 N/m
Thus,
U, =U;
%mvz = %kA,%mm + 2(% kg A%,,) 2]
Substitute Eq. [1] into [2] yields
Lo 1, K,
M= EkAbmm + T Abeam

sp
2
(4938271.6)° ,

1 1
¢! 75%) = < (493 8271.6) Ay +
3 (1B00)(075) = 5 (493 82716) Ay + = 67 Ao

Apeam = 8.8025(107%) m

_4938271.6

= -3 =
" = ALs00)] [8.8025(1073)]

Maximum Displacement: From Eq. [1]

0.014490 m.

Amax = Asp + Abeam
= 0014490 + 8.8025(107%)

=0.02329 m = 23.3 mm Ans.

Maximum Stress: The maximum force on the beam is Pp.un = kKApeun =
4938 271.6[8.8025(107) | = 43 469.3 N. The maximum moment
 Ppan L 43469.3(1.8)

occurs at mid-span. M., = 4 1 = 195612 N-m.
Mpax e 19561.2(0.075)
Omax = = e = 4.89 MPa Ans.
I 300(107°)
Since o ax < 0, = 30 MPa, the above analysis is valid.
1219
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Member n
AB 1.1547
BC -0.5774

nNL
AE

1-Ap, ==

AB/, =

11085125  110851.25

*14-72. Determine the horizontal displacement of joint B
on the two-member frame. Each A-36 steel member has a
cross-sectional area of 2 in’.

N L nNL
800 120 11085.25
0 60 0
> = 110851.25

= 0.00191 in.

AE  29(10°(2)

800 1b

o

Ans.

Virtual-Work Equation:

nNL
1A= AE

11b-(Ap), = AE

40533.33
(Ap)y = 5

[29.0(10%)]

*14-73. Determine the horizontal displacement of point B.
Each A-36 steel member has a cross-sectional area of 2 in.

Member Real Forces N: As shown on figure(a).

Member Virtual Forces n: As shown on figure(b).

11b-(Ap), = ﬁ[0.8333(166.67)(10)(12)

+(—0.8333)(—166.67)(10)(12)

+0.500(100)(12)(12)]

40533.33 1b*- in

= 0.699(107%) in. —

B 2001b

Clo\ o)
\ o]

|

1

Ans.
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14-74. Determine the vertical displacement of point B. B 2001b
Each A-36 steel member has a cross-sectional area of 2 inZ. >

Member Real Forces N: As shown on figure(a).

Member Virtual Forces n: As shown on figure(b).

Virtual-Work Equation: C Q" 27
\
1

nNL | 6 ft 6 ft
1A=>"%

11b-(Ap), = ﬁ[(—0.625)(166.67)(10)(12)

+(—0.625)(—166.67)(10)(12)
+0.375(100)(12)(12)]

5400 1b2 - in

b (Ap)y = — &

5400
Ap), =
( B) 2

= 0.0931(107%) in. | Ans.
[29.0(10°)]

14-75. Determine the vertical displacement of joint C on 20 kN 30 kN
the truss. Each A-36 steel member has a cross-sectional area
of A =300 mm>.

Member n N L nNL
AB 150 450 3 202.5
AD 0 1803 V13 0
BC 150 450 3 202.5
BD 0 -200 2 0
cD -1803 -5408 V13 351.56
DE -1803 -7211 V13 468.77
S = 122533
1-Ac, = znj‘vEL
c, 1225.33(10°) = 0.0204 m = 20.4 mm Ans.

- 300(107%)(200)(10%)
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*14-76. Determine the vertical displacement of joint D on
the truss. Each A-36 steel member has a cross-sectional area

of A =300 mm?.

30kN

Member n N L nNL
AB 0 45.0 3 0
AD 0.9014 18.03 V13 58.60
BC 0 45.0 3 0
BD 0 -20.0 2 0
CD 0 -54.08 V13 0
DE -0.9014 -72.11 V13 234.36
> = 292.96
nNL
1-Ap =2
Dy AE
292.96(10%) N
D, = = 4.88(107°) m = 4.88 mm Ans.
" 300(107°)(200)(10%)
¢14-77. Determine the vertical displacement of point B. F E D
Each A-36 steel member has a cross-sectional area of 4.5 in’. e c [
Virtual-Work Equation: Applying Eq. 14-39, we have 6 1t
Member n N L nNL ‘
AB 0.6667 3.333 96 213.33 Ao e
BC 0.6667 3.333 96 213.33 | 8 ft ‘ 8 ft |
CD 0 0 72 0 ¢SMp
DE 0 0 96 0
EF 0 0 9 0 F_o £ o 2
W ”6)
AF 0 0 72 0 h_\\.‘\ ;&1 =b<:‘ %\eHt
AE -0.8333 —4.167 120 416.67 T | B ,_;,3,,#7; ¢
CE -0.8333  —4.167 120 416.67 e ] e
5 x.',p
BE 1.00 5.00 72 360.00 @)
31620 kip? - in.
F E P
NL 2 Q
1a=3" '
AFE ¥ 5 <
ol| g2 8§ & ||°
[ 2 -
) 1620 kip? - in. = .
1kip-(Ap), = —aE A wmrozitipn la 06667 Fimn C
L kip
1620
Ap), = —— = 00124 in. | Ans. e
(A8 = 4 509.00109] n s
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14-78. Determine the vertical displacement of point E. F E D
Each A-36 steel member has a cross-sectional area of 4.5 in% e - [

Virtual-Work Equation: Applying Eq. 14-39, we have 6 ft
Member n N L nNL \
A e o
AB 0.6667 3333 96 21333 rB 0
‘ 8 ft 8 ft |
BC 0.6667 3333 96 21333 ! ¢ Skip !
CD 0 0 72 0
DE 0 0 96 0
F: o E o ; P
EF 0 0 96 0 o X%, |
MR § o || |6t
AF 0 0o n 0 \ 2 '\‘
AE 08333 -4167 120 416.67 L, 2aBkpn] 8 233K ¢
[ e ] e
CE -0.8333  -4.167 120 416.67 5ip
BE 0 500 72 0 @
31260 kip? - in.
1 kip
nNL
LA=2>7% F_o .L °___»
.‘QU’ 2 N
, 1260 kip? - in. ol 2> o % ||°
Lkip-(Ap)y = —— ‘
AE A B J e
04667 Kiplr) g 0 bbbl p (Ui
1260
Ag), = ——————— = 0.00966 in. | Ans. )
(A6 = 3 509.00109] m s

14-79. Determine the horizontal displacement of joint B
of the truss. Each A-36 steel member has a cross-sectional
area of 400 mm?.

Member n N L nNL
AB 0 0 15 0
AC -1.25 -5.00 2.5 15.625
AD 1.00 4.00 2.0 8.000
BC 1.00 4.00 2.0 8.000
CD 0.75 -2.00 15 225
S = 29375
1-Ap, = E”ZEL
Ap, = 29.375(10°) = 0.3672(10"*)m = 0.367 mm Ans.

400(109)(200)(10°)
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*14-80. Determine the vertical displacement of joint C of
the truss. Each A-36 steel member has a cross-sectional area

of 400 mm?.
Member n N L nNL
AB 0 0 1.5 0
AC 0 -5.00 2.5 0
AD 0 4.00 2.0 0
BC 0 4.00 2.0 0
CD -1.00 -2.00 1.5 3.00
S =3.00
1-Ac, = 2"5 EL
c 300 (10) = 37.5(10"%m = 0.0375 mm Ans.

