Problem 21.1 In Active Example 21.1, suppose that
the pulley has radius R = 100 mm and its moment
of inertia is 7 = 0.005 kg-m?. The mass m = 2 Kg,
and the spring constant is £ = 200 N/m. If the mass
is displaced downward from its equilibrium position
and released, what are the period and frequency of the
resulting vibration?

Solution: From Active Example 21.1 we have

k 200 N/
w= J 7= ( © Oog])k 2 = 8.94 rad/s
. g-m
m+ — 2 k b

Thus

2 21 1

=—=———=0702 "= - =142 Hz

‘ 1) 8.94 rad/s s/ T z

T =0702s f=142Hz

Problem 21.2 In Active Example 21.1, suppose that
the pulley hasradius R = 4 cm and its moment of inertia
is I = 0.06 kg-m?. The suspended object weighs 5 N,
and the spring constant is kK = 10 N/m. The system is
initially at rest in its equilibrium position. At ¢ = 0, the
suspended object is given a downward velaocity of 1 m/s.
Determine the position of the suspended object relative
to its equilibrium position as a function of time.

Solution: From Active Example 21.1 we have

o= ko _ (10 N/m) — =051 rads /
m+ I ( 5N ) (0.06 kg-m?)
R? 9.81 m/s? (0.04 m)2

The general solution is

x =Asnowt + Bcoswt, v= AwCoSwt — BwSinwt.
Putting in the initial conditions, we have
xt=0=B=0= B =0,

1m/s

0Blrads ~ -6 M

vi=0)=Aw=(1ftls = A=

Thus the equation is

x =1.96sin0.51r (m).
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Problem 21.3 The mass m = 4 kg. The spring is un-

stretched when x = 0. The period of vibration of the

mass is measured and determined to be 0.5 s. The mass

is displaced to the position x = 0.1 m and released from x
rest at r = 0. Determine its position at r = 0.4 s.

k
— AR A — m

Solution:  Knowing the period, we can find the natural frequency

w:zlz ﬂ:lZ.Gradls.
T 05s

The genera solution is
x = Asinot + Bcoswt, v = AwCOSwt — BwSinwt.
Putting in the initial conditions, we have

xt=0=B=01m= B=01m,

vit=0=Aw=0=A=0.
Thus the equation is
x = (0.1 m) cos(12.6 rad/s t)

At thetimer = 0.4 s, we find

x = 0.0309 m.
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Problem 21.4 The mass m = 4 kg. The spring is un-
stretched when x = 0. The frequency of vibration of the
mass is measured and determined to be 6 Hz. The mass
is displaced to the position x = 0.1 m and given aveloc- x
ity dx/dt =5 m/s at + = 0. Determine the amplitude of

the resulting vibration. e

— AR A — m

Solution: Knowing the frequency, we can find the natural fre-

quency
w=2rf = 21(6 Hz) = 37.7 radls.

The general solution is

x = Asinwt + Bcoswt, v = AwCoSwt — BwSinwt.
Putting in the initial conditions, we have
xt=0=B=01m=B=01m,

5 m/s
37.7 radls

The amplitude of the motion is given by

vVi=0=Aw=5mls= A= =0.133 m.

VA2 + B2 = /(0.1 m)2 + (0.133 m)2 = 0.166 m.

| Amplitude = 0.166 m. |
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Problem 21.5 The massm = 4 kg and the spring con-
stant is k = 64 N/m. For vibration of the spring-mass
oscillator relative to its equilibrium position, determine
(@) the frequency in Hz and (b) the period.

Solution:  Since the vibration is around the equilibrium position,
we have
k [64 N/m 1 cycle

a = —_ = = = U
@ |w - kg 4rad/s<2ﬂ rad) 0.637 Hz

2 2
b = — = =157
b) = 13) 4 rad/s s

Problem 21.6 The massm = 4 kg and the spring con-
stant is k = 64 N/m. The spring is unstretched when
x =0. At t =0, x = 0 and the mass has a velocity of
2 m/s down the inclined surface. What is the value of x
at=0.8s?

Solution: The equation of motion is
d?x o d?x k oo
mﬁ +kx =mgsn20° = W—I—(;)x:ganO

Putting in the numbers we have
d?x
dr?

The solution to this nonhomogeneous eguation is

+ (165 %)x = 3.36 m/S

x = Asin([4 s7Y1) + B cos([4 s1]r) +0.210 m
Using the initial conditions we have
0=B+0210m
= A=05m, B=-0210m
2mis=A@4 s
The motion is

x = (05 m)sin([4 s 1) — (0.210 m) cos([4 s 1) + 0.210 m

Atr=08swehave |x =0.390 m

Problem 21.7 Suppose that in a mechanical design
course you are asked to design a pendulum clock, and
you begin with the pendulum. The mass of the disk is
2 kg. Determine the length L of the bar so that the period
of small oscillations of the pendulum is 1 s. For this
preliminary estimate, neglect the mass of the bar.

Solution: Givenm =2kg, r =0.05m

For small angles the eguation of motion is

1 120
(Emrz +mlr + L]2> ‘d? +mg(L+r)0 =0

d2e 2g[L +r
N ( g[L + 1]

i, L . =0
dt? r24[r+ L]2>

2 2
The period is 7 =2r r+2r+ L
2g(L+r)

Setrt =1sandsolvetofind | L =0193 m

<
g

50 mm
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Problem 21.8 The mass of the disk is 2 kg and the
mass of the slender bar is 0.4 kg. Determine the length
L of the bar so that the period of small oscillations of
the pendulumis 1 s. <

Strategy: Draw a graph of the value of the period for L 0
a range of lengths L to estimate the value of L corre- \/ i
sponding to a period of 1 s.

Solution: We have
mg=2kg, mp=0.4kg, r=005m, t=1s

The moment of inertia of the system about the pivot point is

_1 o2 1 2
1= 3m/,L + 2m,/r +my(L+r)°.

The equation of motion for small amplitudes is

1 -, 1 5 2\ 5 L
ém;,L +§mdr +mg(L+r)°)0+ mbE +my[L+7r])gb=0

Thus, the period is given by

} 2 } 2 2
3m;,L +2mdr +mg(L+71)

T=2r
L
<mb ot ma[L + r]) 8

This is a complicated equation to solve. You can draw the graph and
get an approximate solution, or you can use a root solver in your
calculator or on your computer.

Using a root solver, we find | L = 0.203 m.

Problem 21.9 The spring constant is k = 785 N/m.

The spring is unstretched when x = 0. Neglect the mass -

of the pulley, that is, assume that the tension in the rope 4

is the same on both sides of the pulley. The system is ? L)
released from rest with x = 0. Determine x as afunction N g/ ;

of time. | |
Solution: We have the equations ‘ J 20 ke
T — (4 kg)(9.81 m/$) — (785 Nim)x = (4 kg)¥ ! kgl I I II

T — (20 kg)(9.81 m/s?) = —(20 kg) . F

If we eliminate the tension 7' from these equations, we find |
(24 ko) + (785 N/m)x = (16 kg)(9.81 m/S)
¥+ (5.72 rad/9)®x = 6.54 m/s.
The solution of this equation is
x = Asinwr + B coswt + (0.200 m), v = AwCcoswt — Bw Snwt.
Using the initial conditions, we have
x(t =0) = B+ (0.200 m) = B = —0.200 m,
vit=0=Aw=0=>A=0.

Thus the equation is

x = (0.200 m)(L — cog[5.72 rad/s 1]). |
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Problem 21.10 The spring constant is k = 785 N/m.
The spring is unstretched with x = 0. The radius of the
pulley is 125 mm, and moment of inertia about its axis
isI = 0.05 kg-m?. The system is released from rest with
x = 0. Determine x as a function of time,

Solution: Let 7 be the tension in the rope on the left side, and

T» be the tension in the rope on the right side. We have the equations e I I 20 kg
g
?
k

T1 — (4 kg)(9.81 m/s?) — (785 Nim)x = (4 kg)¥
T, — (20 kg)(9.81 m/%) = —(20 kg)&

B B PN '
(T2 — T1)(0.125 m) = (0.05 kg-m )(0.125 m)

If we eliminate the tensions 73 and 7> from these equations, we find

(27.2 kg)¥ + (785 N/m)x = (16 kg)(9.81 m/s?)

¥ + (5.37 rad/s)?x = 5.77 m/<%.
The solution of this equation is

x = ASinwt + Bcoswt + (0.200 m), v = AwCcoSwt — Bw Sinwt.
Using the initial conditions, we have

x(t=0)=B+(0.200 m) = B = —0.200 m,

v(it=0=Aw=0=A=0.

Thus the equation is

x = (0.200 m)(1 — cos [5.37 rad/s 1]). |

Problem 21.11 A “bungee jumper” who weighs 711.7
N leaps from a bridge above a river. The bungee cord
has an unstretched length of 18.3 m, and it stretchesan
additional 12.2 m before the jumper rebounds. Model the
cord as a linear spring. When his motion has nearly
stopped, what are the period and frequency of hisvertical
oscillations? (You can’'t model the cord as alinear spring
during the early part of his motion. Why not?)

Solution:  Use energy to find the spring constant

1
T1=0, V1 =0, T» =0, Vo =—(711.7 N)(30.5 m) + Ek(lZ.Z m)>2
N+Vi=T+V, = k=291.9 N/m

forjE_ 1 PLINM 219 g,
27 \'m ~ 27\ (7117 N)/(9.81 m/S)

r=£=3.135
f

The cord cannot be modeled as a linear spring during the early motion
because it is slack and does not support a compressive load.
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Problem 21.12 The spring constant is k£ = 800 N/m,
and the spring is unstretched when x = 0. The mass of
each object is 30 kg. The inclined surface is smooth.
Neglect the mass of the pulley. The system is released
from rest with x = 0.

(@) Determinethe frequency and period of the resulting
vibration.
(b) What isthevalue of x at r = 4 s?

Solution: The equations of motion are

T —mgsing —kx =mx, T —mg = —m¥X.
If we eliminate T', we find

k 1
2mx = 1—sin ¥+ —x==g(1l-—sno),
X+ kx =mg( sinf), X + 2mx Zg( sinf)

5 (“01g = 5981 m/s?)(1 — sin20°),

1 (800 N/m) 1
= X

¥ + (3.65 rad/9)®x = 3.23 M/,

(@ The natural frequency, frequency, and period are

1
w=365rads, f = 23 =088LHz T= =172s
n o

f=0581s,
1=172s

(b) The solution to the differential equation is
x = Asinwt + Bcoswt +0.242 m, v = Awcoswt — Bw Sinwt.
Putting in the initial conditions, we have

x(t=0)=B+0242m=0= B =-0242m,

vt=0=Aw=0=A=0.
Thus the equation is x = (0.242 m)(1 — cos [3.65 rad/s 7])

Att =4 swehave| x = 0.351 m.

Problem 21.13 The spring constant is k£ = 800 N/m,
and the spring is unstretched when x = 0. The mass of
each object is 30 kg. The inclined surface is smooth. The
radius of the pulley is 120 mm and its moment of inertia
isI =0.03kg-m?. Atr =0, x = 0and dx/dt = 1 m/s.

(@) Determinethe frequency and period of the resulting
vibration.
(b) What isthevalueof x at r =4 s?

Solution: Let 71 be the tension in the rope on the left of the
pulley, and 7> be the tension in the rope on the right of the pulley.
The equations of motion are
Ti —mgsing —kx =mx, To —mg = —mX, (To — T1)r = If.
r

If we eliminate 71 and T», we find

1
<2m + —2> X+ kx =mg(l—sing),
r

‘4 kr? mgr2
X X =
2mr2 4+ 1 2mr2 +

S (L—sin®), i+ (3.59 rad/s)’x = 3.12 m/s.

(@ The natural frequency, frequency, and period are

w 1
= 3.59 rad/ =—=0571Hz, t=—-=175s
w s, f o T 7

f=057Ls,
r=175s

(b) The solution to the differential equation is

x = Asinwt + Bcoswt +0.242 m, v = Aw COSwt — Bow Sinwt.
Putting in the initial conditions, we have
x(t=0=B+0242m=0= B=-0242m,

1m/s

359 rads 0.279 m.

vit=0=Aw=(1Amls)=> A=

Thus the equation is
x = (0.242 m)(1 — cog[359 rad/s]) + (0.279 m) sin [359 rad/s ¢]

Att =4 swe have| x = 0.567 m.
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Problem 21.14 The 89 N disk rolls on the horizontal
surface. Itsradiusis R =152.4 mm. Determine the spring k '
constant k so that the frequency of vibration of the sys- e TAVAVAVAVAPEEES
tem relative to its equilibrium position is f = 1 Hz.

89 N

Solution: Givenm = ——,
9.81 m/s?

R=0.152m

The equations of motion

kx4 F d?%x
—kx =m—
dt

2 N d’x n 2k

il )=

1 ,\1 d?%x dr? 3m

FR=—(Zmr2) =22
(2'" ) R dr?

1 /2
We require that f = 2\ 3 = 1Hz = |k =537 N/m
n

Problem 21.15 The 89 N disk rolls on the horizon-
tal surface. Its radius is R = 152.4 mm. The spring
constant is k = 218.9 N/m. At: = 0, the spring is
unstretched and the disk has aclockwise angular velocity
of 2 rad/s. What is the amplitude of the resulting vibra-
tions of the center of the disk?

Solution: See the solution to 21.14
d?x 2k
dr? 3m

d?%x

2t (16.09 rad/s)’x =0

)x:O =

The solution is

x = A cos([16.09 rad/s]t) + B sin([16.09 rad/s]t)

Using the initial conditions

0=4

(2 rad/s)(0.152 m) = B(16.09 rad/s)
Thus x = (0.076 m) sin([16.09 rad/s]t)

The amplitude is | B = 0.076 m

= A=0 B=0.076 m
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Problem 21.16 The8.9 N bar is pinned to the 22.2 N
disk. The disk rolls on the circular surface. What isthe avwall
frequency of small vibrations of the system relative to
its vertical eguilibrium position?

)

381 mm

Solution:  Use energy methods.

1(1] 89N 2 1/ 222N 2
=222 |[0381m] ) 2 +—<7) 0.381m)° o
2 (3 [9.81 m/szi||: ! ) v+ 3\ g1 i) O3 e

1(1 2\ /0.381)?
HHE A [ e

V =—(8.9 N)(0.191m) cosé — (22.2N)(0.381m) cos® = —(10.17 N-m) cosé

Differentiating and linearizing we find

2

d?%o 420
(0.537 N-m-sz)F +(10.17 N-m)6 =0 = 7+ (4.35 radis)?0 = 0

435 rad/s
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Problem 21.17 The mass of the suspended object A
is 4 kg. The mass of the pulley is 2 kg and its moment
of inertia is 0.018 N-m?. For vibration of the system
relative to its equilibrium position, determine (a) the fre-
guency in Hz and (b) the period.

WA=

Solution:  Use energy methods

v 120 mm

2 2
m) = (3.625 kg)v

1 2,1 2
T = 56 kgn® + (0018 kg )(

V = —(6 kg)(9.81 m/S)x + %(150 N/m)(2x)2

Al &
T
= (300 N/m)x? — (58.9 N)x

Differentiating we have

d?x
(7.25 kg)ﬁ + (600 N/m)x = 58.9 N

d?x

—7 + (910 1ad/9’x =812 /s’

=

_ 910 rad/s

@ /= g~ 145H2
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Problem 21.18 The mass of the suspended object A is
4 kg. The mass of the pulley is 2 kg and its moment of
inertia is 0.018 N-m?. The spring is unstretched when
x = 0. At t =0, the system is released from rest with
x = 0. What is the velocity of the object A at r = 1 S?

