Problem 20.1 The airplane’s angular velocity relative
to an earth-fixed reference frame, expressed in terms of
the body-fixed coordinate system shown, is @ = 0.62i +
0.45] — 0.23k (rad/s). The coordinates of point A of the
airplane are (3.6, 0.8, —1.2) m. What is the velocity of
point A relative to the velocity of the airplane's center
of mass?

Solution:

Va/G =@ XTa/G

i k
062 045 —023
36 08 -12

(m/s)

‘ Vasc = (—0.356 — 0.084) — 1.12k) nvs. |

Problem 20.2 In Active Example 20.1, suppose that
the center of the tire moves at a constant speed of 5 m/s
as the car turns. (As a result, when the angular veloc-
ity of the tire relative to an earth-fixed reference frame
is expressed in terms of components in the secondary
reference frame, @ = w,i + w,j + @k, the components
wy, ®,, and w_ are constants.) What is the angular accel-
eration « of the tire relative to an earth-fixed reference
frame?

Pe

10 m
(Not to scale)

0.36 m

Top view

Solution: Theangular velocity of the secondary coordinate system The angular acceleration is then
is
=Q = —(0.5 rad/s)k x (—13.9j — 0.5k) rad/s
@=Yk=—8M9 05 radisk @=2xo=- ko (=139 )
R (10 m)

The angular velocity of the wheel with components in the secondary o = —6.94i rad/s?.
y
X

coordinate system is
(B mfs) .

0=0-2j=—(05radi9k — i
r

(0.36 m)

= (—13.9) — 0.5k) rad/s
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Problem 20.3 Theangular velocity of the cube relative

to the primary reference frame, expressed in terms of

the body-fixed coordinate system shown isw = —6.4i +

8.2) + 12k (rad/s). The velocity of the center of mass G

of the cube rélative to the primary reference frame at

the instant shown is vg = 26i + 14j + 32k (m/s). What 2m
is the velocity of point A of the cube relative to the

primary reference frame at the instant shown?

Solution: The vector from G to A is

=

rgia=(@0+j+k m

The velocity of point A is
o Primary reference

Va=Vs+®XIg/a frame
i j k
= (26i + 14j + 32k) m/s+ | —6.4 8.2 12|m/s
1 1 1

Va = (22.2i + 32.4) + 17.4k) mis. |

Problem 20.4 The coordinate system shown is fixed y
with respect to the cube. The angular velocity of the cube

relative to the primary reference frame, w = —6.4i +

8.2 + 12k (rad/s), is constant. The acceleration of the

center of mass G of the cube relative to the primary ref-

erence frame at the instant shown is ag = 136i + 76j — 2m

48k (m/s). What is the acceleration of point A of the

cube relative to the primary reference frame at the instant

shown?

=

o Primary reference
frame

Solution: The vector from G to A is
rg/a=(@+j+kym
The accleration of point A is

as=ag+®x (@ xrg/a)

R
= (136i + 76] — 48k) M/® + (—6.4i + 8.2 +12k) x | —6.4 82 12|m/s
1 1 1

Carrying out the vector algebra, we have

a) = (~205 — 63.0] — 135) m<. |
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Problem 20.5 The origin of the secondary coordinate
system shown is fixed to the center of mass G of the
cube. The velocity of the center of mass G of the cube
relative to the primary reference frame at the instant
shownisvg = 26i 4+ 14j + 32k (m/s). The cubeis rotat-
ing relative to the secondary coordinate system with
angular velocity wrg = 6.2i — 5j + 8.8k (rad/s). The sec-
ondary coordinate system is rotating relative to the pri-
mary reference frame with angular velocity @ = 2.2i +
4j — 3.6k (rad/s).

(@) What is the velocity of point A of the cube rela-
tive to the primary reference frame at the instant
shown?

(b) If the components of the vectors wg and 2 are
constant, what is the cube's angular acceleration
relative to the primary reference frame?

Solution:

@ va=Vg+ (0 +R) xra/6

= (26i + 14j + 32k) + (8.4i —j +5.2k) x (i +j + k)

| V4 = (19.81 + 10.8] + 41.4k) m/s. |

(b) o= x o = (2.2 + 4 —3.6k) x (6.2 — 5 +8.8k)

‘ o = (17.2i — 41.7j — 35.8k) rad/s. ‘

o Primary reference
frame

Problem 20.6 Relative to an earth-fixed reference
frame, points A and B of the rigid parallelepiped are
fixed and it rotates about the axis AB with an angular
velocity of 30 rad/s. Determine the velocities of points
C and D relative to the earth-fixed reference frame.

Solution: Given
(0.4i + 0.2) — 0.4k)

w = (30 rad/s) 06

= (20i 4+ 10j — 20k) rad/s

rcsa = (0.2m)j, rp/a = (0.4i+0.2)) m

Vc=w><l‘c/A=(4i+4k) m/s, VD=(x)><I’D/A=(4i78j) m/s

o]

Problem 20.7 Relative to the xyz coordinate system
shown, points A and B of the rigid parallelepiped are
fixed and the parallelepiped rotates about the axis AB
with an angular velocity of 30 rad/s. Relative to an earth-
fixed reference frame, point A is fixed and the xyz coor-
dinate system rotates with angular velocity & = —5i +
8j + 6k (rad/s). Determine the velocities of points C and
D relative to the earth-fixed reference frame.