- 400(107%)(200)(10°%)

*14-81. Determine the vertical displacement of point A.
Each A-36 steel member has a cross-sectional area of }%; l?. -
400 mm®.
Virtual-Work Equation: m
Member n N L nNL

AB 0750  -225(10°) 15 25.3125(10°) AL NS

BC 0750  -225(10°) 15 25.3125(10%) AP A

AE 1.25 375(10°) 25 117.1875(10%) AN

CE 125 -625(10°) 25 1953125(10°) SOKN

BE 0 22.0(10%) 2 0

(10°) )

DE 1.50 60.0(10° L5 135.00(10°

3 498.125(10°) N?-m

nNL
1-A =
24k
498.125(10%) N?-m
IN-(Ay), = AE
498.125(10°)
(AA)V = -3 9
0.400(103)[200(10°)]
=6227(107%) m = 623 mm | Ans.
1224



14 Solutions 46060 _Partl 6/11/10 8:18 AM Page 1225 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

14-82. Determine the vertical displacement of point B.
Each A-36 steel member has a cross-sectional area of % Du -
400 mm?.
2m
C
A@ G [[—
B
1.5 m—-+ 1.5m——+

Virtual-Work Equation: 20 kN

30 kN
Member n N L nNL

AB 0 -22.5(10° 15

BC 0 -22.5 1.5
CE -1.25 -62.5

BE 1.00 22.0 2 40.0(10°

(10°) 0
(10°) 0
AE 0 37.5(10°) 25 0
(1) 25 1953125(10°)
(10°) )
DE 0.750 60.0(10°) 15 67.5(10%)
3 302.8125(10°) N>+ m

nNL
1-A =
2
IN-(A = 302.8125(10%) N2-m
( B)v - AE
By, = 302.8125(10%)
B 0.400(107%)[200(10°)]
=3.785(107%) m = 3.79 mm | Ans.
E coori(n?
19@ ﬁ“'m
) (- Zm
& <
A [Z25Kile) |8 Z-5mite) <
I5m ¥ I'5m
ok ZOkA
(a)
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14-83. Determine the vertical displacement of joint C. J 1 H G F
Each A-36 steel member has a cross-sectional area of i i i 1
45 in”, 9 ft
LA Ly MNL 200 B C D &
Cr AE 12t 12 ft 12 ft 12 ft —
Y Y Y
21232 6 kip 8 kip 6 kip
¢, = o5 = 0.163in. Ans.
' 4.5(29(10%))
*14-84. Determine the vertical displacement of joint H. J 1 H G F
Each A-36 steel member has a cross-sectional area of i i I 1
4.5 inz. 9 ft
nNL A o‘ B C D 7E
1-Ay, =3 =~
’ AE F—12 1t 12 ft 12 ft 12 ft—
Y Y Y
20368 6 ki 8 ki 6 ki
Ap = 20— 0156 in, Ans. ¥ * P
Y 4.5(29(107%))
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*14-85. Determine the vertical displacement of joint G
C. The truss is made from A-36 steel bars having a
cross- sectional area of 150 mm?. 2m

o)

Member Real Forces N. As indicated in Fig. a. g °

Member Virtual Forces n. As indicated in Fig. b.

18(10°) IR
Virtual Work Equation. Since o,,, = —————— = 120 MPa < oy = 250 MPa,
0.15(1073) LlSm 15m» 15m» 15m»‘
Member n(N) N(N) L(m) nNL(N?-m) 6kN ¥, .n OKN
AB 0.375 9(10% L5 5.0625(10°

fr

DE 0.375 9 1.5 5.0625(10°

BC 0.375 9 1.5 5.0625

CD 0.375 9 1.5 5.0625

AH —0.625 -15 25 24.4375(10°
EF —0.625 -15 25 24.4375(10°
BH 0 6

DF 0 6 2

CH 0 -3.75(103 2.5

CF 0 -3.75(103 2.5

GH —0.625 -11.25 25 17.578125(10°

FG —0.625 -11.25 25 17.578125

CG 1 18(103
>174.28125(103

) )
) )
) )
) )
) )
) )
10°) 2 0
) 0
) 0
) 0
) )
) )
) )
)

(
(
(
(

Then

1-A=2
AE

174.28125(10°)
0.15(107%)[200(10°)|
(Ac), = 5.809(1073) m = 5.81 mm | Ans.

IN-(A¢), =
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14-86. Determine the vertical displacement of joint G
G. The truss is made from A-36 steel bars having a
cross-sectional area of 150 mm?. 2m

o)

Member Real Forces N. As indicated in Fig. a.

Member Virtual Forces n. As indicated in Fig. b.

Virtual Work Equation. Since - Ll.s m»iﬁll.s m»l»cl.s m»iil.s m: i
Tmax = Feo _ M = 120 MPa < oy = 250 MPa, 6kN ¥ . N OKN
A 015(107%)
Member n(N) N(N) L(m) nNL(N?-m) t
AB 0.375 9(10°) 15 5.0625(10%)
DE 0.375 9(10°) 15 5.0625(10%)
BC 0.375 9(10°) 15 5.0625(10%)
CD 0.375 9(10°) 15 5.0625(10%)
AH -0.625 -15(10%) 25 24.4375(10%)
EF -0.625 -15(10%) 25 24.4375(10%)
BH 0 6(10%) 2 0
DF 0 6(10%) 2 0
CH 0 375(10°) 25 0
CF 0 375(10°) 25 0
GH 0625 -11.25(10°) 25 17.578125(10%)
FG 0625 -11.25(10°) 25 17.578125(10%)
G 0 18(10%) 4 0
$102.28125(10%)
Then
1-A=3 ”Ifl\' EL
IN-(ag), = 102.28125(10°)
0.15(107%)[200(10°)|
(Ag), = 3.409(10 %) m = 341 mm | Ans.
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I

14-87. Determine the displacement at point C. EI is
constant.

— =

B
T

2 2

El, M= PX,
L M P ] P
m
1'AC:A B by mee

EI
pl a 1)

se=2( D) [ oo+ [ Lo+ woars

I I

23pPa’
= Ans. ]
24E1 'zL 1 L
R
El, ma -L(ﬂ‘l )
*14-88. The beam is made of southern pine for which 15kN
E, = 13 GPa. Determine the displacement at A. 4 kN/m
L A|°
1-A / mM BO
Ay = flbiain TR
o EI 1.5m ‘ 3m
1.5 3
1
Ag=— 1 + Sx)(2x5 + 1.
A El{ A (x1)(A5x1)dx; /0 (0.5x,)(2x3 5x2)dx2} 150 mmID
BN BEBUY) o0 sromm A .
EI 13(10%)(55)(0.12)(0.18)*
I 15 kn 4 KM [m
W APRTTTIITT]],
' 5 KN ' KN k L ?3 [4
0 [ 15m ] 3m

E!l)m X, 28-s*" IsxN

I
m=0-5 X, (1 - M=15X
E}( sk ,‘:“ ! 4,

M=z 5%, )

kN
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*14-89. Determine the displacement at C of the A-36 2kN/m
steel beam. I = 70(10°) mm*.
Real Moment Function M(x): As shown on figure(a). c
A - B
Virtual Moment Functions m(x): As shown on figure(b). | 10m | Sm
Virtual Work Equation: For the displacement at point C.
Ly 280 kA
m
1A= | ——d 2. Mo
| s
I ]
1 10 m Sm X ‘)q X &:_J
1kN-Ac = — 0.500x; (2.50x1)dx; + — d >
CTEr A x1 ( x1)dxy El A X2 (xz) X2 o —— M.’:f -
s @
A - 57292kN-m
¢ El
1w
572.92(1000) P
= (£,)=0-50X, -
200(10°)[70(10~%)] " "’.l m"[, “
= 0.04092m = 40.9 mm | Ans. L7, P
4 a1
0m Sm ]
050 kN 150 knl
&)
14-90. Determine the slope at A of the A-36 steel beam. 2 kN/m
I = 70(10°) mm*,
Real Moment Function M(x): As shown on figure(a). : c
A - B
Virtual Moment Functions m,(x): As shown on figure(b). | 10 m | 5m

Virtual Work Equation: For the slope at point A.

ngM
1-6 = dx
0

El
10 m

Sm

1 1

TRN-m-0, = (1 = 0.100x))(2.50x)) dox; + - / 0(1.00x3) dx,
0 0

_ 41.667 kN - m?
4 EI

41.667(1000)

= = 0.00298 rad Ans.
200(10%)[70(107%)]
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14-91. Determine the slope at B of the A-36 steel beam.

(b)

2kN/m
I = 70(10°) mm*.
Real Moment Function M(x): As shown on figure(a). I c
A Q. B
Virtual Moment Functions my(x): As shown on figure(b). } 10m } 5m
Virtual Work Equation: For the slope at point B.
_ [ mM 2 w‘;::.g
1-0 = | I dx MoyszsoX, Ll
= L L
10 m 1 Sm ) b “ [:_j
1kN-m-0z = — 0.100x,(2.50x,) dx; + — 0(1.00x3) dx; x, %
EI 0 El 0 10~ m !
Z50Kk0 1Z5K0
_ 83.333kN-m?’ (CY]
b EI
Mg(X,) 010X, 1 g "
83.333(1000) i N LU
= = 0.00595 rad Ans. r =
200(10%)[70(1079)] < x __J
Ciory O™ on xftm 1

*14-92. Determine the displacement at B of the 1.5-in-
diameter A-36 steel shaft.