Solution: See the solution to 21.17

The motion is given by

x = A cos([9.10 rad/s]r) + B sin([9.10 rad/s]¢) + 0.0981 m

v = jx (9.10 rad/s){—A sin([9.10 rad/s]¢) + B cos([9.10 rad/s|z)}

Use the initial conditions
A+00981lm=0

B(0.910 rad/s) =0

= A=-0.0981m, B=0
Thus we have
x = (0.0981 m)(1 — cos([9.10 rad/s]t))

V= i—f = —(0.892 m/s) sin([9.10 rad/s]z)

Atr=1s, |v=0.287m/s

Problem 21.19 The thin rectangular plate is attached
to the rectangular frame by pins. The frame rotates
with constant angular velocity wo = 6 rad/s.The angle 8
between the z axis of the body-fixed coordinate system
and the vertical is governed by the equation

d2p

dr?
Determine the frequency of small vibrations of the plate
relative to its horizontal position.

= —wjsin B cosp.

Strategy: By writing sin8 and cosg in terms of their
Taylor series and assuming that 8 is small, show that
the equation governing B can be expressed in the form
of Eg. (21.5).

Solution:

d?p dp

iz +wosmf3cosﬂ_0 = 7z + zwoanﬂ 0
Linearizing we have
d?p d?p
Tz+5 wgz/s_o = Iz +wip=0

6 rad/s

=wp=06radls =| f = = 0.954 Hz

= Y 27 rad
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Solut

The so

Problem 21.20 Consider the system described in
Problem 21.19. At t =0, the angle 8 = 0.01 rad and
dB/dt = 0. Determine g8 as a function of time.

ion: See21.19

The equation of motion is

d’g 2
d7+(6rad/s) ﬁ_O

lution is

| B = (0.01 rad) cos([6.00 rad/s|r) |

Probl

v—l
T2

T+V

(&)

Ignore

3

For sm,

d?0 N
drt?

em 21.21 A slender bar of mass m and length /

is pinned to a fixed support as shown. A torsiona

spring of constant &k attached to the bar at the support %9\
is unstretched when the bar is vertical. Show that the /
equation governing small vibrations of the bar from its

vertical equilibrium position is

d?0 (k — tmgl) k
— + w0 =0, Whe|’Ew2=+g.

d[z gmlz

Solution: The system is conservative. The pivot is a fixed point.

The moment of inertia about the fixed point is I = mL?/3. The kinetic

energy of the motion of the bar is
r_ L (40
2" \dr )

The potential energy is the sum of the energy in the spring and the
gravitational energy associated with the change in height of the center
of mass of the bar,

L
k62 — %(1 — cos6).

For a conservative system,

1 [/do\? 1 L
=const. = =1 [ — | + Zk#?%— %(1 — cos0).
2 dt 2 2

Take the time derivative and reduce:

mL? (d%0 mgL .
— | - k6 — ——sinf | =0.
[ = () -5 }

the possible solution % = 0, from which

L2 (d?% L
n < >+k67%sin6=0.

dr?

all amplitude vibrations siné — 6, and the canonical form (see

Eq. (21.4)) of the equation of motion is

mgL
k— —=—
2 2
1
ZmL2

®%0 =0, where|w? =

736
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Problem 21.22 The initia conditions of the slender
bar in Problem 21.21 are

6 =0
— = 6bp.
dt 0
(@ If k> imgl, show that ¢ is given as a function of
time by
6o . k — tmgl
0 = 2snwt, wherew? = HA.
w §m12

by Ifk< %mgl, show that 6 is given as a function of
time by

6o (Amgl — k)
O =_—(e —e M), whereh?=-2-°>_"
2h (e e %ml2
Strategy: To do part (b), seek a solution of the
equation of motion of the form x = Ce*', where C and
A are constants.

Solution:  Write the equation of motion in the form
d?o
2
— 9 =0, wherep=
dr2 +p p
Define o = R
and h =
mgL mgL

ifk<%,fromwhich p=oif k>"22 ad p=ih, if k<

L . .
%, wherei = 4/—1. Assume a solution of theform 6 = A sin pt +

. Lo do .
B cos pt. The time derivative is i pAcospt — pBsinpt. Apply
_— " ) 6
the initial conditions at r = 0, to obtain B =0, and A = —0, from
P

. N 6o .
which the solution is 6 = -2 sin pt.
p

. .
(@ Substtute: if k> "=, g — Dgnar |
w

L 6
(b) Ifk< % 0= % sin(iht). From the definition of the hyper-
l
bolic sine,

sinh(ht) _ sin(iht) 1

= ( ht _ —ht
3 ih o (€ =)

from which the solution is| g = ;_O(ehf — e~y | [Check: An

alternate solution for part

(b) based on the suggested strategy is:

L
For k<%

write the equation of motion in the form

29 —
W_h 0 =0,

and assume a general solution of the form
6 = Ce* + De ™.

Substitute into the equation of motion to obtain (A2 — h2)6 =
0, from which A = 4h, and the solution is § = Ce + De ™,
where the positive sign is taken without loss of generality. The
time derivative is

do
— = hCeM" — hDe .
dt

Apply theinitia conditions at ¢+ = 0 to obtain the two equations:
0=C+ D, and 6y = hC — hD. Solve:

6o
c=22,
2h
6
D=-2,
2h

from which the solution is

6
0= Zo(eh’ —e~'™). check]
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Problem 21.23 Engineers use the device shown to
measure an astronaut’ s moment of inertia. The horizontal
board is pinned at O and supported by the linear spring
with constant k = 12 kN/m. When the astronaut is not
present, the frequency of small vibrations of the board
about O is measured and determined to be 6.0 Hz.
When the astronaut is lying on the board as shown, the
frequency of small vibrations of the board about O is
2.8 Hz. What is the astronaut’s moment of inertia about
the z axis?

Solution: When the astronaut is not present: Let F; be the spring
force and M, be the moment about O due to the board's weight My

when the system is in equilibrium. The moment about 0 equals zero, \1 ~
> Mgt o) = (L9F, — My = 0(1). When the system is in motion = o { Fe
and displaced by a small counterclockwise angle 6, the spring force (@)

decreases to F; — k(1.99): The equation of angular motion about O is e

d?e
> Moy = (LY[F, — k(L.9)] — My = I, —

dr?’
Mp
where I, is the moment of inertial of the board about the z axis. Using }1.96
Equation (1), we can write the equation of angular motion as o) I Fs—Kk(19 )
%0 k(1.92  (12,000)(1.9)2 ' 1.90m
—— + w20 =0, wherew? = 197 _ (12,000)(1.9)7 !
dr? Iy Iy

We know that f1 = w1/27 = 6 Hz, S0 w1 = 127 = 37.7 rad/s and we
can solve for 1,: I, = 30.48 kg-m?2.

When the astronaut is present: Let F; be the spring force and M,
be the moment about O due to the weight of the board and astronaut
when the system is in equilibrium. The moment about 0 equals zero,
> Mpioy = (L9 F; — My, = 0(2). When the system is in motion
and displaced by a small counterclockwise angle 6, the spring force
decreases to F; — k(1.99): The equation of angular motion about O is

2,2
> Mooy = AOLFy = k(L.9)] = Mya = (p + L)~

where I, is the moment of inertia of the astronaut about the z axis.
Using Equation (2), we can write the equation of angular motion as

d?o k(1.9)2 12,000)(1.9)2
— + w30 =0, wherew? = 1( 7 _ | )(1.9)
b+ 1o I+ 1,

In this case f2 = wp/27r = 2.8 Hz, SO wy = 2.8(27) = 17.59 rad/s.
Since we know 1;,, we can determine I, obtaining 1, = 109.48 kg-m?.

Problem 21.24 In Problem 21.23, the astronaut’s cen-
ter of massisat x = 1.01 m, y = 0.16 m, and his mass
is 81.6 kg. What is his moment of inertia about the 7’
axis through his center of mass?

Solution: From the solution of Problem 21.23, his moment of
inertial about the z axis is I, = 109.48 kg-m?. From the parallel-axis

theorem,

Iy = I, — (d? + d®)m = 109.48 — [(1.01)2 + (0.16)%](81.6)

= 24.2 kg-mP.
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Problem 21.25¢ A floating sonobuoy (sound-measur- 1
ing device) is in equilibrium in the vertical position
shown. (Its center of mass is low enough that it is stable ——
in this position.) The device is a 10-kg cylinder 1 m
in length and 125 mm in diameter. The water density
is 1025 kg/m®, and the buoyancy force supporting the
buoy equals the weight of the water that would occupy
the volume of the part of the cylinder below the surface.
If you push the sonobuoy slightly deeper and release it,
what is the frequency of the resulting vertical vibrations?

Solution: Choose a coordinate system with y positive downward.

Denote the volume beneath the surface by V = 7 R2d, where R = Tkh

0.0625 m. The density of the water is p = 1025 kg/m®. The weight

of the displaced water is W = pVg, from which the buoyancy force '

is F = pVg = mpR?gd. By definition, the spring constant is

v I

k= = nwpRg = 123.4 N/m. l
mg

If h is a positive change in the immersion depth from equilibrium, the

force on the sonobuoy is )" F, = —kh + mg, where the negative sign
is taken because the “spring force” kh opposes the positive maotion 4.
2

d¢h
From Newton's second law, mﬁ = mg — kh. The canonical form

d?h [k
(see Eq. (21.4)) is Tzt w?h =g, where w = ./ — = 3.513 rad/s.
m

The frequency is| f = % = 0.5591 Hz |.
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Problem 21.26 The disk rotatesin the horizontal plane
with constant angular velocity = 12 rad/s. The mass
m = 2 kg dides in a smooth dot in the disk and is
attached to a spring with constant k = 860 N/m. The
radial position of the mass when the spring is unstretched
isr=02m.

(@ Determine the “equilibrium” position of the mass,
the value of r at which it will remain stationary
relative to the center of the disk.

(b) What is the frequency of vibration of the mass re-
lative to its equilibrium position?

Strategy: Apply Newton's second law to the mass in
terms of polar coordinates.

Solution:
direction is

Using polar coordinates, Newton's second law in the r

k k
F —k(r —ro) = m(F —rQ?) =i + (— - 92)" =—ro
m m

(@ The “equilibrium” position occurs when ¥ = 0

k
Pl kro (860 N/m)(0.2 m)

,  k—mQ2 (860 N/m) — (2 kg)(12 rad/s)2

Teg =
-Q
m

req = 0.301 m.

(b) The frequency of vibration is found

0

o

N\

=0.301 m.

N
o=,/ k_ Q2 = 860 N/m _ (12 rad/s)2 = 16.9 radls, f = 2 269 Hz
m 2 kg 2

f =269 Hz.

Problem 21.27 The disk rotatesin the horizontal plane
with constant angular velocity 2 = 12 rad/s. The mass
m = 2 kg dides in a smooth dot in the disk and is
attached to a spring with constant k = 860 N/m. The
radial position of the masswhen the spring is unstretched
isr=0.2m. At r = 0, the mass is in the position r =
0.4 m and dr/dt = 0. Determine the position r as a
function of time.

Solution:
direction is

Using polar coordinates, Newton's second law in the r

SF  —k(r — ro) = mGF — rQ%),

) (k 2) k
F+|——Q%)r=—r
m m

7 + (16.9 rad/s)?r = 86 m/s.

The solution is
. 1 .
r = Asinwt + B coswt + 0.301 m, % = AwcCoswt — BowSinwt.

Putting in the initial conditions, we have

r(t=0)=B+0301 m=04m= B =0.0003 m,

dr
dt( ) w =

Thus the equation is

r = (0.0993 m) cos[16.9 rad/s ] + (0.301 m).
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Problem 21.28 A homogeneous 44.5 N disk with 9
radius R = 0.31 m is attached to two identical cylindrical I
steel bars of length L = 0.31m. The relation between the .
moment M exerted on the disk by one of the bars and
the angle of rotation, 6, of the disk is

_GJ
L

M 0,

where J is the polar moment of inertia of the cross
section of the bar and G = 8.14 x 10'°N/n?? is the shear —
modulus of the steel. Determine the required radius of
the bars if the frequency of rotational vibrations of the —L—> —L—
disk is to be 10 Hz.

Solution: The moment exerted by two bars on the disk is M = k6,
where the spring constant is

M 2GJ
k=" =

90 L

The polar moment of the cross section of a bar is

J= mr
==
4
from which & = anG.

From the equation of angular motion,

1d29 = —kf
dr2 '

The moment of inertia of the disk is

[ =X g2
=5 ki
from which

d?0 2 Ggr® 2 27G
40?9 =0 wherew= s () S
dr? WLR? Ry WL
WL ZTWL
Solve: r= /Ry, | ———w= _|Ry il f-
2nGg Gg

Substitute numerical values: R; =0.31m, L =0.31m, W =445N,
G = 8.14 x 101 N/m?, ¢ =9.81 m/s?, from which

r=0.01 m=10 mm.
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Problem 21.29 The moments of inertia of gears A and
B arel, = 0.025 kg-m? and I3 = 0.100 kg-m?. Gear A
is connected to a torsional spring with constant k =
10 N-m/rad. What is the frequency of small angular
vibrations of the gears?

Solution: The system is conservative. Denote the rotation
velocities of A and B by 64, and 6 respectively. The kinetic energy
of the gearsis T = 31462 + 1362, The potential energy of the
torsiona spring is V = 3k62. T+ V = const. = 31463 + 31562 +

. _ R . . )
%keﬁ. From kinematics, 6 = — <R_A) 64. Substitute, define
B

R 2
M= <1A + (—A) 1,;) — 0.074 kg-m?,
Rp
and take the time derivative:
DnY (4 (C00) 4 10,) =0
dt dr? A==

Ignore the possible solution (%) = 0, from which

d?0,
dr?

+ w20, =0, wherew =, /% = 11.62 rad/s.

The frequency is| f = % =1.850 Hz |.

Problem 21.30 At ¢ =0, the torsional spring in Prob-
lem 21.29 is unstretched and gear B has a counterclock-
wise angular velocity of 2 rad/s. Determine the coun-
terclockwise angular position of gear B relative to its
equilibrium position as a function of time.

Solution: Itisconvenient to expressthe motion in terms of gear A,
since the equation of motion of gear A is given in the solution to

d?o
Problem 21.29: TzA + w204 = 0, where

R 2
M= <1A + <—A> 13) = 0.074 kg-m?,
Rp
k
w=,— =11.62 rad/s.
V M

Assume a solution of the form 64 = Asinwt + B coswt. Apply the
initial conditions,

R
04 =0,04 =— (—B) 05 = —2.857 rad/s,
Ra
. 04
from which B =0, A = — = —0.2458, and
w

04 = —0.2458sin(11.62¢) rad,

R
and |6 = — <R—") 04 = 0.172sin(11.67) rad
B
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Problem 21.31 Each 2-kg dender bar is1 min length.
What are the period and frequency of small vibrations
of the system?

Solution: Thetotal energy is
ravo (L) (% 2+1 1 2 do\?
—2\3" d ACKRAVT

1 d6\? L L
+§m L —mg—COS@—ngCOSQ—mgLCOSG

dr 2
5 do\?
= émL2 (E) — 2mgL cos6.
d(T+V) > L2d9d26+2 sznede 0
— = -—mL-"— — m — =0,
dt 3 dt dr? § dt

so the (linearized) equation of motion is

d%  6g
— +—=6=0.
dr? + 5L

Therefore

| 6g [6(9.81)
w= 5L 50 3.43 rad/s,

2
sor = — =183s, f =0.546 Hz.
[
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Problem 21.32* The masses of the slender bar and
the homogeneous disk are m and m,, respectively. The
spring is unstretched when 6 = 0. Assume that the disk
rolls on the horizontal surface.

TTIPA

(@ Show that the motion of the system is governed by

the equation i
! + 3ma &6 d%6 _ 3mq sind cos® do\*
3 2m dt? 2m dt

— Z sind + —(1— cosf)sing = 0.