Solution: Given
(0.4i 4+ 0.2 — 0.4k)

® = (30 rad/s) 06

= (20i + 10j — 20K) rad/s
@ = (—5i + 8 +6k) rad/s, rc/a = (0.2 mjj,

Ip/a = (0.4i +0.2)) m

Ve =V4 + (R +w) x fc/a= (2.8i 4+ 3.0k) m/s
Vp = V4 + ( + @) X DA = (2.8 — 56] —4.2k) m/s
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Problem 20.8 Relative to an earth-fixed reference
frame, the vertical shaft rotates about its axis with angu-
lar velocity wg = 4 rad/s. The secondary xyz coordinate
system is fixed with respect to the shaft and its origin is
stationary. Relative to the secondary coordinate system,
the disk (radius = 8 cm) rotates with constant angular
velocity wyq = 6 rad/s. At the instant shown, determine
the velocity of pint A (a) relative to the secondary refer-
ence frame, and (b) relative to the earth-fixed reference
frame.

Solution:

(a8 Relative to the secondary system

VA = g X 4 = wgi x r(sin45°] + cos45°k)
= (6i) x (8)(sin45°j + cos45°k)

= (—33.9) + 33.9k) cm/s.

| V4 = (—33.9) + 33.9k) cm/s

(b) Relative to the earth-fixed reference frame

Va = (g + R) X T4 = (wgi + woj) x r(sin45°j + cos45°k)
= (6i + 4j) x (8)(sin45°j 4 cos45°k)

= (22.6i — 33.9] + 33.9k) cm/s.

V4 = (22.6i — 33.9] + 33.9k) cm/s.

@y

45°0 (1

)

Problem 20.9 Relative to an earth-fixed reference
frame, the vertical shaft rotates about its axis with angu-
lar velocity wg = 4 rad/s. The secondary xyz coordinate
system is fixed with respect to the shaft and its origin is
stationary. Relative to the secondary coordinate system,
the disk (radius = 8 cm) rotates with constant angular
velocity wq = 6 rad/s.

(8 What isthe angular acceleration of the disk relative
to the earth-fixed reference frame?

(b) At theinstant shown, determine the acceleration of
point A relative to the earth-fixed reference frame.

Solution:

(8 The angular acceleration

o =R X og = wgj X wyl
= —wowgK = —(4)(6)k = —24k

o = —24k rad/s2.

(b) The acceleration of point A.

U =0 xry+ (R+wrd) X [(R+ org) X 4]
= (—24K) x (8sin45°j 4 8.cos45°k)

+ (6i +4j) x [(6i + 4j) x (8sin45°] + 8cos45°K)]

ay = (272i — 204 — 294k) cm/s?.

45°0 (1

Z

(0]
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Problem 20.10 Theradius of the disk isR=0.61m. It
is perpendicular to the horizontal part of the shaft and
rotates relative to it with constant angular velocity wq =
36 rad/s. Relative to an earth-fixed reference frame, the
shaft rotates about the vertical axis with constant angular
velocity wg = 8 rad/s.

(@) Determine the velocity relative to the earth-fixed
reference frame of point P, which is the uppermost
point of the disk.

(b) Determine the disk’s angular acceleration vector o
relative to the earth-fixed reference frame.

(See Example 20.2.)

Solution:

@ vp = (8 rad/s)j x (0.91m)i + [(36i + 8j) rad/s] x (0.61m)]j
= (14.7 m/s)k

(0 |o=(8rads)j x [(36i + §) radis] = — (288 rad/?)k

i}

091 m

Problem 20.11 The vertical shaft supporting the disk
antennais rotating with a constant angular velocity wg =

0.2 rad/s. The angle 6 from the horizontal to the antenna's

axis is 30° at the instant shown and is increasing at a
constant rate of 15° per second. The secondary Xxyz coor-
dinate system shown is fixed with respect to the dish.

(@) What is the dish’s angular velocity relative to an
earth-fixed reference frame?

(b) Determine the velocity of the point of the antenna
with coordinates (4,0,0) m relative to an earth-fixed
reference frame.

Solution: The relative angular velocity is

o 7 rad T
ord = (157/9) ( 180° > =3 rad/s.

(@ =9+ o = (0.28n30° + 0.2c0s30°}) + (%) k

| ® = (0.1i + 0.173j + 0.262k) rad/s. |

(b) v=0xr=(0.1i+0.173) +0.262k) x (4i)

| v = (1.05) — 0.693k) ms. |

@
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Problem 20.12 The vertical shaft supporting the disk
antennais rotating with a constant angular velocity wg =
0.2 rad/s. The angle 6 from the horizontal to the antenna' s
axis is 30° at the instant shown and is increasing at a
constant rate of 15° per second. The secondary Xyz coor-

dinate system shown is fixed with respect to the dish. b x
(@ What is the dish’s angular acceleration relative to ‘\

an earth-fixed reference frame? )
(b) Determine the acceleration of the point of the

antenna with coordinates (4, 0, 0) m relative to an \

earth-fixed reference frame. =

1 wq
Solution: The angular velocity is :E
A —

o rad
wrg = (157/9) (ZBO" ) = % rad/s.

® =9+ oa = (0.28n30°] + 0.2c0s30%j) + (1) k

12 (b) The acceleration of the point
= (0.1 + 0.173] + 0.262K) rad/s a=axr+ox@xr)
(@ The angular acceleration is = (0.0453i — 0.0262)) x (4i)
; B o b
@ =% x g = (0.28n307 +0.2¢0s30°)) x (Ek) + (0.1i + 0.173] + 0.262k) x [(0.1i + 0.173] + 0.262k) x (4i)]
o = (0.0453 — 0.0262)) rad/<2. ‘ a = (—0.394i + 0.0693] + 0.209k) m/S.