L
mM
1A= [ ™24
B AEI o

1 2 2
Ap = ZI {/ (0.5294x,)(327.06x1)dx; + / 0.5294(2 + x,)(654.12 + 47.06x,)dx,
0 0

1.5 3
+ (0.4706x3)(592.94x3)d x5 + / 0.4706(x, + 1.5)(889.41 — 47.06x,)dx,
0 0
_ 6437.671b-f  6437.67(12°)

EI 290109 T (0.75)*

Ans.

320 1b 3201b
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*14-93. Determine the slope of the 1.5-in-diameter A-36
steel shaft at the bearing support A.

1-6 —/ngde
A~ ), EI

2 1.5
0, = % [ / (1 = 0.1176x,)(327.06x,)dx; + / (0.1176x3)(592.94x3)d x
0 0

5
+ / 0.1176(x, + 1.5)(889.41 — 47.O6x4)dx4:|
0

 2387.531b-f>  2387.53(12%)

= 0.0477 rad = 2.73° Ans.
EI 29(10%)(%)(0.75%
3201b 3201b
[
= (. : ]
70" a0 sp 5929¢"  oune™ 076"
[
Vhu=s2706%, ¢ = Y mg=1-0.n76x,
: . :
210" 0-1176" myontbx, {

Y-M=654.42 f4£706x,

2 ik
32704 80" ”=572-”I(IE s .
¢ = sizae® b oute(r 1)l
1 .

He8841-4TOMR (="
7oA 59294

5ot

Ko 15700 17y 1h

14-94. The beam is made of Douglas fir. Determine the 8 kN
slope at C.

Virtual Work Equation: For the slope at point C.

ngM
1:0 = dx
0

El

1 1.5m
LN m-fc =0+ / (0.3333x,)(4.00x,) dx;
0

1 1.5m H
+— (1 — 0.3333x3)(4.00x3)d x5 o
EI J,
_ 450kN-m?
¢ EI
_ 4.50(1000)
13.1(10%)[75 (0.12)(0.18%)]
= 5.89(107%) rad Ans.
8kd Mo (fy)= 03333 X,
M)*0 M&}-Jo&l Mo 40Xy n’“ﬁ_'o '"otggowx:\ { pA-m
) 5 . )| ] )
J )] L 7 7 v
o e | X [ Jxr—-
1 — ™
v m m IrEm 1-5m | r8m A
o " 5 g 03333 kn 03333 knl
(@) (k)
1232
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14-95. The beam is made of oak, for which £, = 11 GPa. 200 mm
Determine the slope and displacement at A. — |-
-
400 mm | 4KN/m
A B
} 3m } 3m
Virtual Work Equation: For the displacement at point A,
L
mM
1-A= | ——d
A El
3m
1kN-A - L x(*x3)dx
AT EL ), 1{ g1 )ax Migye2i ML) 220K 460514
7 4 Kalm
1 3m 420
+— (x, + 3)(2.00x3 + 6.00x, + 6.00) dx, i )
EI ), i 7
b—x =% lsoh
321.3kN-m’ 3m 1 2m
Ay=—"—""—"— @
El { oA
_ 321.3(10%) | meomx, maemas o,
11(10%)[ 5 (02)(0.4%) ] T ) JP
=0.02738 m = 27.4mm | Ans. —X X Jmo
dm adm i
&)
For the slope at A.
{kdm =] «].0
1.6 = Lm"Md (r m:,m.)zo rn.glm 1]3mm
=) EI ¢ 2 ..
x |n |
1 /3m 2 3m E L
1kN-m-0A=E A 1.00(5x‘1 dxy ©

3m
+ / 1.00(2.00x3 + 6.00x, + 6.00) dx,
0

_ 675kN-m?
EI
67.5(1000)

11(10%)[ 5 (0.2)(0.4%)]

04

= 5.75(107) rad Ans.
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*14-96. Determine the displacement at point C. EI is

S+ e—=

constant.
A "=\o C
B_=9=
} a = a
L
mM
1-Ac = ——d
¢ l el
1 a a
Ac=—7 (x)(Pxp)dx; + | (x2)(Pxz)dx;
EIl ), 0
2Pa
= 3EI Ans.
¢14-97. Determine the slope at point C. EI is constant. P
A "=\o )
B _&_ ‘
a \ a \
L meMdx
1-6- = —
0 EI
) / (@) Pxydx, . / (1)Px,dx,
< ) EI b EI
Pd? Pa*  5Pd’
_ — Ans.
3EI 2EI  6FEI
M:Px Mz Tre i
% e
P v Y
v my=|
] % omys 2
_L_ o
'S

1234
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14-98. Determine the slope at point A. EI is constant.

LmM A!o:
1-04 = / o dx B_=S2=
0

4 —=

EI
| a | a
1 “ X1 “ Pa2
OA = E |:A (1 - ;)(le)dxl + A (0)(PX2)dX2J = @ Ans.
14-99. Determine the slope at point A of the simply 3kN
supported Douglas fir beam. 0.6 KN-m l
|—a

Real Moment Function M. As indicated in Fig. a.

Virtual Moment Functions . As indicated in Fig. b.

75 mm
Virtual Work Equation. ﬁ
]
Lo - LmeMd IlSOmm
a o FEI * Section a —a

2m

1

IkNm-0, = — [ / (1 — 0.3333x,)(0.8x, + 0.6)dx;
0

1m
+ / (03333XZ)(22X2)dXZ:|
0

1 2m Im
0, = El[ A (—0.2667x,% + 0.6x; + 0.6)dx; + A 0.7333x22dx2J

1.9333 kN - m?
EI

1.9333(10°)

13.1(109){% (0.075)(0.153)}

0.00700 rad Ans.
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14-99. Continued

3 kA
Mx,) =(0-8%, 10:6)k-m
=(2.2X, )K"
ok \ | Mo)=2x, )i

by X
d l

(=
T 3

AM /m
0-&kn 2.2 kN

@)

My(x,) =(1-0-3335, ) kKN-m
[Kk-m Mgt =(0.3333 X, ) kn-m
, \;Y (

(—

x! " tx.u |
\F m Im 1
03335k 03333 kn

)
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*14-100. Determine the displacement at C of the simply 3 kN
supported Douglas fir beam. 0.6 KN-m
|—a
Real Moment Function M. As indicated in Fig. a. E —— =—— 3
: : o L, <
Virtual Moment Functions . As indicated in Fig. b. ‘ ‘
1.5m 1m
\ F0.5m ! \
Virtual Work Equation.
75 mm

A [mM N
! Ai[ Eldx I]SOmm

Sectiona—a

1.5m I m
1
1kN - AC = E [/ (O.le)(O.le + O6)dx1 + / (0.5)62)(2.2)(2){1)(2
0 0

0.5m
0

1 1.5m »1m
_ 2 2
A= [/0 (0.4x,% + 0.3x,)dx; + /0 1.1x,2dx,

0.5m
+ / (—0.4x32 + 0.7x; + l.l)dx3:|
0

1.775kN - m?
EI

1.775(10%)

1
13.1(10°) {E (0.075)(0.153)}
= 6.424(107%) m = 6.42mm | Ans.

M) =(2.2-08%) kim KN
(X,)=(0.8X,+0-6 ) kKN M(xz,) ;_(2,'225) fenlm

O6kN:M ﬁ g

y o\
T
N<
P
)
o

(A) M) =(05X+0:5) knhm
mex,)=(05x)kim )’ M) = (0-54,) kN-m
\ 7 <4

‘ "l

N
®
A
EARS
&
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*14-101. Determine the slope of end C of the overhang w
beam. EI is constant.
. . . . A Io ° | C
Real Moment Function M. As indicated in Fig. a. ) ‘g n Je
Virtual Moment Function m,. As indicated in Fig. b. 1 % i % %

Virtual Work Equation.

1.6 = mM
)y EI

1 BOox {w ) } Lr W,
. = — R — —_ —_ + _—
1 GC El |:A ( L> 24 (11LX1 12)6] ) dX1 l (1) 3L Xy dX2

1 w L w L2
— 3 2 3
Oc 1| 241 /0 (12x1 11Lx, )dxl + 3 /0 X° dx,

_ 1B3wl’  13wL’
¢ 576EI  576EI

Ans.

M= 211, ~12ic)

W

X,
I - 1 %

Wl WL
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14-102. Determine the displacement of point D of the w
overhang beam. ET is constant.
: o A E . lc
Real Moment Function M. As indicated in Fig. a. D F
Virtual Moment Function m. As indicated in Fig. b. 1 % ‘ % %

Virtual Work Equation.