(b) If the~ system is in equilibrium at the angle 6 = 6,
and 6 = 6 — 6, show that the equation governing
small vibrations relative to the equilibrium posi-
tion is

1 3 d?0 k
=4 T o? 0, | — + | —(cos6, — cos’ 9,
dt? m

+sin?6,) — %cos@e] 6 =0.

Solution: (See Example 21.2.) The system is conservative.

(@ The kinetic energy is

T = %162-1- 2mv + 5 Ided zmllvﬁ,

L2
where I = m- is the moment of inertia of the bar about its

center of mass, v is the velocity of the center of mass of the bar,
R? N ) )

1; = me is the polar moment of inertia of the disk, and v, is

the velocity of the center of mass of the disk. The height of the

L cost , and the stretch of the
spring is § = L(1 — cos#), from which the potential energy is

center of mass of the bar ish =

mgL
2

V =

1
cosf + EkLz(l — c0s6)2.

The system is conservative, Substitute and reduce:

1/1 3my g
. L cosé . (= ¢ 2, 8 L 2 _
T +V = cong. 9151:%: = 2<3+ m 052>0 + 5y oSO+ o (1 C0s6)“ = const.
Choose a coordinate system with the origin at the pivot point and Take the time derivative:
the x axis parallel to the lower surface. The instantaneous center )
of rotation of the bar is located at (L sin0 L cos#). The center 0 } 3ma 20 ﬁ _ M o cos0 ﬁ)
of mass of the bar is located at (5 sing, 5 cosg). The distance 3t om 2m
from the center of mass to the center of rotation is
2 2 I3 —%9n0+—(1—cos€)sm0] 0,
=/(L-=) sro+(L-= 20 = —,
(- EY sros (1LY omo= L
1 3 % 3 do\?
L. from which <7 "4 cos 0 ) — "4 $ing coso ( )

from which v = 50 The velocity of the center of mass of the 3" 2 dt 2m dr
disk isvg = (L cos6)6. The angular velocity of the disk is6l; = ¢ X
v _Lcoseé —Zsin0+—(l—cos€)sin9:0
— . m

R~ R
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(b) The non-homogenous term is i, as can be seen by dividing the
equation of motion by sing # 0,

1,3 29
3t 2m d%0  3my <d6 >2
_— cosf | —

sing drZ " 2m dt

k 8
—(1—--cosf) = —.
+m( ) oL

Since the non-homogenous term isindependent of time and angle,

the equilibrium point can be found by setting the acceleration
and the velocity terms to zero, cosf, = 1 — ns [Check: This

is |dent|(~:al to Eq. (21.15) in Example 21.2, as expected. check].

Denote 0 = 6 — 6,. For small angles:

cos6 = cosf cosf, — sinf sinf, — cosh, — 6 sinG,.

c0s?9 — cos?6, — 26 siné, cosh,.

sing = sinf cosé, + cosb sind, — 6 cosb, + sin?6,.

(1 - cos®)sind — (1 — cosb,) sinb, + H(cosh, — cosb,
+sn?6,).

sing cosf — 6(cos?6, — sin?4,).

Substitute and reduce:

1 3ma d%0 1 3my-
(= cos?6 —9 siné, coso,
( )(3 2m ) g (3 + ¢

d?0 1 3my dZé
— = cos2 6, )
“az (3 2n

2 = 3ma cosf sinf do 2» Sm d@sm& cos6,
T 2m dt 2m

g 5 g
——9snf — ——f cosf, — — sSinb,.
2L 2L ¢ 2L ¢

k . k .
—(1—-cos#)sing - —(1— cosb,)sing,
m m

k ~ .
+ —6(cos6, — cos? 6, + sin?6,),
m

~d%0 dé ~
where the terms Gd— -0, 0 <d[> — 0, and terms in 62

have been dropped.

Collect terms in (1) to (4) and substitute into the equations of
motion:

3 d?%6 k (cosé, — cos? 6, + sin?6,)
sing, dr? m sing,
8 cosé, g
=|—= — —(1—cosb,
2L sing, ] [ZL ¢ )]

. k
The term on the right % - —(1— cosee) =0, as shown by

substituting the value cosf, = 1 — ﬂ from which

1 3my d20
=2 cos? 6,
(3+ 2m

k . ~
+| £(cos, — cos?6, + sin?6,) — - cos6, |6 =0
m 2L

is the equation of motion for small amplitude oscillations about
the equilibrium point.
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Problem 21.33* The masses of the bar and disk
in Problem21.32 ae m=2kg and my; =4KkKg,
respectively. The dimensions/ =1 mand R = 0.28 m,
and the spring constant is k = 70 N/m.

(8) Determine the angle 6, at which the system is in
equilibrium.

(b) The system is at rest in the equilibrium position,
and the disk is given a clockwise angular velocity
of 0.1 rad/s. Determine 6 as a function of time.

Solution:
(8 From the solution to Problem 21.32, the static equilibrium
angle is
—cosl(1_ M8\ _ o _
8, = cos (1 2kL) = 30.7° = 0.5358 rad.

(b) The canonical form (see Eqg. (21.4)) of the equation of motion is
o=

d=o 25
ﬁere:O,where

k .
% (cos6, — co6, +§n?6,) — 2 cosb,
m 2L

1 3my
4+ —%cos?h
<3 t o )

w =

= 1.891 rad/s.

Assume a solution of the form

§=6—6,=Asnwt + Bcoswt,

from which

0 =6, + Asinwot + B coswt.
From the solution to Problem 21.32, the angular velocity of the
disk is

va (L cosee)é

T RTT R

The initial conditions are

. RO .1)(0.2
1=00=0,0=—R0_ _ O.DO28 _ 1 03256 rads,
L cosf, 0.86

from which B =0, A = 0.03256/w = 0.01722, from which the
solution is

6 = 0.5358 + 0.01722sin(1.891¢).
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Problem 21.34 The mass of each dender bar is 1 kg.
If the frequency of small vibrations of the system is
0.935 Hz, what is the mass of the object A?

Solution: Thesystemis conservative. Denote L = 0.350 m, L =
0.280 m, m = 1 kg, and M the mass of A. The moments of inertia
about the fixed point is the same for the two vertical bars. The kinetic
energy is

T = 310% 4+ 316% + Jmv? + M3,

where v is the velocity of the center of mass of the lower bar and v

is the velocity of the center of mass of A, from which T = 2(2162 +
mv? + MvZ). The potential energy is

V= %(1 — cos6) + %(1 — cosd) + mgL(1— cosH)
+ MgLa(1—coso),
V = (MgLy + 2mgL)(1 — cosf).
T +V = const. = 1(216% + mv? + Mv3) + (MgLa + 2mgL)
x (1 — cosh).
From kinematics, v = L cos6(6), and v4 = L 4 cosé(6). Substitute:
221 + (mL? + ML3) cos? 0)6% + (MgL 4 + 2mgL)(1 — cos6)

= const.

62 !
For small angles: cos?6 — 1, (1 — cosf) — > from which

1 L, (Mgl
5@ +mL?+ ML) + <% + mgL) 62 = const.

Take the time derivative:

. d?0
0 [(21 +mL?+ MLi)ﬁ + (MgLy + ngL)H] =0.

[~ 350mm

1/

Ignore the possible solution § = 0, from which

d2e 2mgL + MgL
) R9=0, wherew= |28t Mela
dt 21 +mL? + ML5

The moment of inertia of a slender bar about one end (the fixed point)
2

. L .
isl = mT from which

2 ML
©= 5g(7+'7) where n = LA'
3L+l mn

The frequency is

o 1 [3@2+n)

= — = = 0.935 Hz.
I =% = 2x\VsLxanL, z
Solve:
5Lw? — 6g
= —— =3502,
"7 3 - Law?)
' mL
from which | M = L—(3.502) = 4.38 kg
A
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Problem 21.35* The 4-kg slender bar is2 min length.
Itisheld in equilibrium in the position 8y = 35° by ator-
sional spring with constant k. The spring is unstretched
when the bar is vertical. Determine the period and fre-
guency of small vibrations of the bar relative to the
equilibrium position shown.

Solution: The total energy is

T + = L? a6 2+ lk62+ Lcose
v=_-|z-m — = mg— .
2\3 dt 2 £3

d 1 de d?e de L de
—(T =ZmL?2—"—— 4+ kf— —mg—=singd— =0,
ar T Ao = gml o H k6 —mg 5 Snon

so the equation of motion is

d?e 3k 3g .
— 4+ —06—-=Csn6=0. (1
a2 Tz’ T2 " @

Let 6p = 35° be the equilibrium position:

3k 3g .

——0p— =—=singp=0. (2

2% 5 o 2

Solving for k,

= mgL sinép _ (4)(9.81)(2) sin35 — 368 N-m.

2 6 2 (357/180)
Let 6 =6 — 6. Then

sind = sin(@ + ) = sinfy + (€oshp)6 + - - -

Using this expression and Eq. (2), Eq. (1) (linearized) is

d?2o 3k 3 -
+< ——gcos<90>6:0.

dr? mL2 2L
3k 3g
Therefore =,/—= — —= cos6
C=N 2 T 2 OB

_[(3(E6.8)  (3)(9.81) o
V322 T 20 c0s35

= 0.939 rad/s,

2
SO t=—=06.69s,
w

1
f=2>=0149 Hz.
T

(© 2008 Pearson Education South Asia Pte Ltd. All rightsreserved. Thispublication is protected by Copyright and permission should beobtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

748




Problem 21.36 The mass m = 2 kg, the spring con-
stant is k = 72 N/m, and the damping constant is ¢ =
8 N-gm. The spring is unstretched when x = 0. The }_‘“,
mass is displaced to the position x = 1 m and released
from rest.

e

(a) If the damping is subcritical, what is the frequency
of the resulting damped vibrations?
(b) Whatisthevalueof x at t =1 s?

(See Active Example 21.3))
Solution: The equation of motion is
-k 8. 72
midcitkx=0, ¥4+ i+ —x=0 ¥+ okt —x=0,
m m 2 2

X 42(2)x + (6)%x =0.
We recognize w=6, d =2, d <w= Yyes, the motion is sub-
critical.

@ wi=vo?—d?=—2=566radls, [= 21 f =0.900 Hz.

o
(b) The solution to the differential equation is

x = e ¥ (Asinwgt + B coswyt)

dx _ e " ([Awy — Bd] coswgt — [Bwg + Ad] Sinwyr)

dt
Putting in the initial conditions we have

xt=0=B=1m,

dx d 2
—@t=0=(A — Bd)=0 A= —B=——=(1m)=0354m.
dt( ) = (Awg ) = y 5.66( )

The equation of motionisnow x = e~%(0.354sin[5.66¢] + cos[5.66¢]).

Attr=1s wehave |x=0.0816 m.
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Problem 21.37 The mass m = 2 kg, the spring con-
stant is k = 72 N/m, and the damping constant is ¢ =
32 N-s/m. The spring is unstretched with x = 0. The }_X-
mass is displaced to the position x = 1 m and released
from rest.

e

(a) If the damping is subcritical, what is the frequency
of the resulting damped vibrations?
(b) What isthevalueof x at r =1 s?

(See Active Example 21.3.)
Solution: The equation of motion is
k 2. 72
mi 4k +hkx =0, ¥+ —i+—x=0, i+ =i+ —x=0,
m m 2 2

¥ 4 2(8)% + (6)%x = 0.

(& Werecognize w=6,d=8d>w :| Damping is supercritical.

(b) Wehave h=+d?— w?=+8 —62=529radls.

The solution to the differential equation is

dx

x = Ced—rt + De*(d+/1)r’ Z = —(d— h)ce—(d—h)r —d+ h)Def(‘Hh)’,

Putting in the initial conditions, we have
xt=0=C+D=1m,

d - -
d—):(r:O):—(d—h)C—(d—k—h)D:O 2h 2h

C =126ft, D=-0.256 m.

The general solution isthen x = (1.26)e=27Y — (0.256)e 133,

Atr =1 swehave| x = 0.0837 m.
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Problem 21.38 The mass m = 4 kg, the spring con-
stant is k = 72 N/m. The spring is unstretched when

x=0. }_)K

(@) What value of the damping constant ¢ causes the
system to be critically damped? VWV e

(b) Supposethat ¢ hasthe value determined in part (a).
Atr =0, x=1mand dx/dt = 4 m/s. What isthe
valueof x atr =1s?

(See Active Example 21.3.)

e

Solution: The equation of motion is

ok T2
midcitkx=0, ¥4+ i+ —x=0 i+ oit —x=0,
m m 4 4

i+ 2(%) ¥+ (4.24)%x = 0.

(@ Thesystemiscriticaly dampedwhend = ¢ w=424=|c=33.9N-gm.
8

(b) The solution to the differential equation is
d
x = Ce " 4 Dre~d, d—f — (D —Cd — Ddye™.
Putting in the initial conditions, we have
xt=0=C=1m,
dx
E(t =0=D-Cd=4m/s= D= (1)(4.24) +4=824m.

The general solution is then x = (1 m)e*2* 4 (8.24 m)re—42%,

Attr=1swehave|x =0.133 m.

Problem 21.39 The mass m = 2 kg, the spring con-
stant is k = 8 N/m, and the damping coefficient is ¢ =
12 N-s/m. The spring is unstretched when x = 0. At
t = 0, the mass is released from rest with x = 0. Deter-
minethevalueof x atr =2s.

Solution: The equation of motion is

d%x dx . "
(2 kg)ﬁ + (12 N-s/m)z + (8 N/myx = (2 kg)(9.81 m/s?) sin20

d?x
dr?
We identify w = 2 radls, d = 3 radls, h = v/d? — w? = 2.24 radls.

+23 rad/s)[[ll—): + (2 rad/s)’x = 3.36 M/

Since d > w, we have a supercritical case. The solution is

x = Ce WM 4 pe=@tii 4 0839 m

v=""2 2 0 — hye @ — D(d + hye= @

Using the initial conditions we have
0=C+D+0839m
0=—-C(d—h)—D(d+h)

= C=-0982m, D=0.143m

The mation is

x = —(0.982 mye~(©7641ad/s1 | (0 143 m)e~ (524 rad/9 4 0839 m

Atr=2s |x=0626m

(© 2008 Pearson Education South Asia PteLtd. All rightsreserved. Thispublication is protected by Copyright and permission should be obtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

751




Problem 21.40 The mass m = 2.19 kg, the spring
constant is k = 7.3 N/m, and the damping coefficient is
¢=11.67 N-gm. The spring is unstretched when x = 0.
At t =0, the mass is released from rest with x = 0.
Determine the value of x att =2 s.

Solution: The equation of motion is
(219 k )dzx + (1167 N-sim) X 4 (7.3 N/m)
. — . - e . X
9 dr? dt

= (2.19 kg)(9.81 m/s?) sin20°

d?x dx 2 2
e + 2(2.67 rad/s)Z + (1.826 rad/s)“x = 3.36 m/s’

We identify
o =183radls, d =267 radls, h =+d?— w?=194rradls
Since d > w, we have the supercritical case. The solution is

x=Ce WM 4 pe=@tt L 101 m

d
v= d—’t‘ = —C(d— e @™ — D(d + hye~ @

Using the initial conditions we find

0=C+D+101lm
0=—-C(d—h)—D(d+h)

= C=-119m, D=0.187m

Thus the solution is

x = —(1.19 m)e~ @78 rad/9r 4 (0,187 m)e~@EL /9" 4 1 01 m

Atr=2s [x=0725m
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Problem 21.41 A 79.8 kg test car moving with velo-
city vg=7.33 m/s collideswitharigid barrier atr = 0. As
aresult of the behavior of its energy-absorbing bumper,
the response of the car to the collision can be simulated
by the damped spring-mass oscillator shown with k& =
8000 N/m and ¢ = 3000 N-¢/m. Assume that the mass

ismoving to the left with velocity vg = 7.33 m/s and the
spring is unstretched at ¢+ = 0. Determine the car’s posi-
tion (@) atr =0.04 sand (b) at + = 0.08 s.