Problem 20.13 The radius of the circular disk is R = y

0.2 m, and b = 0.3 m. The disk rotates with angular ve-

locity wy = 6 rad/srelative to the horizontal bar. The hor- \

izontal bar rotates with angular velocity w, = 4 rad/s b

relative to the vertical shaft, and the vertical shaft rotates

with angular velocity wp = 2 rad/srelative to an earth-fixed @y
(e

reference frame. Assume that the secondary reference
frame shown is fixed with respect to the horizontal bar. /

\

7

(@) What isthe angular velocity vector wyg Of the disk :

relative to the secondary reference frame? wy
(b) Determine the velocity relative to the earth-fixed

reference frame of point P, which isthe uppermost

point of the disk.

. ~—
Solution:
. ] . i j k
a) The angular velocity of the disk relative to the secondary refer-
@ encefrgmeis y y VC:VO-‘rﬂXI’C/O:O-‘r 0 2 4
03 0 O
wrd = wyi = 61 (rad/s).
o= (redis) = 1.2) — 0.6k (m/s).
(b) The angular velocity of the reference frame is ) )
The velocity of P is
Q = woj + wpk = 2j + 4k (rad/s), Ok
[
so the disk’s angular velocity is Vp=Vc+oxrpc=12-06k+|6 2 4
0 02 O

® =R+ og = 6i + 2] + 4k (rad/s).
= —0.8i + 1.2j + 0.6k (m/s).

Let O be the origin and C the center of the disk. The velocity
of Cis
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Problem 20.14 The Object in Fig. a is supported by
bearings at A and B in Fig. b. The horizontal circu-
lar disk is supported by a vertical shaft that rotates with
angular velocity wg = 6 rad/s. The horizontal bar rotates
with angular velocity @ = 10 rad/s. At theinstant shown,
what is the velocity relative to an earth-fixed reference
frame of the end C of the vertical bar?

0.2m 0.1m P

Solution:

Ve = (R + wrg) x I = (100 + 6k) x (0.1i + 0.1j)

V. = (0.4 m/s)k
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Problem 20.15 The object in Fig. a is supported by
bearings at A and B in Fig. b. The horizontal circular
disk is supported by a vertical shaft that rotates with
angular velocity wo = 6 rad/s. The horizontal bar rotates
with angular velocity w = 10 rad/s.

(@ What is the angular acceleration of the object rel-
ative to an earth-fixed reference frame?

(b) At the instant shown, what is the acceleration rel-
ative to an earth-fixed reference frame of the end
C of the vertica bar?

y
0.1m
| | x
0.2 m 0.1m F
0.4 m ‘
(a)
i
(b)

Solution:
@ o= x o= (6) x (100) = —60k
(b)

a=a XTI+ (R+ wre) X [(Q+ wre) x 1]
= (—60k) x (0.1i 4+ 0.1j) + (10i + 6}) x [(10i + 6}) x (0.1i + 0.1j)]

= (8.4i — 10)) m/s>.

a, = (8.4i — 10)) m/$.
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Problem 20.16 Relative to a primary reference frame,
the gyroscope's circular frame rotates about the vertical
axis at 2 rad/s. The 60-nm diameter wheel rotates at 2rads
10 rad/srelative to the frame. Determine the vel ocities of
points A and B relative to the primary reference frame.

Solution: Let the secondary reference frame shown be fixed with
respect to the gyroscope’s frame. The angular velocity of the SRF is
Q = 2j (rad/s). The angular velocity of the wheel relative to the SRF
is wrg = 10k (rad/s), so the wheel’s angular velocity is

80 mm

=2+ wrg = 2j + 10k (rad/s).

Let O denote the origin. The velocity of pt. A is

i j k
Va=Vo+®xTrso=0+|0 2 10| =80i (mm/s).
0 0 40
The velocity of pt. B is
Vg =Vo+® XTIpg/0
i j k
=0+ 0 2 10

30cos20° 30sin20° O

= —102.6i + 281.9] — 56.4k (mnmV/s).

Problem 20.17 Relative to a primary reference frame,
the gyroscope’'s circular frame rotates about the vertical
axis with a constant angular velocity of 2 rad/s. The
60-mm diameter wheel rotates with a constant angular
velocity of 10 rad/s relative to the frame. Determine the
accelerations of points A and B relative to the primary
reference frame.

Solution:  Seethe solution of Problem 20.16. From Eq. (20.4), the The acceleration of pt. B is
wheel’s angular acceleration is

ag=a+axrgo+ox(@xTrg/)

i j ok
a=2xe0=|0 2 0|=20i (rad/s?). i i K
0 2 10 =0+ 20 0 0
30c0s20° 30sin20° O
The acceleration of pt. A is
i j k
ap=ag+ o xrio+ox(@xrao) + 0 2 10
—102.6 2819 -56.4
i j k i j k
=0+120 0 0440 2 10 = —2932i — 1026] + 410k (MM/S?).
O 0 40| |80 0 O

= —160k (mm/s?).
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Problem 20.18 The point of the spinning top remains
at a fixed point on the floor, which is the origin O of
the secondary reference frame shown. The top’'s angu-
lar velocity relative to the secondary reference frame,
wrg = 50k (rad/s), is constant. The angular velocity of
the secondary reference frame relative to an earth-fixed
primary reference frame is @ = 2j + 5.6k (rad/s). The
components of this vector are constant. (Notice that it
is expressed in terms of the secondary reference frame.)
Determine the velocity relative to the earth-fixed ref-
erence frame of the point of the top with coordinates
(O, 20, 30) mm.