L
mM
1-a= [ 2%y
[ El ¢

1 L2 A\ w
1-Ap = El[l <2 {a(llel - 12x12‘)}1x1

L2/
2 \| W 2 2
+l <2>{24(13Lx212x2 L)}dxz}

L/2 L2
w
Ap = 48E1|:/0 (11Lx,2 — 12x,%)dx, + A (13Lx,% — 12x,% - szz)dsz
wlL*
Ap = 06EI ! Ans.

21725

N M 0= 2 (1312712021
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14-103. Determine the displacement of end C of the
overhang Douglas fir beam.

Real Moment Functions M. As indicated in Fig. a.
Virtual Moment Functions /. As indicated in Fig. b.

Virtual Work Equation.

L
mM
1-a= [ ™04
[ El Y

El

1 8 ft 4 ft
Ac = N [ / 125x, %dx, + / (400x22 + 400x2)dx2}
0 0

~33066.67 Ib - ft®
EI

33066.67(12°)

. 1.90(106){% (3)(63)}

= 0.5569 in. = 0.557 in. {

M= zg0.x,)fb-ft 4oolb
M) = (400X, 1400) Ib-f¢

S}
|
,Bft

4001b-ft

Y

. x‘z'
T
650lb

@)

ri

250 Ib

8 ft 4 ft
1
1lb- AC = [ (0.5X1)(250X1)d}€1 + / X2(400X2 + 400)dX2:|
0 0

400 Ib
SR
— — 400 1b-ft
j"—b}—“f 77_“ o5 Jé}
8 ft 4 ft
3in.
N
:[6 in.
Sectiona —a
Ans.
moGy= X, bt | lb
m)=p-5x,)1 b.ft
) h 4
(g sif !
['A N
xl ) x,h

, Bt 4t

(o3}

®
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*14-104. Determine the slope at A of the overhang white

spruce beam.
|— a

Ay ——
L =2 B C

Real Moment Functions M. As indicated in Fig. a. ‘ ¢ ‘

| 8 ft 4 ft ‘
Virtual Moment Functions 7. indicated in Fig. b. 3in.
Virtual Work Equation. 7[6 .

m.
2 mgM S L
1.0 = d ectiona —a
0 /0 El X
1 8 1t 4 £t
1lb-ft-0, = I [/ (1 = 0.125x)(250x)dx; + / 0(400x, + 400)dx2}
0 0

8 ft
1 2
0a= 1 [/ (250w — 31.25x,%)dx + O]

~2666.67 1b - ft?
EI

2666.67(122)

1.940(106){11—2 (3)(63)}

0.00508 rad = 0.00508 rad Ans.

M(xl)" (250)(,)/19-}{ 4o0lb m9ai)= (/-0125%,) ,bﬂ

aft 41t (b)

MOx,) = (400X, 1400) b-f¢ g \ ( ..m“’(xil =0
P
[ j, \ : ﬁ) [1b-ft % 7
__l4oolbft €7
x! ’ X_z, f O'I-ZE ’b 8‘& 0,,25,54:&
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*14-105. Determine the displacement at point B. The w
moment of inertia of the center portion DG of the shaft is
21, whereas the end segments AD and GC have a moment A C
of inertia /. The modulus of elasticity for the material is E.
D B G
e a——f—a—]

Real Moment Function M(x): As shown on Fig. a.
Virtual Moment Functions m(x): As shown on Fig. b.

Virtual Work Equation: For the slope at point B, apply Eq. 14-42.

L
mM
1-a= [ ™04
/0 El Y

1-Ap = 2[;1 /0 a<);l>(wax1)dx1:|

1 “1 W,
12— | Z(x + +x) — —
Z[ZEI l 2()cz a)|:wa(a X3) 2 szdx2:|

_ 65wa* l

B~ ASEI Ans.
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14-106. Determine the displacement of the shaft at C. EI

Wo
is constant.
4 ﬂ/v/*/ﬂ/rm\h\V\ﬂ B
_alla, C el
\ L \ L \
I 2 | 2 |

L
1-Ap = / mM
0

L
o 2N (! wo L Mo 3)
Ac— (EI>‘/O (2X1)< 4 Xq 3Lx1 dX1

_ mLt Ans
120E 1 ’

14-107. Determine the slope of the shaft at the bearing
support A. EI is constant.

_ ngM
1‘914* dx
0

TI1R2E] Ans.
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*14-108. Determine the slope and displacement of end C P

of the cantilevered beam. The beam is made of a material

having a modulus of elasticity of E. The moments of

inertia for segments AB and BC of the beam are 2/ and 1,

respectively. B C
A

Real Moment Function M. As indicated in Fig. a. ‘

N
D[~

Virtual Moment Functions 71, and M. As indicated in Figs. b and c.

Virtual Work Equation. For the slope at C,

El
1 L/2 L/2
1 OC El 1(Px1)dx1 2 EI A 1|:P(XZ ):|de
5PL?
Hc = 16 EI Ans.

For the displacement at C,

L
1-A=/ de
0

El
1 L/2 1 L2 L L
1- AC = E A xl(le)dxl + E/)’ X2 + E P X2 + E dXz
3PL
AC = @ \I/ Ans.

My (x,y) =| Mg w)=1
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*14-109. Determine the slope at A of the A-36 steel 12 kN/m
W200 X 46 simply supported beam.

Real Moment Function M. As indicated in Fig. a.

Virtual Moment Functions 7. As indicated in Fig. b.

Virtual Work Equation.
1-6 = / M
~ )y EI

1 3m
1kN'm'0A = EI|:/ (1 - 01667X1)(315X1 - 6X12>dX1
JO

3m
+ / (0.1667x)(22.5x, — 3x22)dx2}
0

3m 3m
1
GA _ E‘I|:\/0' (x13 _ 11.25X12 + 31_5x1)dx1 + A’ (3,75)(22 - 0.5x23)dxz}

_ 84375kN-m’
EI
84.375(10%)

: 200(109){45.5(10—6)}

= 0.009272 rad = 0.00927 rad Ans.

M@)=(315,-6x,2) k-1 p - My(x,)=(1-0 /667, ) kM
X,)=(R28X 23X ‘N
12k /h M) o 3X,)

GkNIm | kN-m

My(%,)=(0.1667,) kn-m

am
315k 225kl 04667 kN 0 166TRNA
b)
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14-110. Determine the displacement at point C of the 12 kN/m
A-36 steel W200 X 46 simply supported beam.

Real Moment Functions M. As indicated in Fig. a.

Virtual Moment Functions 7. As indicated in Figs. b.

3m 3m |

Virtual Work Equation.

L
mM
1-a= [ 2%y
z Er

3m
1kN-Ap = b}}[ / (0.5x,)(31.5x, — 6x,2)dx,
0
3m
+ / (0.5x,)(22.5x; — 3x22)dx2}
0

1 3m 3m
- = 2 _ 3 2 _ 3
Ae =2 [ A (15756, = 3x,%)dx; + K (11256, — 1.5x, )dx2:|

151.875 kN - m®
EI

151.875(10%)

200(109){45.5(10*6)}
=0.01669m = 16.7 mm | Ans.

M(x,)=(B15X, -6, kn-m | kN

(x,)= (2252 32 ) kN-m =
e - ) me)=(OFN )2 0 52300
1 \ekim
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14-111. The simply supported beam having a square cross
section is subjected to a uniform load w. Determine the
maximum deflection of the beam caused only by bending,
and caused by bending and shear. Take £ = 3G.

For bending and shear,

L L
mM ooV
1A= 220+ d
A E1 YT ), ga ™

S5wL? 3wl?

= +
384E1 20GA

SwL! 3wlL?
= =+ 3
384(3G)($5)a*  20(G)a

20wL*  3wlL?
= +
384Ga*  20Gd?

(DT 3]

For bending only,

5w [ L\*
A= %G (Z>

e

Ans.

Ans.
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*14-112. The frame is made from two segments, each w
of length L and flexural stiffness EI. If it is subjected
to the uniform distributed load determine the vertical 1737 v c
displacement of point C. Consider only the effect of bending. L . ‘
l |
L

Real Moment Function M(x): As shown on Fig. a.
Virtual Moment Functions m(x): As shown on Fig. b.

Virtual Work Equation: For the vertical displacement at point C,

L

mM

1-A = R —
[ £l dx

1 L w 1 L WL2
L0 = 57 [ (L00x)| 5 xi Jdxy + 17 [ (LOOL) == Jdx,

SwL*
(A¢), = SEI I Ans.
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*14-113. The frame is made from two segments, each

of length L and flexural stiffness EI If it is subjected to

the uniform distributed load, determine the horizontal §7 . c
displacement of point B. Consider only the effect of bending.