Solution: The equation of mation is

mix + cx + kx =0,
. k
i+ -—x=0
m m

3000
79.8

8000
79.8

X+

x =0, ¥+2(18.8)x + (10.0%x =0

We recognize that w = 10, d = 18.8 d > » = Supercritical damping.
We have h = +/d? — w2 =159 radls, vg = 7.33 m/s.

The solution to the differential equation is
x = Ce™ @Mt 4 pe=@dthi ax _ —(d — h)Ce™ @' _ (d 4+ h)De~ @+
T dt ’

Putting in the initial conditions, we have

xt=0=C+D=0
Vo

Z—f(l=0)=—(d—h)C—(d+h)D:—vo 2h

The general solution is then x = (—0.231)(e 28 — ¢=3471)

At the 2 specified timeswehave | (a) x = —0.148 m, (b) x = —0.169 m

Car colliding with a rigid barrier

vy Y

C

ol
L AAAAAAAA— )
k O——

—X

Simulation model

=C=-D=—-——=-0231m.
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Problem 21.42 A 79.8kg test car moving with velo-
city vo = 7.33 m/s collideswith arigid barrier atr = 0. As
a result of the behavior of its energy-absorbing bumper,
the response of the car to the collision can be simulated
by the damped spring-mass oscillator shown with k =
8000 N/m and ¢ = 3000 N-¢/m. Assume that the mass
is moving to the left with velocity vg = 7.33 m/s and the
spring is unstretched at + = 0. Determine the car’ s decel-
eration (a) immediately after it contactsthe barrier; (b) at
t =0.04sand (c) a + =0.08s.

Solution:  From Problem 21.41 we know that the motion isgiven by

x = (_0'231)(672.8% _ 6734'7t),

‘jl—’: = (=0.231)([—2.89)¢~28% — [—=34.7]e" 3T,

Simulation model

d2
Té = (_0-231)([—2.89]26_2'89’ _ [_34_7]26_34'71)
Thus the deceleration « is given by
d2
a= —d—t)zc = _(0'587)672.89:‘ + (84.5)6734'%

Putting in the required times, we find

(@ a = 276 m/<?,
(b) a = 67.6 M/S,
(©) a = 15.8 m/s2.

Problem 21.43 The motion of the car's suspension
shown in Problem 21.42 can be modeled by the damped

spring—mass oscillator in Fig. 21.9withm = 36 kg, k = x‘

Coil spring

22 kN/m, and ¢ = 2.2 kN-s/m. Assume that no external
forces act on the tire and wheel. At + = 0O, the spring is
unstretched and the tire and wheel are given a velocity
dx/dt = 10 m/s. Determine the position x as a function
of time.

Shock absorber

Solution: Calculating  and d, we obtain The time derivative is

dx
[ k /22,000 - _ —12.6t _ —48.5t
w= —~ _ :’3—6 — 24.72 radls Fri 12.6Ce 48.5De¢ .

i 2200 Att =0, x =0 and dx/dt =10 m/s. Hence, 0=C + D and 10 =
and d = £ 30.56 rad/s. —12.6C — 48.5D. Solving for C and D, we obtain C = 0.278 m,
2m - 2(36) D = —0.278 m. The solution is

Since d > w, the motion is supercritically damped and Equation

— —126 _ ,—485
(21.24) is the solution, where x = 027875 —em ) m.

h =+d? — w2 = 17.96 rad/s.

Equation (21.24) is

x = Ce— =W 4 po—dt+hy

o x = Ce*lZ,Gt + D€748A5t.
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Problem 21.44 The 4-kg slender bar is 2 m in length.
Aerodynamic drag on the bar and friction at the sup-
port exert a resisting moment about the pin support of
magnitude 1.4(d6/dt) N-m, where d6/dt is the angular
velocity in rad/s.

tions of the bar?
(b) How long doesit take for the amplitude of vibration
to decrease to one-half of its initial value?

(@) What are the period and frequency of small vibra- F/ /X
8

Solution:

(a) ZMQ = loa:

do L . 1
—1.4E - ng sing = gmLzot.

The (linearized) equation of motion is

d%9 42 dd 3g
— + 0
dr2  mL2dt 2L

This is of the form of Eq. (21.16) with

42 42
T 2mL? T 2(4)(2)?

w = 3£ = 3081 =271 rad/s.
VoL 'V 22

From Eq. (21.18), wy = vw? —d2=271rad/s, and from
Egs. (21.20),

= 0.131 rad/s,

2
Ty = l =232s,
wq

1
f4 = — = 0.431 Hz.
Td

(b) Setting e=9" = ¢ 013 — 0.5 we obtain r = 5.28 s.

Problem 21.45 The bar described in Problem 21.44 is
given a displacement & = 2° and released from rest at
t = 0. What is the value of 6 (in degrees) at t = 2 s?

Solution:  From the solution of Problem 21.44, the damping is sub-
critical with d = 0.131 rad/s, = 2.71 rad/s. From Eq. (21.19),

0 = e 0131 (A sin2.71r + B cos2.711),

do
o= —0.131e %13 (A sin2.71r + B cos2.71r)

+ e 01812 714 c0s2.71t — 2.71B Sin2.711).

Att =0, 6 =2° and df/dt = 0. Substituting these conditions, 2° =
B,0=-0.131B + 2.71A, we see that B = 2°, A = 0.0969°, s0

6 = e~ 9131/(0.0969° sin2.71¢ + 2° c0s2.711).

Att =2s, weobtain § = 0.942°.
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Problem 21.46 The radius of the pulley is R =
100 mm and its moment of inertiais I = 0.1 kg-m?. The
massm = 5 kg, and the spring constant isk = 135 N/m.
The cable does not dip relative to the pulley. The
coordinate x measures the displacement of the mass
relative to the position in which the spring is unstretched.
Determine x as a function of time if ¢ = 60 N-s/m and
the system is released from rest with x = 0.

Solution: Denote the angular rotation of the pulley by 6. The
moment on the pulley is Y~ M = R(kx) — RF, where F is the force
acting on the right side of the pulley. From the equation of angular
motion for the pulley,

d?0
I— = Rkx — RF,
dr?
I d?%0
from which F = —— — + kx.
R dt? i

The force on the mass is —F + f + mg, where the friction force
d . . .

f= & adtsin opposition to the velocity of the mass. From New-

ton’s second law for the mass,

d?x Foodx 1 d?6 ' dx
m—s =—F—-—c—+4+mg=———5 —kx—e— +m

dr? ar "8 T Rar ar "8
From kinematics, 6 = f%, from which the equation of motion for the
mass is

1 " d?x n dx Tk

ey m\) — CcC— X =mg.

R? dr? dt &

The canonical form (see Eq. (21.16)) of the eguation of motion is

d?x n dx 4P — R?mg
2 a T T Y REm
cR? kR?
whered = ————— = 2radls, w2 = ———— = 9 (rad/s)?.
20 + R?m) SO = Ty Rey 0

The damping is sub-critical, since d? < w?. The solution is the
sum of the solution to the homogenous equation of motion, of
the form x. = e~ (A sinwyt + B coswyt), Where wy = Vw2 — d? =
2.236 rad/s, and the solution to the non-homogenous equation, of the
form

R2
xy=—8" T8 _ 03633
(I + R2m)w? k

kx

(The particular solution x,, is obtained by setting the acceleration and
velocity to zero and solving, since the non-homogenous term mg is
not a function of time or position.) The solution is

—di (A & mg
X =Xxc+xp =e “(ASnwyt + B COSwyt) + s

d
Apply the initial conditions: a r =0, x =0, d—f =0, from which
0=B+ % and 0 = —d[x.]i—o + w4 A = —dB + wa A, from which
dB
B =—0.3633, A = — = —0.3250, and
g

()« (5)

x(t) = e % (—0.325sin(2.236 ) — 0.363003(2.236 1))
+0.3633 (m)

d .
x(t) = e (—ﬂ Sinwy
kwy
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Problem 21.47 For the system described in Prob-
lem 21.46, determine x as a function of time if ¢ =
120 N-s/m and the system is released from rest with
x =0.

. d
Solution: From the solution to Problem 21.46 the canonical form Apply the initial conditions, at r =0, x =0, d—f =0, from which

of the equation of motion is
™ 0=C+D+2% and 0=~ ~WC - (@+h)D. Solve

d?x dx 2 R%mg
az T T S TR ¢ =W (s
2h k/’
where d = cR? =4 radls
R i ad p= @1 (me)
2h k
2 .
and w? = kR = 9 (rad/s)? from which
(I + R?%m) '
d+h d—nh
The system is supercritically damped, since d2 > 2. The homogenous x(t) = % (1 - %e‘(“"’” + %e‘(‘”’”‘)
i i — —(d—h)t —(d+h)t -
\;s\?rl]l;u:n is of the form (see Eq. (21.24)) x, = Ce + De , — 0.3633(1 — 1.256¢~ L34 1 0,25500-66461) (m)

h = ~d? — w? = 2.646 radls, (d — h) = 1.354, (d + h) = 6.646.
The particular solution is x, = = 0.3633. The solution is

x(1) = xc +xp( — C€7<d7h)t + De—(dJrh)r + %

Problem 21.48 For the system described in Prob-
lem 21.46, choose the value of ¢ so that the system is
critically damped, and determine x as a function of time
if the system is released from rest with x = 0.

Solution: From the solution to Problem 21.46, the canonical form
of the equation of motion is

d%x dx R?%mg
ot 2d o=,
d12+ dt+wx I+ R%m
R? kR?
where d = ¢ 2 =9 (rad/s)2.

20T ’E M= T rEm

For critical damping, d2 = w?, from which d = 3 rad/s. The homoge-
nous solution is (see Eq. (21.25)) x. = Ce™4" + Dte~? and the par-

ticular solution isx, = % = 0.3633 m. The solution:

m
x(t) =xc+xp = Ce ' 4 Dre™?" + Tg

- - d )
Apply theinitial conditionsatr =0, x =0, d—); =0, from which C +
% =0, and —dC + D =0. Solve: C = —% = 03633, D=
dC = —1.09. The solution is

x(1) = %(1 — U1+ dr)),

x(1) =0.363(1— ¢ 3 (1+31) m
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Problem 21.49 The spring constant is k& = 800 N/m,
and the spring is unstretched when x = 0. The mass of
each object is 30 kg. The inclined surface is smooth.
The radius of the pulley is 120 mm and it moment of
inertiais I = 0.03 kg-m?. Determine the frequency and
period of vibration of the system relative to its equilib-
rium position if (@) ¢ = 0, (b) ¢ = 250 N-/m.

Solution: Let 71 be the tension in the rope on the left of the
pulley, and 7> be the tension in the rope on the right of the pulley.
The equations of motion are

T —mgsing —cx —kx =mx,Tp —mg = —mx, (I, —T1)r = If.
r
If we eliminate 71 and T», we find
1 .
<2m + —2)x 4+ cx + kx =mg(1—sing),
r

cr? kr? mgr2

X X = 1-sing),
x+2mr2+1x+2mr2+1x 2mr2+1( )

¥ + (0.016¢)% + (3.59 rad/s)®x = 3.12 m/s?.

(@ If wesetc =0, the natural frequency, frequency, and period are

1
w =359 radls, f = zﬁ —0571Hz, 1= = =175s

f=0571s,
T f t=175s

(b) If we set ¢ = 250 N/m, then
¥ + 2(2.01)% + (3.59 rad/s)’x = 3.12 m/S.
We recognize w = 3.59, d = 2.01, w; = vw? —d2 = 2.97 rad/s.

wd

1
f=5 T= |f:0.473Hz, r:2.113|

Problem 21.50 The spring constant is k& = 800 N/m,
and the spring is unstretched when x = 0. The damping
constant is ¢ = 250 N-s/m. The mass of each object is
30 kg. The inclined surface is smooth. The radius of
the pulley is 120 mm and it moment of inertiais I =
0.03 kg-m?. Att =0, x = 0and dx/dt = 1 m/s. What
isthevalueof x at t =2 s?

Solution:  From Problem 21.49 we know that the damping is sub-
critical and the key parameters are

w =359 radls, d = 2.01 rad/s, wq = 2.97 rad/s.
The equation of motionis i + 2(2.01)x + (3.59 rad/s)?x = 3.12 m/s.
The solution is
x =e " (Asinwyt + B coswyt) + 0.242
dx
dt
Putting in the initial conditions, we have

= ¢ "([Awq — Bd] coswyt — [Ad + Bwg] Sinwgt)

x(t=0)=B+0242=0= B = —0.242,

d
l—):(t:O):Awd—del:A:O.ﬂZ
[

Thus the motion is governed by

x = e~ 29 (0.172sin[2.97¢] — 0.242 cos[2.971]) + 0.242

Attimer=2swehave |x =0.237 m.
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Problem 21.51 The homogeneous disk weighs 445 N c
anditsradiusis R = 0.31m. It rollson the plane surface. —
The spring constant is k = 1459.3 N/m and the damping
constant is ¢ = 43.8 N-/m. Determine the frequency of
small vibrations of the disk relative to its equilibrium
position.

Solution: Choose a coordinate system with the origin at the center
of the disk and the positive x axis parallel to the floor. Denote the angle
of rotation by 6. The horizontal forces acting on the disk are F

dx
F=—kx—c—+ f. f
Z X Cdt+f

From Newton's second law,

d?x dx
o= F=—kx—c=+7f
mo s Z kx cdt-i-f

The moment about the center of mass of thedisk is>. M = Rf. From

the eguation of angular motion 1d26 = Rf, fromwhich f = 1 d%
eq 9 ' dt2_2 ' ST R d?”
mR

where the moment of inertiais I = — = 0.642 kg-m?. Substitute:

d?x . dx N I d?%0
m—— = —KX —C— —_ .
dt? dt R dt?

From kinematics, 6 = —%, from which the equation of motion is

n I\ d%x n dx k 0
m+—|—5 +c— x =0.
R2 ) dt? dt

The canonical form (see Eq. (21.16)) is

d?x dx 2
ﬁ + ZdE + w*x =0,
R2
where d=—%  _ % _ 03217 radis
2mR2 + 1) 3m
kR2 2k
and  w? = 21.45 (rad/s)2.

T U+ R 3m

The damping is sub-critical, since d2 < w?. The frequency is

1
fa= 2—sz —d2=0.7353 Hz
T
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Problem 21.52 In Problem 21.51, the spring is
unstretched at + = 0 and the disk has a clockwise angular
velocity of 2 rad/s. What is the angular velocity of the
disk whenr = 3 s?

Solution: From the solution to Problem 21.51, the canonical form
of the equation of mation is

d?%x dx
— +2d— + w?x =0,
dt? + dt ot

c

where d = — = 0.322 rad/s and w? = 2k _ 21.47 (rad/s)?.
3m 3m

The system is sub-criticaly damped, so that the solution is of
the form x = e~ (A sinwyt + B coSwgyt), where wy = Vw? —d? =
4.622 rad/s. Apply the initia conditions: xp =0, and from
kinematics, 6p = %o/R = —2 rad/s, from which %o = 0.61 m/s, from
which B=0 and A = xp/wy = 0.132. The solution is x(r) =

e <x—°) sinwgt, and x(t) = —dx + xge ¥ coswyt. At t =3,
g

x =0.048 m and x = 0.0466 m/s. From kinematics, 6(t) = —&.

R
Att=3s,|6 = —0.153 rad/s | clockwise.

Problem 21.53 The moment of inertia of the stepped
disk is I. Let 6 be the angular displacement of the disk
relative to its position when the spring is unstretched.
Show that the equation governing 6 isidentical in form

R% , 4R%
to Eq. (21.16), where d = > and w* = 7

Solution: The sum of the moments about the center of the stepped P
disk is =
deo 2R
> M=-r (Rc—) — 2R(2Rk0). %
dt
From the equation of angular motion a0 Rk
REC

d%o
2 M=155.
dt
The equation of motion is

d2%0 de
I— + R%c— + 4R%6 = 0.
az TR T

The canonical form is

2 R?c 4Rk
a6 de_G_,_ng:o,whered:—L,wZ: :

az T 21 I
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Problem 21.54 In Problem 21.53, the radius R =
250 mm, k = 150 N/m, and the moment of inertia of
the disk is I = 2 kg-m?.