Solution:

V= (R + o) XTI = (2] +55.6k) x (0.02j + 0.03k)

= (—1.05 m/s)i

v = (—1.05 m/s)i

Problem 20.19 The point of the spinning top remains z
at a fixed point on the floor, which is the origin O of
the secondary reference frame shown. The top’s angu-
lar velocity relative to the secondary reference frame,
wrg = 50k (rad/s), is constant. The angular velocity of
the secondary reference frame relative to an earth-fixed
primary reference frame is @ = 2j + 5.6k (rad/s). The
components of this vector are constant. (Notice that it is
expressed in terms of the secondary reference frame.)

(8 What is the top's angular acceleration relative to
the earth-fixed reference frame?

(b) Determine the acceleration relative to the earth-
fixed reference frame of the point of the top with
coordinates (0, 20, 30) mm.

Solution:

(@ a=2x g = (2 +56k) x (50k) = 100

b) a=axr+(R+ord) x [(R+ wrg) x ]
= (100i) x (0.02j + 0.03k)
1 (2] +55.6K) x [(2] + 55.6k) x (0.02] + 0.03K)]

= (~6L.5 + 4.10k)

a= (—61.5] +4.10k) m/&.
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Problem 20.20* The cone rolls on the horizontal sur-
face, which is fixed with respect to an earth-fixed refer-
ence frame. The x axis of the secondary reference frame
remains coincident with the cone's axis, and the z axis
remains horizontal. Asthe conerolls, the 7 axisrotatesin
the horizontal plane with an angular velocity of 2 rad/s.

(@ What is the angular velocity vector £ of the sec-
ondary reference frame?

(b) What isthe angular velocity vector ¢ of the cone
relative to the secondary reference frame?

(See Example 20.3.)

Strategy: To solve part (b), use the fact that the veloc-
ity relative to the earth-fixed reference frame of points
of the cone in contact with the surface is zero.

Solution:

(@ The angle B =arctan(R/h) = arctan(0.2/0.4) = 26.6°. The
angular velocity of the secondary reference frame is

Q

wo SN Bi + wg cos Bj = 2(sin26.6°i + c0s26.6°))
= 0.894i + 1.789 (rad/s).

(b) The con€'s angular velocity relative to the secondary reference
frame can be written wrg = wrg i, SO the cone’ s angular velocity is

® =R+ org

= (0.894 + wyg)i + 1.789] (rad/s).

To determine wrg, We use the fact that the point P in contact
with the surface has zero velocity:

i ik
0.8% +wg 1789 0
0.4 —02 0

Vp=V0+wXFP/0:0+ =0.

Solving, we obtain wyg = —4.47 (rad/s), SO wrg = —4.47i (rad/s).

Problem 20.21* The cone rolls on the horizontal sur-
face, which is fixed with respect to an earth-fixed ref-
erence frame. The x axis of the secondary reference
frame remains coincident with the cone’s axis, and the
z axis remains horizontal. As the cone rolls, the z axis
rotates in the horizontal plane with an angular veloc-
ity of 2rad/s. Determine the velocity relative to the
earth-fixed reference frame of the point of the base of
the cone with coordinatesx = 0.4 m,y =0,z =02 m.
(See Example 20.3.)

Solution:
velocity is

See the solution of Problem 20.20. The cone's angular

® = R+ o = (0.89%i + 1.789)) — 4.472i
= —3.578i + 1.789 (rad/s).
Let A denote the pt with coordinates (0.4, 0, 0.2) m. Its velocity is

i ik
—3578 1789 0
0.4 0 02

Va=Vo+®xTrao=0+

= 0.358i 4+ 0.716] — 0.716k (m/s).
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Problem 20.22* The cone rolls on the horizontal sur-
face, which is fixed with respect to an earth-fixed refer-
ence frame. The x axis of the secondary reference frame

Solution:
cone's angular acceleration is

See the solutions of Problems 20.20 and 20.21. The

remains coincident with the cone's axis, and the z axis i j k
remains horizontal. As the cone rolls, the ; axis rotates @=2xo=| 089 1789 0|=28000k (rad/s).
in the horizontal plane with a constant angular veloc- —3578 1789 0

ity of 2 rad/s. Determine the acceleration relative to the
earth-fixed reference frame of the point of the base of
the cone with coordinatesx =04 m,y =0,z =0.2 m.
(See Example 20.3.)

The acceleration of the point is

ay=a+axryo+ox(@xrao)

i ]k i i k
=04+|0 0 8 |+|-3578 1789 0
04 0 02 0358 0.716 -0.716

= —1.28i 4 0.64] — 3.20k (M/s?).

Problem 20.23* The radius and length of the cylinder
ae R =0.1 mand ! = 0.4 m. The horizontal surfaceis
fixed with respect to an earth-fixed reference frame. One
end of the cylinder rolls on the surface while its center,
the origin of the secondary reference frame, remains sta-
tionary. The angle 8 = 45°. The z axis of the secondary
reference frame remains coincident with the cylinder’s
axis, and the y axis remains horizontal. As the cylinder
rolls, the y axis rotatesin a horizontal plane with angular
velocity wo = 2 rad/s.