Real Moment Function M(x): As shown on Fig. a.
Virtual Moment Functions m(x): As shown on Fig. b.

Virtual Work Equation: For the horizontal displacement at point B,

L
mM
1A= [ ™My,
A 1 “*

1 L w 1 L wl?
1-(Ap)y = EA (0)(5x%)dx1 + E[ (1.00L — 1.00x2)(7>dx2

wL*
(AB)h = E i Ans.

M&eE X L

mx)=0

Ml )= Lol -1oX,

14-114. Determine the vertical displacement of point A P
on the angle bracket due to the concentrated force P. The L
bracket is fixed connected to its support. EI is constant.

Consider only the effect of bending.

L L
sa= 7| [ oean+ [ anens,

4p1? —
=35I Ans.

i:-lf) M= PX, L"_'f) m=x

|'—,(-"‘l x—

f !
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14-115. Beam AB has a square cross section of 100 mm by
100 mm. Bar CD has a diameter of 10 mm. If both members
are made of A-36 steel, determine the vertical displacement
of point B due to the loading of 10 kN.

Real Moment Function M(x): As shown on Fig. a.
Virtual Moment Functions m(x): As shown on Fig. b.

Virtual Work Equation: For the displacement at point B,

L
mM nNL
. = —_— +
1-A A El dx AE

3m

1
TkN-Ap = - (0.6667x,)(6.667x,)dx,
0

1 2m

+ E A (1.00X2)(10.0X2)dX2

, L667(16.667)(2)
AE

_ 66.667 kN -m’ L 55556 kN-m
p EI AE

_ 66.667(1000) 55.556(1000)
200(10%)5 (0.1)(0.2)]  [3(0.012)][200(10%)]

=0.04354m = 43.5mm | Ans.

04667 KN lebg] ki 1 kn
MUR) 044 6T, | MG I=/O%,

_I"xf J ;"._'
T am |

3m

®)
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*14-116. Beam AB has a square cross section of 100 mm
by 100 mm. Bar CD has a diameter of 10 mm. If both
members are made of A-36 steel, determine the slope at A
due to the loading of 10 kN.

Real Moment Function M(x): As shown on Fig. a.

Virtual Moment Functions my(x): As shown on Fig. b.

Virtual Work Equation: For the slope at point A,

L
M NL
1.9:/ M gk + "
0

El AE

1 3m

1kN-m- GA = E (1 - 03333x1)(6667x1)dx1
0

(—0.3333)(16.667)(2)

1 2m
+ EA' 0(1O.Ox2)dx2 +

AE
g, — 100KN-m? 1L1I1KN
4 EI AE
_ 10.0(1000) ~ 11.111(1000)
200(10%)[5 0.1)(0.2)]  [5(0.012)][200(10%)]
= 0.00529 rad Ans.

14-117. Bar ABC has a rectangular cross section of
300 mm by 100 mm. Attached rod DB has a diameter
of 20 mm. If both members are made of A-36 steel,
determine the vertical displacement of point C due to the
loading. Consider only the effect of bending in ABC and
axial force in DB.

Real Moment Function M(x): As shown on Fig. a. A

Virtual Moment Functions m(x): As shown on Fig. b.

Virtual Work Equation: For the displacement at point C,
w0k 400k Z0KN
o

L KRS0
1-A = mM ., nNL Mw-zoa.t/
s EI AE 300ply N S
£ 64;:#‘?&‘2001
1kN-A 2{ ! /3m(1 00x)(20.0x) d }+ 230309) ©5) e
* = — .UUX Ux X - = 3m m
¢ El J, AE @
360kN-m®  625kN-m
AC = +
El AE 10kn Z-ﬂigi_;sanl ™
_ 360(1000) . 625(1000) - "'“gj-lﬂ -
200(10%)| % (0.1)(0.33 7(0.022) || 200(10° r4 L0 St moloL
(10°)[55 0(0.3*)] - [5 (0.02%) [200(10”) %
3m am
=0.017947m = 17.9mm | Ans. *)
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14-118. Bar ABC has a rectangular cross section of
300 mm by 100 mm. Attached rod DB has a diameter
of 20 mm. If both members are made of A-36 steel,
determine the slope at A due to the loading. Consider only
the effect of bending in ABC and axial force in DB.

Real Moment Function M(x): As shown on Fig. a.
Virtual Moment Functions m, (x): As shown on Fig. b.

Virtual Work Equation: For the slope at point A,

L
M L
1-0:/ Mo dx—i—nN
0

EI AE
1KN-m-6, — " 1 033330)(200x)dx + _CHODEO0E)
m AT E ) ( . x)(20.0x)dx A

_ 30.0kN-m®  104.167 kN
4 EI AE
30.0(1000) 104.167(1000)

" 200(10°)[5 0.0)(03%)] [z (0.022)][200(10°)]

= —0.991(107%) rad = 0.991(1073) rad Ans.
apokn 400K Lo 5O Kn
M(xJ=2£-oxi H
300rd N WS Lt
j ) LA
4 8.0 k8™ M&K)2200X
x %
3m I 3m I
()

osagggl_ 0.416b7 ko

1]
My(c)s - ¢-3323x]
]

o256 -
J 4 [
o-25 k7l
towim| |
3am | 3m
0.3333kd

)
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14-119. Determine the vertical displacement of point C. 15 kN/m
The frame is made using A-36 steel W250 X 45 members.
Consider only the effects of bending. 15 kKN D
c L
25m 25m —|
Sm
Al 4
Real Moment Functions M. As indicated in Fig. a. Moo= (75 122.5%T sx2) kn-mv
=7 .3 g
Virtual Moment Functions m. As indicated in Fig. b. Mt =(5252,=7547) m
I5kA)
Virtual Work Equation. i
L ik 7.
mM . T
1-A = A H dx '3 x‘j
Z5m Z6m
25m 5m 526
1KN- (Ag), = (0.5x,)(52.5x; — 7.5x,2)dx <\
NTELJy VAT R . Moz =%, ) ad-w
Y
Sm = |5 K
+ / 0(15X2)dX2
0 24EKA (&)
25m
+ / (0.5x3)(75 + 22.5x; — 7.5x32)dx2J
0
. | ko
1 ~m =(0: o]
(Ag)y = EI|:/ (26.25x12 - 3.75x13)dx1 +0 mey =(05%) mix,) = (05%,) k-w
0
25m »
+ / (37.5x; + 11.25x;2 — 3.75x33)dx3} X5 X,
0 2em = Z.5m
05kl
am iy
239.26 kN - m’
B ni%)=0
%,
239.26(10%)
200(109){71.1(10—6)} b
o5kl J
=0.01683m = 16.8 mm | Ans.
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*14-120. Determine the horizontal displacement of end 15 kN/m
B. The frame is made using A-36 steel W250 X 45
members. Consider only the effects of bending. 15 kN D

>y .

B
C L
25m 25m —
Sm

Real Moment Functions M. As indicated in Fig. a.

S ala
Virtual Moment Functions 7. As indicated in Fig. b.
Virtual Work Equation.
L
mM
1-A = /0 H dx
1 Sm »Sm
1kN-(Ap), = El[ /0 x,(52.5x; — 7.50,%)dx; + /0 x2(15x2)dx2J
1 Sm Sm
(Ap), = 7 [% (52.5x12 - 7.5x13)dx1 + /0 15x22dx2}
_ 1640.625 kN - m’
a EI
1640.625(10°)
200(109){71.1(10*6)}
=0.1154m = 115 mm — Ans.
12
1= . ~15X; ) mm
M) = (75 +22.5%75% mex) =, knem

MOx,) = (5250, =T 547) km {Ji
/.5li/1!~ % t — [ KN

(5, bttt at 4 lT %

17 % — &m
Xz 1 X 5m [KN
2.5 2.5m N M, )= Xy, kn-m
5m | 52:5 k) xj
£

. Mixe) =5, ka1~ | [ kA
. 15 kil \ b)

225KN (&)
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*14-121. Determine the displacement at point C. EI is A B cxMg
constant. > 2\ }
8 L |
| a | a \
L
mM
1-Ac = d
¢ /0 E1 ™
M
o / (1) (M ) e /“(1x) M
<~ ) E1 YT ) Er ™
_ 5 MO le A
= 6El ns.
14-122. Determine the slope at B. EI is constant. A B cwMg
De £\ +>
= sl
| |
\ \

EI
. M() a A
=3E] ns.

14-123. Solve Prob. 14-72 using Castigliano’s theorem.