(@ At what value of ¢ will the system be critically
damped?

(b) At r=0, the spring is unstretched and the
clockwise angular velocity of the disk is 10 rad/s.
Determine 6 as a function of time if the system is
critically damped.

() Using the result of (b), determine the maximum
resulting angular displacement of the disk and the
time at which it occurs.

Solution:  From the solution to Problem 21.53, the canonical form
of the equation of motion is

d?%e de
— +2d— + 0% =0,
dr? + dt to

R?%c 4R?k
where d =~ and w? = ==
21 1

(@ For critical damping, d2 = w?, from which

¢ = %J/c_ =277 N-/m |, and d = 4.330 rad/s.

(b) The solution is of the form (see Eq. (21.25)) 6 = Ce ™ +
Dte—4*. Apply the initia conditions: 6y = 0, 6y = —10 rad/s,
from which C = 0, and D = —10. The solution is

8(t) = Gpte™" = —10re=433 rad/s |.

(¢) The maximum (or minimum) value of the angular displacement
is obtained from

a9

i 0= —10e~4330(1 - 4.331) = 0,

from which the maximum/minimum occurs at

=0.231s|

L o1
M 4,330

The angle is [0] = —0.850 rad clockwise.

I=Imax
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Problem 21.55 The moments of inertia of gears A and
B are I, = 0.025 kg-m? and I = 0.100 kg-m?. Gear
A is connected to a torsional spring with constant k =
10 N-m/rad. The bearing supporting gear B incorporates
a damping element that exerts a resisting moment on
gear B of magnitude 2(d0g/dt) N-m, where dOg/dt is
the angular velocity of gear B in rad/s. What is the fre-
guency of small angular vibrations of the gears?

Solution: The sum of the moments on gear A isY. M = —kf4 +
R4 F, where the moment exerted by the spring opposes the angular
displacement 64. From the equation of angular motion,

d?0,
W:ZszkeAJrRAF,
from which F = I ) 40 + k 0
- Ry dr? Ry A

The sum of the moments acting on gear B is

do
ZM: 2778 + RpF,
dt

where the moment exerted by the damping element opposes the angular
velocity of B. From the equation of angular motion applied to B,

d%0p dfp
I = M = —-2— + RpF.
B ar? Z dt +Re
Substitute the expression for F,

d%05  _dog Rp d?0,
I 2222 _(Z£) (1 k64 ) = 0.
B2 + dt (RA ATdr2 + 0

From kinematics,

Rp
0 =—|— )05,
A (RA> ?

from which the equation of motion for gear B is

Rs\2 \ d%5 _dos [Rp\?
1 I g 228 (2B ) ko, =o0.
(B+(RA> A) dr? + dt +<RA B

R 2
Define M = Iy + (R—B> 14 = 0.1510 kg-m?.
A

The canonical form of the equation of motion is

d?0p dog
—— +2d—= 4+ %0 =0,
dr? + dt o
1
where d = — = 6.622 rad/s
M
Rp\° k
and w2 = <_> — =135.1 (rad/s).
Ri) M

The system is sub critically damped, since d? < w?, from which g =
Vw? — d? = 9.555 rad/s, from which the frequency of small vibra-
tions is

fi=24 1501 Hz
2w
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Problem 21.56 At ¢ =0, the torsional spring in
Problem 21.55 is unstretched and gear B has a coun-
terclockwise angular velocity of 2 rad/s. Determine the
counterclockwise angular position of gear B relative to
its equilibrium position as a function of time.

Solution: From the solution to Problem 21.55, the canonical form
of the equation of motion for gear B is

d20 dog
— +2d—= 205 = 0,
dr? + dt t s

R 2
where M = Ig + (R—B) 14 = 0.1510 kg-n?,
A

1

d= = 6.622 rad/s,

Rs\? k
and ? = (R_B> - = 1351 (rad/s)2.
A

The system is sub critically damped, since d? < w?, from which

wg = v w? —d? = 9.555 rad/s. The solution is of the form 6z (¢) =

e~ (Asinwgt + B cosw,t). Apply theinitial conditions, [6z],—0 = 0,
. . 2

[08]i=0 = 2 rad/s, from which B =0, and A = — = 0.2093, from

w4
which the solution is

05 (1) = e~852(0.209sin(9.55¢))

Problem 21.57 For the case of criticaly damped
motion, confirm that the expression x = Ce % +
Dte~?" is a solution of Eq. (21.16).

Solution: Eq. (21.16) is

d%x dx
— +2d— 2y = 0.
2 + 7 + wx

We show that the expression is a solution by substitution. The
individual terms are:

(1) x = e 9 (C + Dp),
d
) dit‘ = —dx + De™ ¥,

d?x dx

©) -z = —dz —dDe™ = d2%x — 2dDe~

Substitute:

d?x dx 2 2 —dt —dt

FJFZ‘IE + w*x = (d“x — 2De™ ") 4+ 2d(—dx + De™ ")
+@?x =0.

Reduce:

d%x dx 5 > 2

ﬁ+2d5+w x = (—d“+ w%)x =0.

Thisis true if d2 = w?, which is the definition of a critically damped
system. Note: Substitution leading to an identity shows that x =
Ce™ 4+ Dre™?" is a solution. It does not prove that it is the only
solution.
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Problem 21.58 The mass m = 2 kg and the spring
constant isk = 72 N/m. The spring is unstretched when
x = 0. The mass is initially stationary with the spring
unstretched, and at r = 0 theforce F(r) = 10sin4r N is
applied to the mass. What is the position of the mass at
t=28?

Solution: The equation of moation is

.. .k FoO e, 12 10 .
mi+kx=F(t)=>X+—x=—=>X+—x=—98Sn4
m m 2 2

¥+ (6)%x = 5sin4

We recognize the following:
w:G,w0=4,d=O,a0:5,h0=O.
_(*—4)5
- (62 _ 42)2

Therefore, the complete solution (homogeneous plus particular) is

Ap =0.258,=0

Putting in the initial conditions, we have
dx
x(t:O):B:O,E(l:O):ﬁA—‘,—l:}A:—O.lGT

The complete solution is now

x = —0.167sin6r + 0.25sin4¢

At ¢ = 6 swe have

X,
k
MWW > F()
OO

. . d .
x = Asin6t + B cos6r + 0.25sin4r, d—f = 6A cos6r — 6B sin6r + cos4t.

Problem 21.59 The mass m = 2 kg and the spring
constant is k =72 N/m. The spring is unstretched when
x=0.Atr=0,x =1 m,dx/dt =1 m/s,and the force
F(t) = 10sin4r + 10cos4r N is applied to the mass.
What is the position of the mass at r = 2 s?

X,
k
L N )
O ———(o)-

Solution: The equation of moation is

. .k F(1) . 12 10 . 10
mx+kx:F(t):>x+—x:—:>x+?x:§S|FI4I+?COS4I
m

¥ + (6)%x = 5sin4r + 5cos4r.

We recognize the following:
w=6,wg=4d=0,a0=5,bg=5.

(62 — 495
(62 _ 42)2

Therefore, the complete solution (homogeneous plus particular) is

Ap= 5> =025B, = =0.25.
x = Asin6r + B cos6r + 0.25sin4r 4+ 0.25cos4z,

d
l—): = 6A cos6r — 6B sin6r + cos4t — sin4t.
[

Putting in the initial conditions, we have

x(t=0=B+025=1= B=075

d
d—f(z:O):GA+1=1:>A:0.

The complete solution is now

x = 0.75cos6t + 0.25sin4t + 0.25cos4+.

At t = 6 swe have
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Problem 21.60 The damped spring—mass oscillator is
initially stationary with the spring unstretched. At = 0,
a constant force F(¢) = 6 N is applied to the mass.

(@ What is the steady-state (particular) solution?
(b) Determine the position of the mass as a function
of time.

Solution: Writing Newton's second law for the mass, the equation
of motion is

F(t) dx k x or
—C— — KX =m——
dt dr?

dx d%x
F(t) —6— — 12x = 3—,
@ dt dt?

which we can write as

(@ If F(r) =6 N, we seek a particular solution of the form x, =
Ao, a constant. Substituting it into Equation (1), we get 4x, =

F(t
o _ 2 and obtain the particular solution: x, = 0.5 m.

(b) Comparing equation (1) with Equation (21.26), we see that d =
1 rad/s and w = 2 rad/s. The system is subcritically damped and
the homogeneous solution is given by Equation (21.19) with
wy = vV w? —d? = 1.73 rad/s. The genera solution is

x=x; +x, =e 1(ASN1.73t + B cos1l.73r) + 0.5 m.

12 N/m

6 N-s/m
g

[

The time derivative is

d
d—’; = —e 1 (ASN1.73 + B cos1.73)

+e7'(1.73A cos1.73r — 1.73t — 1.73B sin1.73r).
Att=0,x=0and dx/dt =0 0=B+05 and0=—-B+
1.73A. We see that B = —0.5 and A = —0.289 and the solu-
tionis

x =e'(—0.289sin1.73t — 0.5c0s1.73t) + 0.5 m.

Problem 21.61 The damped spring—mass oscillator
shown in Problem 21.60 is initially stationary with the
spring unstretched. At ¢ = 0, aforce F(¢) = 6cos1.6: N
is applied to the mass.

(@) What is the steady-state (particular) solution?
(b) Determine the position of the mass as a function
of time.

Solution: Writing Newton's second law for the mass, the equation
of motion can be written as

d? d F(t
YoM = % = 2c0s1.6r.

(@) Comparing this equation with Equation (21.26), we see that d =
1 rad/s, w = 2 rad/s, and the forcing function isa(z) = 2cos1.6¢.
This forcing function is of the form of Equation (21.27) with
ap=0, bp =2 and wp = 1.6. Substituting these values into
Equation (21.30), the particular solution is x, = 0.520sin1.6r +
0.234co0s1.6¢ (m).

(b) The system is subcritically damped so the homogeneous solution

is given by Equation (21.19) with w; = vVw? — d? = 1.73 rad/s.
The genera solution is

x =x; +xp, =e '(Asin1.73t + B cos1.73r) + 0.520sin 1.6¢

+ 0.234cos1.6t.

The time derivative is

d
d_); = —e "(Asin1.73t + B cos1.73t)

+ e "(1.73A cos1.73r — 1.73B sin1.73¢)

+ (1.6)(0.520) cos 1.6 — (1.6)(0.234) sin1.6¢

At r=0, x=0 and dx/dt=0:0=B+02340=—-B +
1.73A + (1.6)(0.520). Solving, we obtain A = —0.615 and B =
—0.234, so the solution is

x = e '(—0.615sin1.73r — 0.234 c0s1.73t) 4+ 0.520sin 1.6¢

+ 0.234cos 1.6t m.
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Problem 21.62 The disk with moment of inertia I = P
3 kg-m? rotates about a fixed shaft and is attached to M
a torsional spring with constant £ = 20 N-m/rad. At
t = 0, the angle 6 = 0, the angular velocity is d6/dt =
4 rad/s, and the disk is subjected to a couple M (r) =
10sin2: N-m. Determine 6 as a function of time.
M(D)

Solution: The equation of angular motion for the disk is

d?%e d?%e
M) — kO =1—: or 10sin2r — (20)0 = 3—,
() 72 (20) 72

or, rewriting in standard form, we have
d*0 L0, 10
a2 3

(8 Comparing this equation with equation (21.26), we see that
d =0, w=./20/3=258rad/ls and the forcing function is

10
a(t) = — sin2t. This forcing function is of the form of

Equation (21.27), with ap = 10/3, bp = 0 and wp = 2.
Substituting these values into Equation (21.30), the particular
solution is 6, = 1.25sin2r.

(b) The genera solution is

0 =06, +0, = Asin2.58t + B cos2.58t + 1.25sin2t

The time derivative is

do
i 2.58A c0s2.58¢ — 2.58B sin2.58¢ + 2.50cos2r.

Att=0,0 =0and do/dt =4 radls, 0= B, and 4 = 2.58A +
2.50. Solving, we obtain A = 0.581 and B = 0. The solution is
0 = 0.581sin2.58¢ + 1.25sin2¢ rad.
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Problem 21.63 The stepped disk weighs 89 N and its
moment of inertia is 7 = 0.81kg-m?. It rolls on the
horizontal surface. The disk is initially stationary with
the spring unstretched, and at + = 0 a constant force
F = 445N is applied as shown. Determine the position
of the center of the disk as a function of time.

Solution: The strategy is to apply the free body diagram to obtain
equations for both 6 and x, and then to eliminate one of these. An
essential element in the strategy is the determination of the stretch
of the spring. Denote R = 0.203 m, and the stretch of the spring by
S. Choose a coordinate system with the positive x axis to the right.
The sum of the moments about the center of the disk is )" M¢ =
RkS +2Rf — 2RF. From the equation of angular motion,

d?0 .
1= :ZMC = RkS + 2Rf — 2RF.

Solve for the reaction at the floor:

fo 1 d% koo p
T 2R di2 2 ’

The sum of the horizontal forces:
dx
> F =—kS—c+F+Ff.

From Newton’'s second law:

dx

F .
ar +F+f

d?x
mﬁ :ZFV =—kS—c
Substitute for f and rearrange:

d’c 1 d*% dx 3
mﬁ'i‘ﬁﬁ-i-CE-‘rékS:ZF.
From kinematics, the displacement of the center of the disk is x =
—2R0. The stretch of the spring is the amount wrapped around the
disk plus the translation of the disk, S = —R6 — 2R0 = —3R6 = 3x.
Substitute:

. I\ d%x N dx N 3 Zk -
m+ ——s | — — = = 2F.
erRZ) az " ar T\2)

. 1
Define M = m + W =14 kg.

The canonical form of the eguation of motion is

d?x dx 2
P-ﬁ-ZdE—G—wx:a,

C
where d = — = 4.170 rad/'
2M S

2
w? = @) % = 37.53 (rad/9)?,

2F
and a=-— =6.35m/s%
M

233.5N/m

77
L
116.7 N-s’'m

cX f

P

The particular solution isfound by setting the acceleration and velocity
8F
to zero and solving: x, = % = — =0.169 m. Since @ < w?, the

system is sub-critically damped, so the homogenous solution is x, =
e~ (Asinwgt + Bcoswyt), where wy = vw? — d? = 4.488 rads.

o e g 8F
The complete solution is x = e ' (ASiNwyt + B COSwyt) + —.

Apply the initia conditions: a r =0, xo =0, %o = 0, from which
8F dB

B=—-——=-0169, and A= — = -0.157. Adopting g =
9% wg

9.81 m/s? the solution is

8F d .
X=— [1— et (— sinwgt + COSa)dt>:|
g

| — 0.169— ¢ 4170 (0,157 sin4 488¢ + 0.169 cos4 488¢) m|.
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Problem 21.64* An electric motor is bolted to a metal
table. When the motor is on, it causes the tabletop to
vibrate horizontally. Assume that the legs of the table
behave like linear springs, and neglect damping. The
total weight of the motor and the tabletop is 667 N.
When the motor is not turned on, the frequency of
horizontal vibration of the tabletop and motor is 5 Hz.
When the motor is running at 600 rpm, the amplitude of
the horizontal vibration is 0.25 mm. What is the magni-
tude of the oscillatory force exerted on the table by the
motor at its 600-rpm running speed?