(@ What is the angular velocity vector £ of the sec-
ondary reference frame?
(b) What isthe angular velocity vector wrg Of the cylin-
der relative to the secondary reference frame?
Solution: o 2
(@ The angular velocity of the secondary reference frame is /
X / 01m
Q = wo Sin45°i + wg cos45°k 450
—_
0.2m 4 ¢
= (2)sin45°i + (2) cos45°k N/ /
— 1.414i + 1.414k (radls). o
(b) Thecylinder’s angular velocity relative to the SRF can be written 450
wrd = wrgK, SO ® = R + wrg = 1.414i + (1414 + wrg)k. We N
determine wrg from the condition that the velocity of pt. P " Z / /s /7
is zero: P
i k
Vp=Vo+®XTIp/o= 0+ ({1414 0 1414+ wg|=0.
-01 0 -0.2

Solving, we obtain wyg = 1.414 rad/s, S0 wrg = 1.414k (rad/s).
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Problem 20.24* The radius and length of the cylinder
ae R =0.1mand ! = 0.4 m. The horizontal surface is
fixed with respect to an earth-fixed reference frame. One
end of the cylinder rolls on the surface while its center,
the origin of the secondary reference frame, remains sta-
tionary. The angle B = 45°. The z axis of the secondary
reference frame remains coincident with the cylinder’'s
axis, and the y axis remains horizontal. As the cylinder
rolls, the y axisrotatesin a horizontal plane with angular
velocity wo = 2 rad/s. Determine the velocity relative to
the earth-fixed reference frame of the point of the upper
end of the cylinder with coordinates x = 0.1 m, y = 0,
z=02m.

Solution:  Seethe solution of Problem 20.23. The cylinder’s angu-
lar velocity is

0=+ oy = (14141 + 1.414k) + 1.414k

= 1.414i + 2.828k (rad/s).

Let A devote the pt with coordinates (0.1, 0, 0.2) m. Its velocity is

ik
Vg :vo+w><rA/0:O+ 1414 0 2.828|=0.
01 0 02

Problem 20.25* Thelanding gear of the P-40 airplane
used in World War Il retracts by rotating 90° about
the horizontal axis toward the rear of the airplane. As
the wheel retracts, a linkage rotates the strut support-
ing the wheel 90° about the strut’s longitudina axis so y
that the wheel is horizontal in the retracted position.
(Viewed from the horizontal axis toward the whesel, the
strut rotates in the clockwise direction.) The x axis of the
Z
\ Horizontal
Vaxis
Strut

Retracted
position

coordinate system shown remains parallel to the horizon-
tal axis and the y axis remains parallel to the strut as the
whedl retracts. Let ww be the magnitude of the wheel’s
angular velocity when the airplane lifts off, and assume
that it remains constant. Let wo be the magnitude of the
constant angular velocity of the strut about the horizon-
tal axis as the landing gear is retracted. The magnitude Wy
of the angular velocity of the strut about its longitudinal
axis also equals wg. The landing gear begins retracting
at + = 0. Determine the whee!’s angular velocity relative  ©
to the airplane as a function of time.

Deployed
position

Solution: The angular velocity is given by

® = wol + woj + ww[(COSwot)i + (SiNwor)K]

® = (wo + ww COSwot)i + woj + (wo + ww CoSwpt)K |
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Problem 20.26 In Active Example 20.4, suppose that
the shaft supporting the disk is initially stationary, and
at + = 0 it is subjected to a constant angular acceleration
o in the counterclockwise direction viewed from above
the disk. Determine the force and couple exerted on the
bar by the disk at that instant.

&)

Solution: We have Use Newton's Second Law for rigid bodies to
find the force F at the base of the rod

F=mgj =ma=m(—bagk) = |F=mgj—mbaok

Now use Euler’s equations to find the moment C exerted by the disk
on the base of the rod. Note that the angular velocity is zero, and the
only nonzero inertias are I, = I., = mi%/12.

1 L. 0 O 0
C+<—§j>><F: 0 0 O ag ¢ =0
0 0 I, 0

C = imgi — mbak)

1
C=- Emblaoi

652

Problem 20.27 In Example 20.5, suppose that the hor-
izontal plateisinitially stationary, and at + = O the robotic
manipulator exerts a couple C on the plate at the fixed
point O such that the plate's angular acceleration at this
instant is @ = 150i + 320j + 25k (rad/s?). Determine C.

z y

/150 mm

Solution: The mass of the plate is 4 kg. Point O is a fixed point.
The nonzero inertias are

1
L= 5(4 kg)(0.6 m)? = 0.48 kg-n?,

1
Iy = 5(4 kg)(0.3 m)? = 0.12 kg-m?

I, = Iy + I,y = 0.60 kg-m?,
Iy = (4 kg)(0.15 m)(0.3 m) = 0.18 kg-n?.

Euler's equations can be written as (note that the angular velocity i
Zero)

C + (0.15i + 0.3)) x (—[4][9.81]K) = [I]ex

C = —(0.151 + 0.3)) x (—[4][9.81]k) + [/]a

In Matrix Form thisis

Cy 11.8 048 -018 O 150
C,=1-58;+|-018 012 0 320
C, 0 0 0 0.60 25

Solving we find C, =26.2, C, =551, C;=15

Thus | C = (26.2i + 5.51j + 15k) N-m. |
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Problem 20.28 A robotic manipulator moves a cast-
ing. The inertia matrix of the casting in terms of a \ g
body-fixed coordinate system with its origin at the cen-
ter of mass is shown. At the present instant, the angu-
lar velocity and angular acceleration of the casting are
w = 1.2i + 0.8) — 0.4k (rad/s) and « = 0.26i — 0.07j +
0.13k (rad/s?). What moment is exerted about the center
of mass of the casting by the manipulator?