Member N IN/oP N(P =0) L N@N/aP)L
AB 1.1547P + 800 1.1547 800 120 110851.25
BC -0.5774P -0.5774 0 60 0

> = 110851.25
ON\ L 110851.25 110851.25
Ap = EN(*) — = = = 0.00191 in. Ans.
B aP ) AE AE (2)(29)(10°)
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*14-124. Solve Prob. 14-73 using Castigliano’s theorem.

Member Force N: Member forces due to external force P and external applied
forces are shown on the figure.

Castigliano’s Second Theorem:

N IN
Member N 67P N(P = 200 1b) L N(§>L
AB —0.8333P —0.8333 -166.67 10.0 1388.89
BC 0.8333P 0.8333 166.67 10.0 1388.89
AC 0.500P 0.500 100.00 12 600.00

> 3377.78 1b - ft
IN L
A= EN(E) AE

3377.78 1b - ft
Agp), = — 2 — —
(Ap)n \E

- w — 0.699(1073) in. — Ans.
2[29.0(10°)]

*14-125. Solve Prob. 14-75 using Castigliano’s theorem.

Member N aNJoP N(P =30) L N(N/oP)L
Z0*N P
AB 1.50P 1.50 4500 30 20250 i 2m
1.5P(1) .
AD 5V13 0 5V13 V13 0
)
BD -20 0 20 20 0 gmp(
f
BC 1.5pP 15 4500 30 20250
CD -0.5V13P  -05V13 -15V13 V13 35154
DE —(05V13P +5V13) -05V13  —20V13 V13 46872
3 = 122526
o (ﬂ)i_ 1225.26(10%)
“ P ) AE  300(107°)(200)(10%)
= 0.02.04 m = 20.4 mm Ans.
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14-126. Solve Prob. 14-76 using Castigliano’s theorem.

Member N oN/oaP N(P=0) L N(@N/oP)L
AB 45 0 4500 3 0
AD 025V13P +5V13 025V13 5V13 V13 5859
BC 45 0 45 3 0
BD 20 0 20 2 0
cD -15V13 0 -15V13 V13 0
DE  —(025V13P +20V13) -025V13  —20V13 V13 23436

S =292.95
A, = EN(ﬂ)L _ 29295 _ 292.95(103)
' oPJAE  AE  300(107°)(200)(10°)
= 4.88(107°) m = 4.88 mm Ans.

14-127. Solve Prob. 14-77 using Castigliano’s theorem.

Member Forces N: Member forces due to external force P and external applied

forces are shown on the figure. F__° E o "
Z \ i+
Castigliano’s Second Theorem: 0 K 'a"c_, 6
Member N N N(P = 5kip) L N (ﬂ)L A GEGTP(TT | O 6667 PLT) WmC
aP aP L J

AB 0.6667P 0.6667 3.333 96 21333 ez s ofe 1

BC 0.6667P 0.6667 3.333 96 213.33

CD 0 0 0 72 0

DE 0 0 0 96 0

EF 0 0 0 96 0

AF 0 0 0 72 0

AE -0.8333P -0.8333 -4.167 120 416.67

CE -0.8333P -0.8333 -4.167 120 416.67

BE 1.00P 1.00 5.00 72 360.00

21620 kip +in

ON\ L
s= 385 )
A = 1620 kip - in.
( B)v - AE
1620 =0.01241in. | Ans.

" 45[290(10°)]
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*14-128. Solve Prob. 14-78 using Castigliano’s theorem.

Member Forces N: Member forces due to external force P and external applied forces

are shown on the figure. 4
F o & ¢ D
Castigliano’s Second Theorem: S I
[ o |e
Member N N N(P =0) L N(ﬂ)L ° A\
P P Al g
AB 0.6667 P+3.333 0.6667 3.333 96 213.33 “! usg,;u—m abeerrs I <
8 1
BC 0.6667P+3333  0.6667 3333 96 21333 ok Yo 7
0
CD 0 0 0 72 0
DE 0 0 0 96 0
EF 0 0 0 96 0
AF 0 0 0 72 0
AE —-(0.8333P +4.167)  -0.8333 -4.167 120 416.67
CE —-(0.8333P +4.167)  -0.8333 -4.167 120 416.67
BE 5.0 0 5.00 72 0

21260 kip - in

) L
AE

A= N(a P

1260 kip - in.

- AE

_ 1260
4.5[29.0(10%)]

(AE)V

= 0.00966 in. | Ans.

*14-129. Solve Prob. 14-79 using Castigliano’s theorem.

Member N aN/oP N(P = 4) L N(@N/aP)L
AB 0 0 0 15 0
AC -1.25P -1.25 -5 2.5 15.625
AD P 1 4 2.0 8.00
BC P 1 4 2.0 8.00
CD ~(5-0.75P) 0.75 2 15 225

S =29.375
aN\/ L 29.375(10°
Ag, = EN(—X—) = o) _ 0.367(107)m
IPJNAE/ 400(107°)(200)(10°)
= 0.367 mm Ans.
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14-130. Solve Prob. 14-80 using Castigliano’s theorem.

Member N oN/oP NP =5) L N(@N/3P)L
AB 0 0 0 15 0
AC -5 0 -5 2.5 0
AD 4 0 4 2.0 0
BC 4 0 4 2.0 0
CD ~(P - 3) -1 2 15 3
3 =3
AN\ L 3 3(10%)
A, = SN[ )= —— =
IPJAE  AE  400(107°)(200)(10°)
=37.5(107%) m = 0.0375 mm Ans.

14-131. Solve Prob. 14-81 using Castigliano’s theorem.

Member Forces N: Member forces due to external force P and external applied
forces are shown on the figure.

Castigliano’s Second Theorem:

Member N % N(P = 30kN) L N(%)L
AB -0.750P -0.750 =225 1.5 25.3125
BC -0.750P -0.750 =225 1.5 25.3125
AE 1.25P 1.25 375 2.5 117.1875
CE —(1.25P +25.0) -1.25 -62.5 2.5 195.3125
BE 20.0 0 20.0 2 0
DE 1.50P+15.0 1.50 60.0 1.5 135.00

>'498.125kN - m

N\ L
A = 2=
() s
498.125kN -m
(AA)V - T
498.125(10°)

B 0.400(102)[200(10%)]

=6.227(107) m = 623 mm | Ans.
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*14-132. Solve Prob. 14-82 using Castigliano’s theorem.

Member Forces N: Member forces due to external force P and external applied
forces are shown on the figure.

Castigliano’s Second Theorem:

aN aN
Member N P N(P =20kN) L N(§>L
AB -225 0 -225 15 0
BC -225 0 -225 15 0
AE 375 0 375 25 0
CE ~(125P+375)  -125 ~62.5 25 1953125
BE 1.00P 1.00 20.0 2 40.0
DE 0.750P +45  0.750 60.0 15 67.50

>'302.8125kN - m

N\ L
2= S(5)
302.8125 kN - m
Ba) =—"F
302.8125(10%)

0.400(103)[200(10°)]

3.785(107%) m = 3.79 mm | Ans.

*14-133. Solve Prob. 14-83 using Castigliano’s theorem.

Ac = 2N = 0.163 in. Ans.

v

(@) L 21232 21232
aP) AE  AE 45 (29)(10°)
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14-134. Solve Prob. 14-84 using Castigliano’s theorem.

ON\ L 20368 20368
= () L
" 0P) AE — AE  45(29)(10°)
= 0.156 in. Ans.

14-135. Solve Prob. 14-87 using Castigliano’s theorem.

6M1 . X1 aMz o a n Xy
aP’ 2 P’ 2 2
SetP' =0

Ml = le M2 = Pa
“ (oMY dx
se= [ () &
1 “ 1 /2 a 1
2) Zl |:A (le)<2 xl)dx /0 (Pa)(2 > xz)dx2:|

23Pa’
T 24 EI Ans.
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*14-136. Solve Prob. 14-88 using Castigliano’s theorem.

aM, aM,

P = X1 F = _0.5 X2 l P 4_ m/m 13
k A |
Set P = 15kN | o b
5 I 7sm T 3 m
M] = 15.X1 M2 = _1.5)62 - ZX2 ) "5P16 é—p'fP
L oMY dx
= | = ) M,=FX
Aa /0 M<6P)EI = {) M= PX, ™~
! et
1 15 3 M6, -05p 2" 1
= E‘I[A (15x1)(x1)dx + A <_1.5X2 - ZX%)(_O.SXZ)d.Xz} Xz 6_0_5')
43.875 kKN - m? 43.875(10°
- - = 1) . =00579m
El 13(10°) 15 (0.12)(0.18)°
= 57.9 mm Ans.