Solution: For d = 0, the canonical form (see Eq. (21.26)) of the
equation of motion is

d?x
e + w?x = a(r),

where w? = (27f)2 = (107)2 = 986.96 (rad/s)?

and a(t)=w=#.
m

The forcing frequency is

600
fo= (E) =10 Hz,

from which wp = (27)10 = 62.83 rad/s. Assume that F(r) can be
written intheform F(r) = FpSinwot. From Eq. (21.31), the amplitude
of the oscillation is

ap gko
w? — a)g W(w? — a)g).

X0 =

Solve for the magnitude:
w

|Fol = ;sz - wdlxo

Substitute numerical values:

W =667 N, g = 9.81 m/s?, |(«f — »3)| = 2960.9 (rad/s)?,

x0 = 0.25 mm. = 0.00025 m, from which | Fp =51.2 N
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Problem 21.65 The moments of inertia of gears A
and B are I, = 0.019 kg-m? and Iz = 0.136 kg-mZ.
Gear A is connected to atorsional spring with constant
k = 2.71 N-m/rad. The system isin equilibriumat t =0
when it is subjected to an oscillatory force F(r) =
17.8sin3¢ N. What is the downward displacement of the
22.2 N weight as a function of time?

Solution: Choose a coordinate system with the x axis positive
upward. The sum of the momentson gear AiSd> M = —k04 + R4 F.
From Newton's second law,

d%0,
Ih—— =Y M = —k6O RoF,
Fa F()

) Iy d?0, k
fromwhich F={-—)— — ) 64.
(RA> dr? * Ra)*

. X Rp .
The sum of the moments acting on gear B isY. M = Rz F — Ry Fy. From kinematics, 64 = — (R_A> 05, and x = —Rw0p, from which
From the equation of angular motion applied to gear B,
2 d*0p 1 d*x d%04 <R3) d’0s  Rp d%x
LA = 2~ T po g2 2 =\ % > = -
Ip—7 = > Mp = RgF — Ry Fa. dt Ry df2’ dt Ry /) di RwR, dt
Substitute for F to obtain the equation of motion for gear B: and 64 = Rp X.
RwRa
L0 (Bo), Loa(Ra) o im =0 R
Bz “\Ry) " arm T \Rg )T W Define n=—>2 =21.87m%
RwRa
Solve:

w I Rz \?
and M=—+ 52+< 5 >1A:34.69kg,
P Ip d293 Rp dZGA Rp 0 8 (Rw) Rw R4
a= Ry dr? RARw dr? RsRw A i i i .
from which the equation of motion for the weight about the unstretched

The sum of the forces on the weight are " F = +F, — W — F(r). ~ SPring position is:
From Newton’s second law applied to the weight,

d?x

M— + (kn®)x = =W — F(¢).

W\ d?x dr?
V)@ =Fam W FO.

Substitute for F,, and rearrange to obtain the equation of motion for
the weight:

W d%x Iz d%05  Rplx d%04 Rg

k64

g dr? Rw dr? RwR dr? RwRy
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For d =0, the canonical form (see Eq. (21.16)) of the equation of
motion is

2 2

d k
X = a(r), where »? = nx

i = 37.39 (rad/s)2.

[Check: This agrees with the result in the solution to Problem 21.53,
as it should, since nothing has changed except for the absence of
a damping element. check.] The non-homogenous terms are a(t) =

W F(t : w . .
— + L Since — isnot a function of ¢,
M M M
w w
= ——— = ——— =—0.017 m,
pu M n2k

which is the equilibrium point. Make the transformation X, = x, —
Xpw. The equation of motion about the equilibrium point is

S 17.8sin3t
T VI
Assume a solution of the form X, = A, sin3¢ + B, cos3¢. Substitute:

3sin3t
M

(w? — 3%) (A, Sin3t + B, cos3t) = —

)

from which B, =0, and

17.8

Ay=——i"—— =
4 M(w? — 32)

—0.0181 m.

The particular solution is

17.8
7m sin3t = —0.0181 sin3tr m.
w2 —

Xp =
The solution to the homogenous equation is

xp = A, Sinwt + By, coswt,
and the complete solution is

~ . 17.8 .
X(t) = Ap Snwt + By, coswt — m sin3t.

Apply the initial conditions: at t = 0, xp = 0, xo = 0, from which
0= B,

53.4

0=wAy — —2"
O T (@2 — 32

53.4
f hich A, = ————— = 0.00887.
rom which A; D

The complete solution for vibration about the equilibrium point is:

- 17.8 3. .
X(t)= ——— | —Sinwt —sin3¢
M(w? — w3) \©

= 0.00887 sin6.114+ — 0.0181sin3t m.

The downward travel is the negative of this:

Xdown = —0.00887 sin6.114r + 0.0181sin3r m
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Problem 21.66* A 1.5-kg cylinder is mounted on a

sting in a wind tunnel with the cylinder axis transverse

to the direction of flow. When there is no flow, a 10-N e
vertical force applied to the cylinder causes it to deflect P —

0.15 mm. When air flows in the wind tunnel, vorticess -~ ) b

subject the cylinder to aternating lateral forces. The e I N e
velocity of the air is5 m/s, the distance between vortices /_ IR O P

is 80 mm, and the magnitude of the lateral forces is N £ /',-.':‘J

1 N. If you model the lateral forces by the oscillatory e — e

function F(t) = (1.0)Sinwor N, what is the amplitude ity E

of the steady-state lateral motion of the sphere? e

Solution: The time interval between the appearance of an upper

vortex and a lower vortex is & = 0.8 =0.016 s, from which the
period of a sinusoidal-like disturbance is t = 2(8¢r) = 0.032 s, from
which fp = 1 = 31.25 Hz. [Check: Use the physical relationship
between frquency, wavelength and velocity of propagation of a small
amplitude sinusoidal wave, Af = v. The wavelength of a traveling
sinusoidal disturbance is the distance between two peaks or two
troughs, or twice the distance between adjacent peaks and troughs, » =
2(0.08) = 0.16 m, from which the frequency is fo = % = 31.25 Hz.

check] The circular frequency is wop = 27 fo = 196.35 rad/s. The
spring constant of the sting is

F 10
k=—

= = 7 N/m.
s  0.00015 66667 N/m

The natural frequency of the sting-cylinder system is

1 [k 1 /66667
I L Y s Y-
! 2rVm 2V 15 &

from which w = 27 f = 210.82 rad/s. For d = 0, the canonical form

d2
(see Eq. 21.16)) of the equation of motionis d—; + w?x = a(t), where

F 1
a(t) = — = — sinwpt = 0.6667sin196.3¢.
m 15

From Eq. (21.31) the amplitude is

a _ 0.6667

= =1132x10%m
@ —w? 5891 )

E =

[Note: Thisisasmall deflection (113 microns) but the associated aero-
dynamic forces may be significant to the tests (e9. Famp = 7.5N),
since the sting is stiff. Vortices may cause undesirable noise in sensi-
tive static aerodynamic loads test measurements.]
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Problem 21.67 Show that the amplitude of the partic-

ular solution given by Eq. (21.31) is a maximum when

the frequency of the oscillatory forcing function is wo =
w? — 2d2.

Solution:  Eg. (21.31) is from which —(w? — a)g)(a)o) + 2d%wy = 0. Rearrange, (wé — w4t
2d%)wg = 0. Ignore the possible solution wy = 0, from which
,/ag + b(z)

. wo = w2 —2d2 |
V(@2 — wd)? + 4d2wE

Let @p = vw? — 2d? be the maximizing value. To show that n is
indeed a maximum, take the second derivative:

E, =

Since the numerator is a constant, rearrange:

E 1
= —=t= = [(0® — 0} + 4d°wf] 2. % _ 3[(e0)(@f — o® + 24912 ;.
Jad + b3 J2| T9=2 5

“0 1o 2 22 2,212
0 [(0* — wp)? +2d a)o]wD:&)0

The maximum (or minimum) is found from
1 4302 — 0 + 2d%) wy—ip

dn _ 2 3

dao [(@? — 0})? + 2d208] 2 _;

dn 1 4[—(w? — w?)(wo) + 2d%wo] 42 A2

don =32 g 3 =0 from which [—Z} =77°3 <0,
0 [(w? — a)(z))2 + 4d2a)§] 2 wo=adp [202d2]2

which demonstrates that it is a maximum.

Problem 21.68* A  sonobuoy  (sound-measuring
device) floats in a standing-wave tank. The device is ﬂ
a cylinder of mass m and cross-sectional area A. The —
water density is p, and the buoyancy force support-

ing the buoy equals the weight of the water that would

occupy the volume of the part of the cylinder below the

surface. When the water in the tank is stationary, the

buoy is in equilibrium in the vertical position shown at

the left. Waves are then generated in the tank, causing

the depth of the water at the sonobuoy’s position rela-

tive to its original depth to be d = dpSinwot. Let y be

the sonobuoy’s vertical position relative to its original
position. Show that the sonobuoy’s vertical position is
governed by the equation

d? A A .
£ + 28 y = 2p8 doSinwot.
dt? m m

Solution: The volume of the water displaced at equilibrium is  Substitute:
V = Ah where A is the cross-sectional area, and & is the equilibrium

immersion depth. The weight of water displaced is pVg = pgAh, SO d?y pgA ogA _

that the buoyancy force is F, = pAgh. Tz (—) = (—) do Sinwot

m

The sum of the vertical forces is ) F, = pgAh —mg =0 a equi-
librium, where m is the mass of the buoy. By definition, the spring

. 0F
constant is

=k = pgA. For any displacement § of the immersion

depth from thé equilibrium depth, the net vertical force on the buoy is
> Fy=—pgA(h+8) +mg = —pAgs = —k8, since h is the equilib-
rium immersion depth. As the waves are produced, § = y — d, where
d = dosinwot, from which }_ F, = —k(y — d). From Newton's sec-

ond law,
d?y . d?y
mo = —k(y — d), from which moz +ky =kd.
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Problem 21.69 Suppose that the mass of the sonobuoy
in Problem 21.68 ism = 10 kg, its diameter is 125 mm,
and the water density is p = 1025 kg/ms. If d =
0.1sin2¢ m, what is the magnitude of the steady-state
vertical vibrations of the sonobuoy?

Solution: From the solution to Problem 21.68,

d? A A )
ay ., (rea y= r&a do sinwot.
drt? m m

The canonical form is

d?y 2
o T w?y = a(t),
prd?g 10257 (0.125%)(9.81)
here w? = = = 12.34 (rad/s)?,
e e = 4(10) (re's)

and a(r) = »?(0.1) sin2r. From Eq. (21.31), the amplitude of the
steady state vibrations is

»?(0.1)

= ————- =0.1480 m
P (w2 - 22

Problem 21.70 The mass weighs 222 N. The spring X x

constant is k = 2919 N/m, and ¢ = 146 N-s/m. If the . —

base is subjected to an oscillatory displacement x; of =l |
amplitude 0.254 m and frequency w; = 15 rad/s, what is L AAMAAAAA— em

the resulting steady-state amplitude of the displacement k (o) ®

of the mass relative to the base? = = )

Solution: The canonical form of the equation of motion is

d%x dt
W + Zda +a)2x =al(t),
where d = ﬁ - % — 3.217 radls,
> _ ke

w? = == =128.7 (radls)?,
w
and (see Eq. (21.38),

d?x; .
a(t) = 7721 = xiwizsn(wit — ).

The displacement of the mass relative to its base is

2
i x;

2 2
V(@2 — 09)? + 4d?w;

2
= 15)0259 =0.419 m.

E, =

V/(11.342 — 152)2 4 4(3.2172)(152)
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Problem 21.71 The massin Fig. 21.21is 100 kg. The X .

spring constant is k = 4 N/m, and ¢ = 24 N-s/m. The c }—"

base is subjected to an oscillatory displacement of fre- — |

guency w; = 0.2 rad/s. The steady-state amplitude of the | AAAAAAAA— e m
displacement of the mass relative to the base is measured k

and determined to be 200 mm. What is the amplitude of )

the displacement of the base? (See Example 21.7.)

Solution: From Example 21.7 and the solution to Problem 21.70, The displacement of the mass relative to its base is

the canonical form of the equation of motion is
2

wrX;
2 E,=02= !
%—I—Zd% + w?x = a(t) ! ,/(wz—wiz)2+4d2wi2
. 2\ .
where d = = = 0.12 radls, o? = k_ 0.04 (rad/s)?, = 0.2 —0.8333y; m,
2m m V(0.22 - 0.22)2 1 4(0.122)(0.22)
and (see Eq. (21.38))
. 0.2
fromwhich |x; = ——— =024 m
d?x; 0.8333
a(t) = — dtzl = x,-wfsin(w,-t — ).
Problem 21.72 A team of engineering students builds ==
the simple seismograph shown. The coordinate x; mea B
sures the local horizontal ground motion. The coordi- _WNE e TOPVIEW
nate x measures the position of the mass relative to mtEEE:
the frame of the seismograph. The spring is unstretched
whenx = 0. Themassm = 1 kg, k = 10 N/m, and ¢ = % X

2 N-s/m. Suppose that the seismograph is initialy sta-
tionary and that at + = 0 it is subjected to an oscil-
latory ground motion x; = 10sin2r mm. What is the
amplitude of the steady-state response of the mass? (See
Example 21.7.)

SIDE VIEW

Solution: From Example 21.7 and the solution to Problem 21.70,
the canonical form of the equation of motion is

d?x dx 2
W—‘:—Zdz + owx = a(t)

where d = = =1 radls, o? = k_ 10 (rad/s)?,
2m m
and (see Eq. (21.38))

Xi

a(t) = — =x;w?sinojt  where x; = 10 mm, »; = 2 rad/s.

dr?
The amplitude of the steady state response of the mass relative to its
base is
B ofxi _ (2%)(10)
’ \/(wz — W22 4 ad2e? /(31622 — 222 1 4(12)(22)
=5.55 mm
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Problem 21.73 In Problem 21.72, determine the posi-
tion x of the mass relative to the base as a function of
time. (See Example 21.7.)

Solution: From Example 21.7 and the solution to Problem 21.70,
the canonical form of the equation of motion is

d?x dx 2
W—‘:—Zdz + wx = a(t)

k
where d = ﬁ = 1radls, w? = — = 10 (rad/s)?,

m

d 2x,~

7 = x,-a)izsina)it

and a(t) =—

where x; =10 mm, «; =2rad/s. From a comparison with
Eq. (21.27) and Eq. (21.30), the particular solutionis x, =
A, sinw;t + B, cOsw;t, where

A (- ohobx 465
P (02 — 0?)2 + 4d%w}? T

2d w,-ax,'

_— = 3.077.
2 2
(w? — wf)? + 4d2w

B,=—

[Check: Assume a solution of the form x, = A, sinw;t + B, Cosw;t.
Substitute into the equation of motion:

[(a)2 — a)l.z)Ap — 2dw; By] Sinw;t
+ [(@? — @?) B, + 2dw; Ap] COSw;t = x;w? SiNw;t.
Equate like coefficients:
(w? — a)l.z)Ap —2dw; B, = x,-a)[z,

and 2dw; A + (0 — 0?)B, = 0.

Solve:
A — (w2 — a)[z)wile-
P (w2 = w?) + 4d2w?’
—2da)i3x,-
B, = check.]

(w? — wiz)z + 4d2a>l.2’
Since d? < w?, the system is sub-criticaly damped, and the
homogenous solution is x;, = e~¥ (A sinwyt + B coswyt), where
wq = vw? —d? =3 radls. The complete solution is x = x; + x,.
Apply theinitial conditions: at r = 0, xo = 0, fromwhichO = B + B,,
and 0= —dB + wsA + w; A,. Solve:

dB  wA
B=-B,=3077,A="— - 22 _ 5051
[OF] [OF]

The solution is

x =e Y (Asinwt + B coswt) + A, sinw;t + B, COSw;t:

x = —e 1(2.051sin3¢ — 3.077 cos3t) + 4.615sin2¢
— 3.077cos2t mm
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Problem 21.74 The coordinate x measures the dis-
placement of the mass relative to the position in which
the spring is unstretched. The mass is given the initial }_X.
conditions 90 N/m
10k
x=01m, .
t =01 dx . : *
dt

(@) Determine the position of the mass as a function
of time.