Solution:

M, 005 -003 O 0.26
M, {=|-003 008 O ~0.07 } N-m
M, 0 0 004]]| 013

0 04 08 005 -003 O
+|-04 0 -12 —0.03 0.08 0
0.04

-08 12 0 0 0
12 Ixx 71:;/\/ 7],\'2 0.05 —0.03 0

x{ 08 } N-m ~I, I, —I.=[-003 008 0 |kgm’
—04 7]zx 7Izy Izz 0 0 0.04

M = (M,i+ M,j + M.k) = (0.0135i — 0.0086] + 0.01k) N-m ‘

Problem 20.29 A robotic manipulator holds a cast-
ing. The inertia matrix of the casting in terms of a
body-fixed coordinate system with its origin at the cen-
ter of mass is shown. At the present instant, the cast-
ing is stationary. If the manipulator exerts a moment
M = 0.042i + 0.036] + 0.066k (N-m) about the cen-
ter of mass, what is the angular acceleration of the cast-
ing at that instant?

Solution:
0.042 005 -003 O o
0036 ¢ N-m=| -0.03 008 0 | kgm?{a,
0.066 0 0 004 a
Solving we find

‘ o = (3l +ayj + 0:K) = (143 + 0.987) + 1.65K) rad/s’ ‘
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Problem 20.30 The rigid body rotates about the fixed y
point O. Its inertia matrix in terms of the body-fixed

coordinate system is shown. At the present instant, the

rigid body’ s angular velocity isw = 6i + 6j — 4k (rad/s)

and its angular acceleration is zero. What total moment

about O is being exerted on the rigid body?

Solution:

M, 0 4 6 4 -2 07(6
Myt=|-40 —6||-2 3 1|{6}Nm
M. 66 0 0 1 5]||-4

‘ M = (M,i+ M,j + M.k) = (—76i + 36] — 60k) N—m‘

Problem 20.31 The rigid body rotates about the fixed
point O. Its inertia matrix in terms of the body-fixed
coordinate system is shown. At the present instant,
the rigid body’s angular velocity is w = 6i + 6j —
4k (rad/s). The total moment about O due to the forces
and couples acting on the rigid body is zero. What is its
angular acceleration?

Solution:

0 4 -2 0 oy
‘o]:[z 3 1} kg-mzlay]
0 0 1 5 o
0 4 6 4 -2 0 6
+{—4 0 —6:| {—2 3 1“ 6 ] N-m
-6 6 0 0 1 5]||-4

Solving we find | = (16.21 - 5.56] + 13.1k) rad? |

(© 2008 Pearson Education South Asia Pte Ltd. All rightsreserved. Thispublication is protected by Copyright and permission should be obtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

654




Problem 20.32 The dimensions of the 20-kg thin plate
ae h =04 m and b = 0.6 m. The plate is stationary
relative to an inertial reference frame when the force
F =10 N is applied in the direction perpendicular to
the plate. No other forces or couples act on the plate. At
the instant F is applied, what is the magnitude of the
acceleration of point A relative to the inertial reference
frame?

Solution: From Appendix C, the inertia matrix in terms of the
body-fixed reference frame shown is

-1
Emh2 10 0
1= — mb?
[7] 0 lzmb X 0
= 2 h2
L 0 0 lZm(b + h9)
(0267 0 0
=| 0 06 O kg-m?.
0 0 0.867

The moment of the force about the center of mass is

M = (g. - %,) X (—FK) = 21 + 3] (N-m).

From Eq. (20.19) with @ = 2 =0,

2 0267 0 O dw /dt
3|=| 0 06 0 doy /dt
0 0 0 0367]]| do./dt

Solving, we obtain & = 7.5i + 5 (m/). From Newton's second law,
> F = —Fk = may, the acceleration of the center of massis ag =

F
——k = —0.5k (m/s?). The acceleration of pt A is
m

ap=a +axryo+®x(@xrao)

i ik
=-05k+| 75 5 0|+0
—-03 02 0
= 2.5k (M/?).

We see that |as| = 2.5 m/S2.
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Problem 20.33 In terms of the coordinate system y
shown, the inertia matrix of the 6-kg slender bar is

Ixx _Ix_v _Ixz
—lyx Iyy =1y

- sz _Izy Izz 1m
0.500 0.667 0
=|0667 2667 0 | kg-m? X
0 0 3167 T :
| 2m \
The bar is stationary relative to an inertia reference
frame when the force F = 12k (N) is applied at the right
end of the bar. No other forces or couples act on the bar.
Determine
(8) thebar’'sangular acceleration relative to the inertial
reference frame and
(b) the acceleration of the right end of the bar relative
to the inertial reference frame at the instant the
force is applied.
Solution: y
y
(@ Interms of the primed reference frame shown, the coordinates of
the center of mass are 1
Im
1 2
Xymy+xomy (D3O + D36 0
X = 1 2 — 1 B 2 X
ma + mz 30 +36© » X
———r A
=0.667 m, 2m
1 2
C ymityyme  093O 036
= mi +m2 - } g
3(6) + 3(6)
= 0.167 m.

The moment of F about the center of mass is
M = (1.333i — 0.167j) x 12k

= —2i — 16 (N-m).

From Eq. (20.19) with @ = =0,

-2 05 0667 O doy/dt
—16 | = | 0.667 2.667 O doy/dt | .
0 0 0 3167 || dw./dt

Solving, we obtain o = 6.01i — 7.50j (rad/s?).