*14-137. Solve Prob. 14-90 using Castigliano’s theorem.

Internal Moment Function M(x): The internal moment function in terms of the
couple moment M’ and the applied load are shown on the figure.

Castigliano’s Second Theorem: The slope at A can be determined with

OMO) _ o M) e — 0
oM’ - . X1, oM’ = 0 and setting = 0.
L
0= / M( oM >ﬂ
0 oM' ) EI
10 m l Sm
0a= g | @01 = 0100x)dx, + o [ (1.00x2) O)dxs
_ 41667 kN -m’
El
41.667(10°)
- = 0.00298 rad Ans.
200(10°)[70(107)]
M) sfo0xy
rd\u.)xm'f(z-sa-wonvx.é Zkllm
C o —
" X, flé
r om 5m "‘
250-010m’ 125010 M
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14-138. Solve Prob. 14-92 using Castigliano’s theorem.

WMy _ 05204 WMy _ 0.5294x, + 1.0588
aP = U. X1 8P = U. X .
M _ 04706 My _ 047061, + 0.7059
aP = U. X3 (’)P = L. X4 .
SetP =0

M, = 327.06x, M, = 47.06x, + 654.12

My =59294x; M, = 889.41 — 47.06x,
L
oM \ dx
Ap= | M{— )=
B A (aP) EI

2
= %{ A (327.06x,)(0.5294x,)dx,

2
+ / (47.06x, + 654.12)(0.5294x, + 1.0588)dx,
0

1.5
+ (592.943)(0.4706.x3)dx;
0

3

+ [ (889.41 — 47.06x,)(0.4706x, + 0.7059)dx,
0

643769 Ib- 1 6437.69(12°)

= = 1.54in. Ans.
El 29(10°)(%)(0.75%) " ”

14-139. Solve Prob. 14-93 using Castigliano’s theorem.

M _ o176 M _ o1176 My 01176, + 0.1764 L
oM’ : ooy T Yoo gy TR T (ﬁ
Set M’ = ae W H™ 53290
etM = —o.n7ém’ 10NN
M, = 327.06x, M, = 59294x,  M; = 889.41 — 47.06x; fﬁ” } Y Mo M2 06%, 0NNk,
L [}
0= (3 (22) %~ LT r06)1 — 011761 el .
A= oM’ ) EI " ELL ), (327.06x1)( 1176x;)dx, # =53099 g 1 o1Rr
29299
15 rourem’
+ [ (592.94x,)(0.1176x,)dx, +
: esamsimand ==
I'$
s ~#R MY, 1883-4] % P
+ / (889.41 — 47.06x3)(0.1176x5 + 0.1764)d.x rounm’
0
: - ft? 2387.54(12%
_ 2387541610 129 0477 rad = 273 Ans.
El 29(10°)(5)(0.75%
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*14-140. Solve Prob. 14-96 using Castigliano’s theorem.

P
5
"
8M1 — 8M2 . 6% I c
P Tt gt 7P
a a | , Qa i
Set P = P’ P 2
M, =Px, M, = Px =p' :
1 1 2 2 t) M'- P X, P
L a a
oM 1 7 4 X :
Ac = / M( ,)dx =7 [/ (Pxp)(xy)dx; + / (sz)(xz)dx2:| P . ’ d
, T \ap EI| J A M.<PX, (l |
< r. .I
- 2Pd’ Ans, )(2,
3EI )
14-141. Solve Prob. 14-89 using Castigliano’s theorem.
?D
|
, gy M
SetM' =0
l T 4P+ MY,
b —_—
b oM dx tPr - M= (Ps MI)K 1%
9C = M aM’ E E 'a_.' 1 }
0 % |
t
( j‘) <E_ — ) Yﬂ
1 t
« (Px (fx )dx ,, L n
:/ (Pxy) at)! n / (Pxz)(1)dx, Pe O- m_mr P
A El , EI il 4 Y
P Pé_spa o
~ 3EI  2EI  6EI )
14-142. Solve Prob. 14-98 using Castigliano’s theorem.
8M1 _ ﬂ 8M2 _
oM’ a oM
Set M' = 0 M P
Mlz_le M2=PX2 (
04 = LM(aM)dx W ,61’1“11’
AT oM’ ) EI P-t.:;\_ a

- Ell[la (_le)(l - %)dxl + la(sz)(O)dsz = _6%6]12

_ Pd?
6E1

J

AEST %-‘

X

M

Z

i

—

Fx1

Z,

M (::p Me M= PX, - Ly ,

P

i
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14-143. Solve Prob. 14-112 using Castigliano’s theorem.

Internal Moment Function M(x): The internal moment function in terms of the
load P and external applied load are shown on the figure.

Castigliano’s Second Theorem: The vertical displacement at C can be determined

WithM = 1.00x1,8M(x2) = 1.00L and setting P = 0.
oP JP
s ()5
(Ap), = % OL (g xi)(l.oon) dx; + % /0 L(WZL2>(1.00L) dx,
= 58WEL14 ! Ans.

L
W %=

Mo =2k Px,
wL®

MU, )= Z 1PL

wL*

= 1PL

WLtP

*14-144. Solve Prob. 14-114 using Castigliano’s theorem.

Castigliano’s Second Theorem: The horizontal displacement at A can be determined

. OM(xy) M (x,) ) ,
using = = 1.00x, Py 1.00L and setting P" = P.
L
oM\ dx
A= M\ — )
/0 (aP > El
1 [" 1 ("
(A, = —/ (Px1)(1.00x,) dx; + —/ (PL)(1.00L) dx
A=) 1 Vet e ) 2
4PL>
= Ans.
3EI "
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*14-145. Solve Prob. 14-121 using Castigliano’s theorem.

oP)EI EI , EI

_ 5 MO a2 A

= 6EI ns.
14-146. Determine the bending strain energy in the beam P P
due to the loading shown. ET is constant.

_&_
| a \ a \ a l
L 2 a a
M*dx 1

;= =— 2 [ (Px)*dx; + Pa)*d }

U | 2EI 2E1[ A (Px1)”dx A (Pa)” dx,
5P’
= GEl Ans.
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14-147. The 200-kg block D is dropped from a height
h =1 monto end C of the A-36 steel W200 X 36 overhang
beam. If the spring at B has a stiffness & = 200 kN/m,
. . . . D
determine the maximum bending stress developed in
the beam. T ‘
A o
- g I
Equilibrium. The support reactions and the moment functions for regions AB and
BC of the beam under static conditions are indicated on the free-body diagram of
the beam, Fig. a,
U. =0
1 " MPdx
y PAa =2 , 2EI
4m 2 2m
1 1 P
EPA” = 2El[/o (5 x2) dx + /0 (Px,)? dx:|
8P
AT
Here, I = 34.4(10°) mm* = 34.4(10"°) m* (see the appendix) and E = E,
= 200 GPa. Then, the equivalent spring constant can be determined from
P = kb Ast
8P
P=ky| —
’ (E1>
ol 200(109){34.4(10—6)}
- - - 3
k=g = < = 860(10°)N/m
From the free-body diagram,
3
Rp::E
3
kspAsp = E (kbAb)
M""gx-b Mo P
L 3 (k,,> 3( 860(10%) N o % N
sp= | — A, = | ——— |4, = 6454, 1 \_‘
"2\ ky 2\ 200(10%) A"g : y am—
2 A
Conservation of Energy. jo_ Zm o
= =3
3 1 S D A?— Bo=2p
mg(h + A, + > Asp> = EkspAsp + 5 kol 2 @ £
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14-147. Continued

Substiuting Eq. (1) into this equation.

200(9.81){1 + Ay + %(6.45@} = %[200(103)}(6.45&,)2 v %[860(103)}&,2

4590.25(10%)A,% — 20944.35A,, — 1962 = 0

Solving for the positive root

A, = 0.02308 m

Maximum Stress. The maximum force on the beam is Py = kpA,

= 860(10%)(0.02308) = 19.85(10°) N. The maximum moment occurs at the
supporting spring, where M,,x = Pnax L = 19.85(103)(2) = 39.70(103) N-m.
d 0201
Applying the flexure formula with ¢ = 5T, T 0.1005 m.
My,c  39.70(10%)(0.1005)
Omax = = = 11598 MPa = 116 MPa Ans.
1 34.4(10°°)

Since o, < oy = 250 MPa, this result is valid.
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*14-148. Determine the maximum height # from which
the 200-kg block D can be dropped without causing the
A-36 steel W200 X 36 overhang beam to yield. The spring
at B has a stiffness £ = 200 kN/m.