(b) Draw graphs of the position and velocity of the
mass as functions of time for thefirst 5 s of motion.

Solution: The canonical equation of motion is Postion and veloaity vs fime
2 4 velocity] m/s
—)2( + w?x =0, 3 \( (\
dt 2 / / \
where ,/k 1/90 3 rad/s. é - "'/"'"\\' < '%’\\'J\\-
w=,—=,/—=
m 10 _1 R L \ el
' \ / position, m\ / \
(@ The position is -2 N / N
-3
—As —4
x(t) = Asinot + B coset, 0 5 1 15 2 25 3 35 4 45 5
s
and the velocity is

dx(t .
Zﬁ ) = wAcCoswt — wB Snwt.

Atr =0, x(0)=01= B, and

dx(0) _
dr

0=wA,

from which A =0, B =0.1 m, and

x(t) = 0.1cos3t m|,

dx (1)

= —0.3sin3r m/s.
dt

(b) The graphs are shown.
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Problem 21.75 When ¢ =0, the mass in Prob-
lem 21.74 is in the position in which the spring is
unstretched and has a velocity of 0.3 m/s to the right. HE
Determine the position of the mass as functions of time
and the amplitude of vibration

(@) by expressing the solution in the form given by
Eqg. (21.8) and

(b) by expressing the solution in the form given by
Eq. (21.9)

Solution: From Eq. (21.5), the canonical form of the equation of
motion is

d?%x
2. _
ﬁ+wx_0,

k 20
where wz‘/zz‘/ﬁzwad/s.

(& From Eg. (21.6) the position is x(r) = Asinwr + B coswt, and
the velocity is

dx(t)
dt

= wACoSwt — wB sinwt.

dx(0)

At t=0, x(0)=0=B, and =0.3=wA m/s, from

which B=0and A = 03 = 0.1 m. The position is
w

x(t) =0.1sin3r m|.

The amplitude is

[x(#)max = 0.1 m

(b) From Eq. (21.7) the position is x(t) = E sin(wt — ¢), and the

velocity is
O _ L E cosiwr — ¢)
= w - .
dt @

Att =0, x(0) = —E sing, and the velocity is

dx(0)

=0.3=wE Ccos¢.

dt @ ¢
0.3

Solve: ¢ =0, E=—=01],
w

from which | x(r) =0.1sin3r |

The amplitude is

[x(®)|] = E=01m
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Problem 21.76 A homogenous disk of mass m and
radius R rotates about a fixed shaft and is attached to
atorsiona spring with constant k. (The torsiona spring
exerts a restoring moment of magnitude k6, where 6 is
the angle of rotation of the disk relative to its position in
which the spring is unstretched.) Show that the period
of rotational vibrations of the disk is

[2m
T=nanR,/]—.
k

Solution: From the equation of angular motion, the equation of
motion is /o« = M, where M = —k#6, from which

2

1d6+k9—0
dr? 7

and the canonical form (see Eq. (21.4)) is

d?0 k
20 —
—dtz-q—we_o, where o = T

For a homogenous disk the moment of inertia about the axis of

rotation is
R? [2k 1 [2k
1= m ,  fromwhich o= =—/—.
2 mR2 RN m
The periodis |7 = 2 o :anlz—m
w 2k k

Problem 21.77 Assigned to determine the moments of
inertia of astronaut candidates, an engineer attaches a
horizontal platform to a vertical steel bar. The moment
of inertia of the platform about L is 7.5 kg-m?, and
the frequency of torsional oscillations of the unloaded
platform is 1 Hz. With an astronaut candidate in the
position shown, the frequency of torsional oscillations
is 0.520 Hz. What is the candidate’s moment of inertia
about L?

Solution: The natural frequency of the unloaded platform is

10} 1 [k
=—=—./—-=1Hz,
! 2 2n N 1

from which k = (2n /)21 = (27)27.5 = 296.1 N-m/rad.

The natural frequency of the loaded platform is

w1 1 k
=% = X _050Hz
= =aVn z

1 \2
fromwhich I = ( =—— | k = 27.74 kg-m?,
2 f1

from which | Iy = I — I = 20.24 kg-n?
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Problem 21.78 The 22-kg platen P restson four roller ~ ——— k P
bearings that can be modeled as 1-kg homogenous AWV
cylinders with 30-mm radii. The spring constant is k = © © © ©

900 N/m. What is the frequency of horizontal vibrations
of the platen relative to its equilibrium position?

Solution: The kinetic energy is the sum of the kinetic energies
of trandation of the platen P and the roller bearings, and the kinetic
energy of rotation of the roller bearings. Denote references to the
platen by the subscript P and references to the ball bearings by the

subscript B:
1 dxp\? 1 dxg\?> 1 ao\?
T==2 =£ Zmp) [ =2 “@ (=) .
2mP<dt)+2( B><dt>+2( B)<dt>

The potential energy is the energy stored in the spring:

1

From kinematics, — RO = xp

xp
and Xp = ?

Since the system is conservative, T + V = const. Substitute the
kinematic relations and reduce:

1 IB pr 2 1
<§> (mp-i—mg-i-ﬁ) (7> + > kxIZJZCOI"Ii.

Take the time derivative:

dx Ip d?xp
(E) |:<Wlp +mp + ﬁ) ( 2 +kx|=0.

This has two possible solutions,

(%)

Ip d%xp
or <mp +mp+ ﬁ) <F + kxp =0.

Thefirst can be ignored, from which the canonical form of the equation
of motion is

d%xp
dt?

k
V Ré(mp +mp)+ Ip

For a homogenous cylinder,

+ w?xp =0,

mpgR2
Ip = BT,
. k
from which o = — 3= 6.189 rad/s.
mp + EmB

The frequency is| f = % =0.985 Hz |
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Problem 21.79 At ¢t =0, the platen described in  —— k P

Problem 21.78 is 0.1 m to the left of its equilibrium AN |
position and is moving to the right at 2 m/s. What are

the platen’s position and velocity at t = 4 s? @ @ @ @

Solution: The position is
x(t) = Asinwt + B coswt,
and the velocity is

dx .
o = wAcCoswt —wB Snwt,
dt

where, from the solution to Problem 21.78, w = 6.189 rad/s. At = 0,
x(0) = —-0.1m, and

[d—x] =2m/s,
dt ],_o

fromwhich B=-01m, A= E =0.3232 m.
w

The position and velocity are

x(¢) = 0.3232sin(6.189 ¢) — 0.1¢c0s(6.189 ¢) (M),

Z—j = 2c0s(6.189 r) + 0.6189sin(6.189 ) (M/s).
Att=4s |x=-02124m|

d_x = 1.630 m/s|

dt
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Problem 21.80 The moments of inertia of gears A and
B arel, = 0.019 kg-m? and I3 = 0.136 kg-m?. Gear
A is attached to a torsional spring with constant k& =
2.71 N-m/rad. What is the frequency of angular vibra
tions of the gears relative to their equilibrium position?

Solution: The system is conservative. The strategy is to determine
the equilibrium position from the equation of motion about the
unstretched spring position. Choose a coordinate system with the
y axis positive upward. Denote R4 = 0.152 m, R = 0.254 m, and
Ry =0.762 m,and W = 22.2 N. The kinetic energy of the system is

1 ., 1 ., 1W
T = 21462 4 162 + = —0?,
2AA+ZBB+2gv

where 6,4, 65 are the angular velocities of gears A and B respectively,
and v is the velocity of the 22.2 N weight. The potential energy is the

sum of the energy stored in the spring plus the energy gain due to the
increase in the height of the 22.2 N weight:

1 2
V= EkGA + Wy.

From kinematics,

v = Rybp,

. Ra\ -
o = — =2 )64,
i <R3>A
Ra

y MYB M(RB>A

Substitute, 7 + V = const.
)y
(2o (5)]
+ (%) k62 — (Ru) (Ili—:) 0aW.
)

2

2
i Ry w Ry
Define M =1, + (—) Ig + —(R%) (—
Rp g M \Rg

= 0.0725 kg-m?,

and take the time derivative:

. d20, Ra
Oa [M (F) + kB4 — W(Ry) (R—Bﬂ =0.

Ignore the possible solution 64 = 0, to obtain

d?e
A 4 w20, = F,

dr?

WR R
where F=-—2 (—A>

M Rp

and o= 1/5 = 6.114 rad/s,
M

is the equation of motion about the unstretched spring position. Note
that

F w Ra
— =—Ry|—=—)=0375rad
a)2 k M(Rg) '

is the equilibrium position of 64, obtained by setting the acceleration

to zero (since the non-homogenous term F' is a constant). Make the
change of variable:

6=06 F
=05,

from which the canonica form (see Eq. (21.4)) of the equation of
motion about the equilibrium point is

d%0 ~
20 —
az T0=0

and the natura frequency is

f=2 — 09732 Hz.
2
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Problem 21.81 The22.2 N weight in Problem21.80 is
raised 12.7 mm from its equilibrium position and rel eased
from rest at r = 0. Determine the counterclockwise
angular position of gear B relative to its equilibrium
position as a function of time.

Solution: From the solution to Problem 21.80, the equation of
motion for gear A is

d?0,
dr?

+ %0, = F,

Ri\? w Ri\?
where M =1 +<—) IB+—(R2)<—
4 Rp g M \Rp

= 0.0725 kg-m?,

k
w =,/ — = 6.114 radls,
M

Ra
WR —
(%

and F = ) = 14.02 rad/&.

As in the solution to Problem 21.80, the equilibrium angular position
04 associated with the equilibrium position of the weight is

F
0 = — =0.375 rad.
[ A]a] wz

Make the change of variable:
64 =04 — [0aleg,

from which the canonical form of the equation of motion about the
equilibrium point is

d?04 | o=
F"ra) 9A =0.

Assume a solution of the form

64 = Asinwt + B coswt.

The displacement from the equilibrium position is, from kinematics,

= —0.2778 rad,

from which the initial conditions are

fu(t=0)=—02778 rad and {%} —0.
1=

from which B = —0.2778, A = 0. The angular position of gear A
is 6, = —0.2778 cos(6.114¢) rad, from which the angular position of
gear B is

~ R ~
Op = — <1TA> 6, = 0.1667 cos(6.114¢) rad
B

about the equilibrium position.
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Problem 21.82 The mass of the slender bar is m. The
spring is unstretched when the bar is vertical. The light
collar C dides on the smooth vertical bar so that the
spring remains horizontal. Determine the frequency of =
small vibrations of the bar.

Solution: The system is conservative. Denote the angle between
the bar and the vertical by 6. The base of the bar is a fixed point. The
kinetic energy of the bar is

AN
2" \dr)
Denote the datum by & = 0. The potential energy is the result of the

change in the height of the center of mass of the bar from the datum
and the stretch of the spring,

L 1
V= 7%(17 c0s0) + SK(LSNO)?.

The system is conservative,

T+V—const—11 a6 2—i—kLzsinzé) mgL(l cos6)
- 2 \dr 2 2 '

Take the time derivative:

de d?0 L
(—) [1— +kL?sin6 cosd — % sine] =0.

dt dr?

From which

1d29 + kL?sin6 coso msL sing =0
dr? 2 e

For small angles, siné — 6, cosé — 1. The moment of inertia about
the fixed point is

J— mL?
=3
d?0
from which — + %0 =0,
dt
3k 3,
where w=,/— — —g.
m 2L

The frequency is
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Problem 21.86 The stepped disk weighs 89 N, and its
moment of inertia is 7 = 0.81kg-m?. It rolls on the
horizontal surface. If ¢ = 116.7 N-gm, what is the fre-
quency of vibration of the disk?

Solution: The strategy is to apply the free body diagram to obtain
equations for both 6 and x, and then to eliminate one of these. An
essential element in the strategy is the determination of the stretch of
the spring. Denote R = 0.203 m, and the stretch of the spring by
S. Choose a coordinate system with the positive x axis to the right.
The sum of the moments about the center of the disk is

> Mc = RkS + 2Rf.
From the equation of angular motion,

1d29 =) Mc = RkS + 2Rf
dr? — €= ‘

Solve for the reaction at the floor:

I d% &
=_—— — 8.
! 2R dt2 2

The sum of the horizontal forces:

Y Fo= kafc(jl—: + f.

From Newton’s second law:

m& =) F =fksfcd—x+f.
dt? dt

Substitute for f and rearrange:

d2x+ I d29+ dx+3ks 0

m—s +———5+c—+ -k§ =

dt2 " 2R dt? dt 2

From kinematics, the displacement of the center of the center of the
disk is x = —2R6. The stretch of the spring is the amount wrapped
around the disk plus the trandation of the disk,

3
S =—RO —2RHO = —3RO = Ex.

233.5N/m

kS

(o4

_ I \d% dx (3)\?
Substitute: (m + W) F +c— + (—) kx = 0.

) 1
Define MZ”H_W:MI(Q

The canonical form of the equation of motion is

d?x dx
— +2d— 2x =0,
dr? * dt ot

C
where d = — = 4.170 rad/!
2M S

2
0? = (g) % — 37.53 (rad/s)2.

Therefore w; = v w? — d? = 4.488 rad/s, and the frequency is

,
fa= Zd —0.714 Hz

(© 2008 Pearson Education South Asia PteLtd. All rightsreserved. Thispublication is protected by Copyright and permission should be obtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

785




Problem 21.87 The stepped disk described in Prob-
lem 21.86 is initidly in equilibrium, and at t = 0 it is
given a clockwise angular velocity of 1 rad/s. Deter-
mine the position of the center of the disk relative to its
equilibrium position as a function of time.

Solution: From the solution to Problem 21.86, the equation of
motion is

d%x dx
— +2d— 4+ 0’x =0,
az g e

where d = 4.170 rad/s, w? = 37.53 (rad/s)?. Therefore
wq = \/01)2 —d? = 4.488 rad/s.

Since d? < w?, the system is sub-critically damped. The solution is of
the form

x = e " (Asinwgt + B coswyt).

Apply theinitial conditions: at r = 0, 6y = 0, and g = —1 rad/s. From
kinematics, Xo = —2R6y = 2R m. Substitute, to obtain

B=0 and A= 22— 00906,
w4

and the position of the center of the disk is

x = 0.0906¢ 4170 5in4.488¢

786

Problem 21.88 The stepped disk described in Prob-
lem 21.86 is initidly in equilibrium, and at t =0 it is
given a clockwise angular velocity of 1 rad/s. Determine
the position of the center of the disk relative to its equi-
librium position asafunction of timeif ¢ =233.5 N-g/m.

Solution: From the solution to Problem 21.86, the equation of
motion is

d%x 4
dr? dt

Since d? > w?,

the system is supercritically damped. The solution is of the form
(see Eq. (21.24)) x = e~ (Cel + De™), where h = v/d? — w? =
5.659 rad/s. Apply the initial conditions: at r = 0, 6o = 0, and 6 =
—1 rad/s. From kinematics, xg = —2R6p = 2R m. Substitute, to obtain
0=C+ D and xg=—(d—h)C — (d+ h)D. Solve:

X0
c=20_003s,
2
p=-22_ _0036,
2h

from which the position of the center of the disk is

x = 0.036¢ 83401 (,5.65% _ ,—5.65)

— 0.036(672‘680[ _ 6714001) m
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Problem 21.89 The 22-kg platen P restson four roller
bearings that can be modeled as 1-kg homogeneous
cylinders with 30-mm radii. The spring constant is
k = 900 N/m. The platen is subjected to aforce F(r) =
100sin3r N. What is the magnitude of the platen’s
steady-state horizontal vibration?

Solution: Choose a coordinate system with the origin at the wall
and the x axis parallel to the plane surface. Denote the roller bearings
by the subscript B and the platen by the subscript P.