(b) From Newton’s second law, ) F = 12k = (6)ap, the accelera
tion of the center of massis ag = 2k (m/s?). The acceleration of
pt Ais

ap=a+axryo+ox(@xrio)
i ik

601 -750 O
1333 -0167 O

=2k + +0

= 11.0k (M/).
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Problem 20.34 In terms of the coordinate system
shown, the inertia matrix of the 12-kg slender bar is

Lo —lLy, —I. 2 -3 0
[—1” I, —1_‘,1} = [—3 8 0 } kg-m?.
~L, I, I, 0 0 10

The bar is stationary relative to an inertial reference
frame when a force F = 20i 4 40k (N) is applied at the
point x =1m, y =1 m. No other forces or couples
act on the bar. Determine (a) the bar’s angular accel-
eration and (b) the acceleration of the point x = —1 m, T

y = —1 m, relative to the inertial reference frame at the
instant the force is applied.

N
3

Solution:

(& The moment of the force about the center of mass is
M = (i +]) x (20i + 40k)
= 40i — 40j — 20k (N-m).

From Eg. (20.19) with @ = 2 =0,

40 2 -3 07 [dw/dt
—20|=|-3 8 0 ||dwydr|.
-20 0 0 10|/ dw./dt

Solving, we obtain

o = 28.57i +5.71) — 2k (rad/s?).

From Newton's second law,

> " F = 20i 4 40k = (12)a,

the acceleration of the center of mass is

ap = 1.67i + 3.33k (N/S).

The acceleration of the pt with coordinates (—1, —1, 0) is

ay =at+axrygo+wx (erA/o)

i ik
=167 +3.33% +[2857 571 —2|+0
-1 -1 0

= —0.333i + 2.000] — 19.524k (M/$%)
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Problem 20.35 The inertia matrix of the 2.4-kg plate y
in terms of the given coordinate system is shown.
The angular velocity of the plate is w = 6.4i + 8.2) +
14k (rad/s), and its angular acceleration is « = 60i + 220 mm
40j — 120k (rad/s?). What are the components of the
total moment exerted on the plate about its center 77_‘
of mass?

150 mm ‘

— X

50 mm
Solution: In the solution of Problem 20.87, the location of the
center of mass, x = 0.1102 (m), y = 0.0979 (m) and the moments of

inertia in terms of a parallel coordinate system with its origin at the
center of mass are determined:

I, = 0.00876 (kg-m?), I,y = Iy = 0.00655 (kg-m?),
Iy = 0.01531 (kg-m?), I,y = —0.00396 (kg-m?), I,/,» = I,y = 0.

The components of the total moment are given by Equation (20.19)
with € = @:

> M, | =]000396 000655 0 40
S 0 0 001531 ]| —120

ZM" |:0.00876 0.00396 0 i|{ 60:|

0 -140 82
+ | 14.0 0 —6.4

82 64 0
0.00876 0.00396 0 6.4
x | 0.00396 0.00655 0 8.2
0 0 001531 | 140
1.335
=| 0367 (N-m).
—2.057

658

Problem 20.36 The inertia matrix of the 2.4-kg plate
in terms of the given coordinate system is shown. At
t = 0, the plate is stationary and is subjected to a force
F = —10k (N) at the point with coordinates (220,0,0)
mm. No other forces or couples act on the plate. Deter-
mine (a) the acceleration of the plate’s center of mass
and (b) the plate’s angular acceleration at the instant the
force is applied.

Solution:
Equation (20.19) is
(@ FromNewton'ssecondlaw, ) F =ma: — 10k = 2.4a, andthe

acceleration of the center of massisa= —4.17k (M/$). 0.979 0.00876 0.00396 0 doy /dt
. . 1.098 | = | 0.00396 0.00655 0 dwy/dt |.
(b) From the solution of Problem 20.87, the center of mass is at 0 0 0 0.01531 do. /dt

x = 0.1102 (m), y = 0.0979 (m). Therefore, the moment of the
force about the center of massis Solving these equations, we obtain

> M =[(0.22 — 0.1102)i — 0.0979]] x (—10k) o — dojdi — 495 + 137.7) (red).

= 0.979i + 1.098j (N-m).
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Problem 20.37 A 3-kg dlender bar is rigidly attached
to a 2-kg thin circular disk. In terms of the body-fixed
coordinate system shown, the angular velocity of the
composite object is @ = 100i — 4j 4 6k (rad/s) and its
angular acceleration is zero. What are the components
of the total moment exerted on the object about its center
of mass?

Solution: Choose an x, y, z coordinate system with the origin
at O and the x axis paralléel to the slender rod, as shown. From the
solution to Problem 20.92, the coordinates of the center of massin the
x, y, z System are (0.5, O, 0), and the inertia matrix about a parallel
coordinate system with origin at the center of mass is:

002 0 O
Ulg=| 0 041 0 | kgm?
0 0 043

Since the coordinate system is body fixed, = @, and Eq. (20.19)
reduces to

> Mos 0 -6 -4 7][002 0 0 ][100
Y Mo, |=|6 0 -100|| 0 041 0 || 4],

i Z Mo | 4 100 0 0 0 043 6

> Mo. T 0 —246 —1727[100
D> Mo, |=]012 0 43 || -4
S Mo | 008 41 0 6
[ —0.48
—| —246 | N-m,
| —156

Mo = —0.48i — 246] — 156k N-m.