‘ 4m ‘ 2m —
Equilibrium. The support reactions and the moment functions for regions AB and
BC of the beam under static conditions are indicated on the free-body diagram of
the beam, Fig. a,
U =0
1 " MPdx
—PA, =2
2 o 2EI
1 1 4m P 2 2m
EPAS, :2EI|:A <5x2) dx + A (Px1)2dx
8P
Ay = —
* EI
Here, [ = 34.4(106> mm* = 34.4(10_6) m* (see the appendix) and E = E,
= 200 GPa. Then, the equivalent spring constant can be determined from
P = kb Ast
8P
P =k
’ (EI)
200(109)[34.4(10—6)}
- - - 3
k=g = < = 860(10°)N/m
. _By
From the free-body diagram, M=zXs P

e
[
N | W
~
?‘>
-(_/\
=
=&
T Ix
Hile

3 4 1Y
kspAsp E (kbAb)
l 4m 2m
A _3<kb>A :3 M A, = 6.45A (1) 43=% gf’:%l)
sp b b . b
2 \ kyy 2\ 200(10%) (2
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*14-148. Continued

Maximum Stress. The maximum force on the beam is P, = kpA, = 860(103)Ab.
The maximum moment occurs at the supporting spring, where M.« = PpaxL

= 860(103)Ab(2) = 1720(103)Ab. Applying the flexure formula with
d 0201

Il

[
e
—
=
=
()
B

1720(10°) A,(0.1005)
34.4(107°)

250(10%) =
A, = 0.04975m

Substituting this result into Eq. (1),

Agp = 0.3209 m
Conservation of Energy.
1

3 1
mg(h + A, + > AS[,> = EkspAspz + Ek,,AbZ

200(9.81){!1 + 0.04975 + %(0.3209)} = %[200(103)}(0.3209)2
+ %{860( 10°) }(0.04975)2

h =526m Ans.
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the link AB has a rectangular cross section that is 0.5 in.
wide by 0.2 in. thick. Determine the strain energy in the link
AB due to bending, and in the bolt due to axial force. The Af
bolt is tightened so that it has a tension of 350 1b. Neglect
the hole in the link.

¢14-149. The L2 steel bolt has a diameter of 0.25 in., and 6 1in. ~—4 in.T
0.2 in.

l

‘ T ’ %\ B

8 in.
Bending strain energy:
L 2 6 4
M~ dx 1
Up); = =— 140x,)%dx; + 210x,)%d } R
(Up)i . 2EI 2El[/0 (140x)dx; /0 (210x;)"dx,
1.176(10°%) 1.176(10°) )
= = 1 50 = 122in-1b = 10.1 ft-1b Ans.
El 29(10°)(55)(0.5)(0.2%)
Axial force strain energy:
L y\12 2 2
N<d N-°L 350)(8
U,); = _ = (350)(®) = 0.344in-1b Ans.
2EA  2AE - 2(29)(10%)(3)(025)
14-150. Determine the vertical displacement of joint A.
Each bar is made of A-36 steel and has a cross-sectional o
area of 600 mm?. Use the conservation of energy.
Joint A: 2m
4
+13F, =0 gFAB —5=0  F,3=0625kN
A © -
3 ~——1.5 ~——1.5 )
ESF =0 Fap-5(625 =0 Fap=375kN l m— m—
SkN
Joint B:

4 4
+12F, = 0; gFBD - g(6.25) =0  Fyzp=0625kN

BIF, =0, Fge — 2(%)(6.25) =0  Fgc=75kN

Conservation of energy:

U =U
1 N2L
2 PR = 2 uE
%(5)(103)AAﬁ{(6.25(103))2(2.5) + (3.75(10%))%(3)
+ (6.25(10%))%(2.5) + (7.5(103))2(1.5)]
A, =43 64 375 = 05364(10) m = 0.536 mm  Ans.

AE  600(107°)(200)(10°)
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14-151. Determine the total strain energy in the A-36
steel assembly. Consider the axial strain energy in the two
0.5-in.-diameter rods and the bending strain energy in the
beam for which / = 43.4 in*,

Support Reactions: As shown FBD(a). S001b
Internal Moment Function: As shown on FBD(b). 3
Total Strain Energy: | Aft | Aft |
L 2 2
M?*dx  N’L
Ur = / 2EI | 2AE
0 2501k s001h 2501b
4 ft 2
1 ) 250%(3) L l
=2 — +
2[2131 A (250x) dx} 2[ 2AE [ 3
1.3333(10°) b2+ £ 0.1875(10°) 1b?- ft ; ry - rrs !
= + a
EI AE J—
1.3333(10°)(12%)  0.1875(10°) (12)
= 250K
20.0(10°)(43.4) 7 (0.5?)[29.0(106 J My=252
(1)) (057200107 -
=223in-1b Ans. (b)

*14-152. Determine the vertical displacement of joint E. F E D
For each member A = 400 mm?, E = 200 GPa. Use the ¥ 7 >
method of virtual work.
1.5m

Member n N L nNL

AF 0 0 1.5 0

A @ °)C
AE -0.8333 -37.5 2.5 78.125 B -
45 kN

AB 0.6667 30.0 2.0 40.00 } 2m } 2m |

EF 0 0 2.0 0

EB -0.50 225 1.5 -16.875

ED -0.6667 -30.0 2.0 40.00

BC 0 0 2.0 0

BD 0.8333 375 2.5 78.125

CD -0.5 -22.5 1.5 16.875

> = 236.25
nNL
1-Ap =2
B AE
236.25(10%)
Ap, = =2.95(107%) = 2.95 mm Ans.

~ 400(107%)(200)(10°)
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*14-153. Solve Prob. 14-152 using Castigliano’s theorem. F E D
) ZO) ) ‘
1.5m
A RV o) ~ 1
5 ; C
45 kN
} 2m | 2m |
Member N aN/oP  N(P =45 L  N(IN/oP)L
AF 0 0 0 1.5 0
AE —(0.8333P + 37.5) —-0.8333 =375 2.5 78.125
AB 0.6667P + 30 0.6667 30.0 2.0 40.00
BE 22.5-0.5P -0.5 22.5 1.5 -16.875
BD 0.8333P +37.5 0.8333 37.5 2.5 78.125
BC 0 0 0 2.0 0
CD —(0.5P +22.5) -0.5 =225 1.5 16.875
DE —(0.6667P + 30) -0.6667 -30.0 2.0 40.00
EF 0 0 0 2.0 0
> = 236.25
IN L 236.25
8o = *Nop AE T aE
236.25(10%)
= = 2.95(107%)m = 2.95 mm Ans.
400(107°)(200)(10°)
14-154. The cantilevered beam is subjected to a couple
moment M applied at its end. Determine the slope of the |
beam at B. EI is constant. Use the method of virtual work. A 1’ L
B
|
; L meM 4 L) m, J L !
= X = X
5= ), EI y EI
ML A
= &I ns.
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14-155. Solve Prob. 14-154 using Castigliano’s theorem. |

o [ E—
= m IS Y
5 dm'JEI ~ ), EI \
ML A
- EI ns.
*14-156. Determine the displacement of point B on the 3 1in. 3
aluminum beam. E, = 106(103) ksi. Use the conser 3 kip n. in.
1in.
l |—|__|_I 6in.lrl
Alp o C
B) =0
| 12 ft l 12 ft |
L oar2 12(12)
M= dx 1 2239488
U = =)= 1.5x)?dx = == —
i 2er - PDogg A (L5x) dx = =0,

1 1
Ue = EPA = E(B)AB = 15AB

Conservation of energy:

U =0
2239 488
Ay = 1492 992
El
—05(7)(1) + (4)(6)(1) )
= = 2.1154 in.
Y 71) + 6(1) S4in

1= %(7)(13) + (7)(1)(2.1154 — 0.5)* + %(1)(63) + (1)(6)(4 — 2.1154)

= 58.16 in*

1492992

= —24in. Ans.
(10.6)(10%)(58.16)

B
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14-157. A 20-1b weight is dropped from a height of 4 ft .
onto the end of a cantilevered A-36 steel beam. If the beam -
isa W12 X 50, determine the maximum stress developed in
the beam.
4 ft
12 ft |
From Appendix C:

_ LU: 20(12(12))°
YO3EL 3(29)(10°)(394)

n—1+1/1+2‘ j—1+\/ ( 412) >=235.74
1.742216(107%)

20(12)(12)(*52)
394

= 1.742216(10 %) in

Omax = Nog = 235.

= 10503 psi = 10.5ksi < 0, O.K. Ans.
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