The roller bearings: The sum of the moments about the mass center
of aroller bearing is

ZMB—cm =+RFp + Rf5.

From Newton's second law:

2

X% _rr + Rf
Bz = REs+ Rjg.

Solve for the reaction at the floor:

; Iz d*
‘B_Rdtz B-

The sum of the horizontal forces on each roller bearing:

ZF.x =—Fp+ fr.

From Newton's second law

d%xp Fs+
m =— R
B2 B+ fB

where xp isthe trandation of the center of mass of the roller bearing.
Substitute

d’xg g d°0

, = —— —2F3.
Jor ms dr? R dr? B
. . XB
From kinematics, 6p = R
. Iz \ d%xp
from which (mB —+ ﬁ) y —2Fp.

The platen: The sum of the forces on the platen are
> Fp=—kx +4Fg + F(1).
From Newton’s second law,

d?xp
mPF = 7k)Cp +4Fp + F(1).
Substitute for Fp and rearrange:

d%xp
dt?

d%x, I
m,,ﬁ + kxp +2(m3 + ﬁ)

= F(t).

_='\N\IK\NV\;=| . | F(t)
©©e6e

From kinematics, xp = X?P,
. IB dZXP
from which (mp +mp + F) 2 +kxp = F(t).

For a homogenous cylinder,

2

mpR
Ig = ——,
B 2

from which we define
3
M =m,+ EmB = 235 kg.

For d =0, the canonica form of the eguation of motion (see
Eqg. (21.26)) is

2
d<x,

dr2 + wle) =a(t),

where  «? = 38.30 (rad/s)?,
F()

and a(r) = = 4.255sin3r (M/S).

The amplitude of the steady state motion is given by Eq. (21.31):

4.255
E,=——> _ =01452m
P (-3
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Problem 21.83 A homogeneous hemisphere of radius
R and mass m rests on a level surface. If you rotate the R
hemisphere dlightly from its equilibrium position and

release it, what is the frequency of its vibrations?

Solution: Thesystemis conservative. The distance from the center

of mass to point O is h = 3R/8. Denote the angle of rotation about 9
P by 6. Rotation about P causes the center of mass to rotate relative ® _J_S—;
to the radius center O P, suggesting the analogy with a pendulum

P

suspended from O. The kinetic energy is T = (1/2)1,62. The potential
energy is V = mgh(1 — cos6), where h(1— cosf) is the increase
in height of the center of mass. 7 + V = const = 1,6% + mgh(1 —
cos@). Take the time derivative:

cood%
T d% ) from which —— + 0?0 =0,
Q[IPW +mghsn9]:0, dt

20(3 15,
4% mgh where o = ,f 13(8)18; =y 26;
from which WJFI_S"]H:O' @)
14

For small angles siné — 6, and the moment of inertia about P is The frequency is| f = 2i /%
T
83 5\2 13
- 2= 2 2 2 _ 2
I, = Icyy +m(R —h) 320mR + <8> mR 20mR s

Problem 21.84 The frequency of the spring-mass
oscillator is measured and determined to be 4.00 Hz.
The oscillator is then placed in a barrel of oil, and
its frequency is determined to be 3.80 Hz. What is the
logarithmic decrement of vibrations of the mass when
the oscillator is immersed in oil?

Solution: The undamped and damped frequencies are f = 4 Hz From the relation
and f; = 3.8 Hz, s0

wg = Vw? —d2?,
Ty = i =0.263 s,
Ja

we obtain d = 7.85 rad/s, so the logarithmic decrement is§ = dt; =
(7.85)(0.263) = 2.07.

w=2xf = 25.13 rad/s,

§ =2.07.

wq = 21 fy = 23.88 rad/s.

Problem 21.85 Consider the oscillator immersed in oil
described in Problem 21.84. If the mass is displaced
0.1 mto theright of its equilibrium position and released
from rest, what is its position relative to the equilibrium
position as a function of time?

: . . d
Solution: The mass and spring constant are unknown. The from which A = ﬂ,

canonical form of the equation of motion (see Eq. (21.16)) is @d

) The solution is
d d
S 420t 402y = 0,
dr? dt —dt < d . )
X = Xxpe — SiNwy + COSw,4
w,
where, from the solution to Problem 21.84, d = 7.848 rad/s, and d

w = 27 (4) = 25.13 rad/s. The solution is of the form (see Eq. (21.19))

x =e " (Asinwyt + B coswyt), where wy = 27(3.8) = 23.88 rad/s. ‘ = 0.1¢~ 7848 (0.3287 sin 23.88¢ + c0s23.88¢)
Apply the initial conditions: at t =0, xp = 0.1 m, and xp = O, from
which B = xg, and 0 = —dB + w4 A,
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Problem 21.90 At r=0, the platen described in —— k P

Problem 21.89 is 0.1 m to the right of its equilibrium —AVWWW— > F(1)
position and is moving to the right at 2 m/s. Determine © © © ©

the platen’s position relative to its equilibrium position
as a function of time.

Solution: From the solution to Problem 21.89, the equation of
motion is

d?x
sz + a)zxp =al(t),

where w? = 38.30 (rad/s)?, and

a@t) = % = 4.255sin3r m/s2.

The solution is in the form x = x, + x,, where the homogenous
solution is of the form x, = Asinwr + B coswr and the particular
solution x,, is given by Eq. (21.30), withd = 0 and by = 0. The result:

x = AsSnwt + B coswt + a702
(@? — wf)

Ssinwot,

where ag = 4.255 m, w = 6.189 rad/s, and wp = 3 rad/s. Apply the
initial conditions: at t = 0, xg = 0.1 m, and xp = 2 m/s, from which

B =01, ad
2 wo ag

A=Z_ (7) % — 02528,
) ) (wz — o_)o)

from which

| x = 0.2538in6.19r + 0.1c0s6.19¢ + 0.145sin3t m

(© 2008 Pearson Education South Asia Pte Ltd. All rightsreserved. Thispublication is protected by Copyright and permission should beobtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

788




Problem 21.91 The moments of inertia of gears A and
B are I, = 0.019 kg-m? and I3 = 0.136 kg-m?% Gear
A is connected to a torsional spring with constant £ =
2 .71 N-m/rad. The bearing supporting gear B incorpo-
rates a damping element that exerts aresisting moment
on gear B of magnitude 2.03(d0g/dt) N-m, where
dOg/dt is the angular velocity of gear B in rad/s. What
is the frequency of angular vibration of the gears?

Solution: Choose a coordinate system with the x axis positive
downward. The sum of the moments on gear A isY M = —kf4 +
R4 F, where the moment exerted by the spring opposes the angular
displacement 6,4. From the equation of angular motion,

d*0s _
Ao = Y M =—kOs + RaF,
from which F = Ia | 40 + k 0
- Ry dr? Ry A

The sum of the moments acting on gear B is

do
YooM= _2'034_13 + Ry F — Ry Fy,

where W = 22.2 N, and the moment exerted by the damping element
opposes the angular velocity of B. From the equation of angular motion
applied to B,

d?0p

dOp
Ip—5 =) M =-203—— + RpF — Ry Fy.
B2 > o T Re wFw

The sum of the forces on the weight are Y} F = +Fy — W. From
Newton’s second law applied to the weight,

w dzx_
o)z =

W\ d?x
fromwhich Fy=|— | —
o " ( g ) dr?

+ W

Substitute for F and Fy to obtain the equation of motion for gear B:

d20p dog Rp d?0,
Ip—2 +2.03—2 — (22 ) (1. —=2 + %06
52 dt (RA> < Az T A)

e ()2 w) =0
Y\ ) arz -

. . R .
From kinematics, 04 = — (é) 0p, and x = —Ry 65, from which
d293 dfp Rp 2
M—5 +2.03 — — ) kOp = RwW,
dr? + dt (RA> B v

Rp\? w
where M =14 + (R—> Iy + R?, (—) = 0.201 kg-n?
A g

EVE.

The canonical form of the equation of motion is

d?0p dog
2d—— + %05 = P,
dr? + dt + @08

203

where d o = 5.047 rad/s,

(2B>2k
w?="A7Z  _ 3739 (radls)?,
M

RwW

and P = = 8.412 (rad/s)2.

The system is sub critically damped, since d? < w?, from which
wg = v w? — d? = 3.452 rad/s, and the frequency is

w,
fa= Zd — 0.5493 Hz
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Problem 21.92 The 22.2 N weight in Problem 21.91is
raised 12.7 mm. from its equilibrium position and re-
leased from rest at + = 0. Determine the counterclock-
wise angular position of gear B relative to itsequilibrium
position as a function of time.

Solution: From the solution to Problem 81.91,
d*0y +2dd63 + 0?0 =P

48 998 | 20, = P,

dr? dt B

where d = 5.047 rad/s, w? = 37.39 (rad/s)?, and P = 8.412 (rad/s)?.
Since the non homogenous term P is independent of time and angle,
the equilibrium position is found by setting the acceleration and veloc-

. . . . . P

ity to zero in the equation of motion and solving: 6., = —. Make the
w

transformation 6z = 6 — 6,4, from which, by substitution,

d%d dbp

PR s + 0?0 =0

I' 222N

is the equation of motion about the equilibrium point. Since d? <
w?, the system is sub critically damped, from which the solution is
O = e~ (Asinwyt + B coswgt). Apply the initial conditions: xg =
—0.0127 m, from which

~ X0 déB
_o=—— =0.1667 rad, — =0,
[05]i=0 R 0.1667 rad I 0

w

d(0.1667)
4

from which B =0.1667, A = = 0.2437.

The solution is

6(r) = e~ 50471 (0.244 sin(3.45¢) + 0.167 cos(3.451))

Problem 21.93 The base and mass m are initialy sta-
tionary. The base is then subjected to a vertical displace-
ment i Sinw;¢ relative to its origina position. What is
the magnitude of the resulting steady-state vibration of
the mass m relative to the base?

. d?
Solution:  From Eq. (21.26), for d = 0, d—t;‘ + w?x = a(t), where

k

o? = —, and a(t) = w?hsinw;t. From Eq. (21.31), the steady state
m

amplitude is

Base
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Problem 21.94* The mass of the trailer, not including
its wheels and axle, is m, and the spring constant of its
suspension is k. To analyze the suspension’s behavior,
an engineer assumes that the height of the road surface
relative to its mean height is 2 sin(27/1). Assume that
the trailer’ s wheels remain on the road and its horizontal
component of velocity is v. Neglect the damping due to
the suspension’s shock absorbers.

(@) Determine the magnitude of the trailer’s vertica
steady-state vibration relative to the road surface.
(b) At what velocity v does resonance occur?

Solution: Since the wheels and axle act as a base that moves
with the disturbance, this is analogous to the transducer problem
(Example 21.7). For aconstant velocity the distance x = f(; vdt = vt,
from which the movement of the axle-wheel assembly as a function

L7\
2
of time is hy(r) = hsin(wot), where wp = % rad/s. [Check: The &)_\-
velocity of the disturbing “waves’ in the road relative to the trailer \ﬁ -’
is v. Use the physical relationship between frequency, wavelength
and velocity of propagation Af = v. The wavelength of the road

disturbance is A, from which the forcing function frequency is fo = %

2
and the circular frequency is wp = 27 fp = % check.] The forcing

function on the spring-mass oscillator (that is, the trailer body and
spring) is (see Example 21.7)

a2, (t 270\ 2 2
Fo) = —m 0 :(%) h(T)

dr?

_ _ . d?
For d =0, the canonical form of the equation of motion is d_tz +

k
?y = a(t), where o =,/ — = 8.787 rad/s, and
m

2

(27rv>2 . <2nv )
=ag| — ) sin| —¢]),
A A

where ag = h.

(@ The magnitude of the steady state amplitude of the motion rela-
tive to the wheel-axle assembly is given by Eq. (21.31) and the
equations in Example 21.7 for d = 0 and bg = 0,

(=)

(b) Resonance, by definition, occurs when the denominator vanishes,
from which

Ak
v=—.—
2\ m
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Problem 21.95* The trailer in Problem 21.94, not
including its wheels and axle, weighs 4448 N. The

spring constant of its suspension is k = 35024 N/m, and

the damping coefficient due to its shock absorbers is

¢ = 2919 N-9/m. The road surface parameters are h =
5.1mmand A= 2.44 m. Thetrailer’'s horizontal velocity

is v =9.65 km/h. Determine the magnitude of the
trailer's vertical steady-state vibration relative to the road =
surface,

(@ neglecting the damping due to the shock absorbers
and
(b) not neglecting the damping.

Solution:

(@ From the solution to Problem 21.94, for zero damping, the steady
state amplitude relative to the road surface is

5 2
()
Ep = 72
k 2v
m A
Substitute numerical values:
v=9.65 km/h=2.68m/s, A =2.44 m, k =35024 N/m,

m = K = 453.5 kg,
8

to obtain | £, =0.082 m =82 mm.

(b) From Example 21.7, and the solution to Problem 21.94, the
canonical form of the equation of motion is

d?y dy
— +2d—= + 0%y =a(),
az TG ey a®)
c 200
here d = — = ———— = 3.217 rad/s, w = 8.787 rad/s,
W 2n ~ 2(31.08) @ '

and 3] 2mv)\? sin vat
=a —_— —_—
a o\ % X )
where ag = h. The system is sub-critically damped, from which

wg = vw? — d? = 8.177 rad/s. From Example 21.7, the magni-
tude of the steady state response is

2 2
(L”) b
A

E, =

(R

=0.045 m = 45 mm.
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Problem 21.96* A disk with moment of inertial
rotates about a fixed shaft and is attached to a torsional
spring with constant k. The angle 6 measuresthe angular
position of the disk relative to its position when the
spring is unstretched. The disk is initially stationary
with the spring unstretched. At ¢+ = 0, a time-dependent
moment M(t) = Mo(1—e™") is applied to the disk,
where My is a constant. Show that the angular position
of the disk as a function of time is

My 1 1
0 =— wt — ———— COSwt
1 a)(l +w ) @0?(1+ w?)
i 1
w? 1+ a)z)e ’

Strategy: To determine the particular solution, seek a
solution of the form

0, =Ap,+ Bye™,

where A, and B, are constants that you must determine.

Solution:

d?0
M (¢). From the equation of angular motion, I —; Tz = —kO + M(t). For

. . d%0 k
d = 0 the canonical form is yr + w20 = a(t), where w = \/; and

The sum of the momentson thedisk are}” M = —k6 +

M . . .
a(t) = To(l — e~ "). (a) For the particular solution, assume a solution
of theform 6, = A, + B,e~". Substitute into the equation of motion,

d®e, M
S 4 w20, = Bye™ + wP(A, + Bpe™) = 70(1— e

dt 2
Rearrange:
M, M
w?A, + By(L+a?)e = =2 - 0o
1 1
Equate like coefficients:
M M
w?A, = 2o B,(1+ w?) = 2o
1 1
. M M
fromwhich A, = —2, and B, = —— 2.
w?l 1+ )1

The particular solution is

Mo [ 1 e!
Op=—|5-———51.
I 0?2 @A+ w?)
The system is undamped. The solution to the homogenous equation
has the form 6, = Asinwt + B coswt. The tria solution is:

0=06,+06,=Asn t+Bcost-i—M0 ! e
=0 p = w 1) 02 (1+w2) .

1

M()

Apply the initia conditions: at + = 0, 6p = 0 and

Mo [ 1 1
o=0: 6p=0=B+— (=5 - —-1,
0 (] + 7 (wz (1+w2)),

My 1
fo=0=wA+——),
0 wA + 7 ((1+w2)>

from which

Ao Mo 1
T (w(1+w2>>’

p— Mot L \_ Mg 1
B 1<w2 (l+w2)>_ 1<w2(1+w2))’

and the complete solution is

0=

Mo [ 1
— |- coswt

. 1
SNwt —
T | o0+ed " T 2t 0?

L1 1
w? (1+a>2)L '
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