200 mm

600 mm

Problem 20.38 A 3-kg dlender bar is rigidly attached
to a 2-kg thin circular disk. At ¢ = 0, the composite
object is stationary and is subjected to the moment
=M = —10i 4+ 10j (N-m) about its center of mass. No
other forces or couples act on the object. Determine the
object’s angular acceleration at ¢+ = 0.

Solution: From the solution to Problem 20.92, the inertia matrix
in terms of the parallel coordinate system with origin at the center of
mass is

002 0 O
[Hlc=| 0 041 0 | kgm?
0 0 043

Since the coordinates are body-fixed and the object is stationary at
t=0,2=w=0,and Eq. (20.19) reduces to:

-10 002 0 0 J[a 0.020,
10 (=] 0 04 0 ||a |=]|04l, |.
0 0 0 043]||a 0.43a;

Solve: a = —500i + 24.4j (rad/s?).
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Problem 20.39 The vertical shaft supporting the dish
antenna is rotating with a constant angular velocity
of 1rad/s. The angle 6 = 30°, df/dt = 20°/<%, and
d?0/dt*> = —40° /<. The mass of the antenna is 280 kg,
and its moments and products of inertia, in kg-m?,
ae I, =140, I,, =1,=220, I,, =1, =1, =0.
Determine the couple exerted on the antenna by its
support at A at the instant shown.

Solution: The reactions at the support arise from (a) the Euler
moments about the point A, and (b) the weight unbalance due to the
offset center of mass. The Euler Equations: Express the reactions in
the x, y, z system. The angular velocity in the x, y, z system

@ =1isn6 +jcosd + (df/dt)k

= 0.5 + 0.866] + 0.3491k (rad/s).

The angular acceleration is

do (i cosH 'sine)de + d29k
o= — = — — —
dt J dt  dt?
= 0.3023i — 0.1745] — 0.6981k (rad/<). y
0.8 X
Since the coordinates are body fixed 2 = w, and Eq. (20.13) is m
2 Mox 140 0 0 0.302 )
> Moy |=| 0 220 0 ||-01745 A L
Z M 0 0 220 —0.6981
Oz
0 —0.3491 0.866
+ | 0.3491 0 -05 L —"8 = 1 rad/s
—0.866 0.5 0

140 O 0 0.5
x| 0 220 O 0.866 | .
0 0 220 0.3491

> Mo, [42.32} [ 0 -7679 190.52}
+

Y Mo, | =|-3839 48.87 0 -110
—153.6 —-121.2 110 0
Z Mo,
0.5
x | 0.866
0.3491
42.32 0 42.32
=|-3839 |+ | —1396 | = | —52.36 |, The couple exerted by the base:
—153.6 34.64 —1189
' ) B Z M. r -
Mo = 42.32i — 52.36] — 118.9k N-m Cy 0
Cy | =|> My |- 0
The unbalance exerted by the offset center of mass: The weight of the C. Z M. | —1903.0 |
antenna acting through the center of massiin the x, y, z system is - o
W = mg(—isiné — j cosh) = —1373.4i — 2378.8j (N). (42327 [ 0 ] 42.32
=| -5236 | + 0 =| —52.36 | (N-m)
The vector distance to the center of mass is in the x, y, z system is | -1189] | +1903.0 1784.1

ré;o = 0.8i (m). The moment exerted by the weight is
Cpase = 42.351 — 52.36] + 1784.1k (N-m)

i j k
szr(;/() x W = 0.8 0 0
—1373.4 -23788 0

= 1903.0k.
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Problem 20.40 The 5-kg triangular plate is connected .

to a ball-and-socket support at O. If the plate is released 0.6 m x
from rest in the horizontal position, what are the com- s
ponents of its angular acceleration at that instant?

y\ 0.9m

Solution:  From the appendix to Chapter 20 on moments of inertia,
the inertia matrix in terms of the reference frame shown is

rm/1 m (1
N h3 _ 2 =Zp22
2 (me) 5 (5 0
= | =" (Lpm2) ™ (e 0
A\8 A\4
m (1 1
0 0 —( =on8 + Zhbd
L A<12 ta )

= | —0.675 2025 0

L O 0 2.325
From Eq. (20.13) with w = = 0,

The moment exerted by the weight about the fixed pt. 0 is
—9.81 0300 -0.675 O dw, /dt

2. 1. 2943 | =| —0.675 2025 0 dwy/dt | .
> mo= (5”' + §hl> x (—mgk) 0 0 0 2325 | de./dt

= —9.81i + 29.43j (N-m). Solving, we obtain & = 14.5 ] (rad/s?).

[ 0.300 -0.675 0
kg-m?.

Problem 20.41 If the 5-kg plate is released from rest
in the horizontal position, what force is exerted on it by
the ball-and-socket support at that instant?

Solution:  See the solution of Problem 20.40. Let G denote the
center of mass and Let F be the force exerted by the support. From Newton's second law,

The acceleration of the center of mass is SF = mag: F— (5)(9.80)k = (5)(—8.72k)

ag =ap t+a xrgo+®x(®xrg/ o) we obtain F = 5.45k (N).

—8.72 k (M/s%)

Problem 20.42 The 5-kg triangular plate is connected Solution: See the solution of Problem 20.40. From Eq. (20.13)
to a ball-and-socket support at O. If theplateisreleased  with w = @ = 4i (radls);

in the horizontal position with angular velocity o =

4i (rad/s), what are the components of its angular accel- [9.81} [ 0300 -0675 0 } {dwx/dt}

eration at that instant? 29.43 —0675 2025 0 da, /dr
0 0 0 2325 | dw,/dr

00 O 0300 -0675 O 4
+|/0 0 -4 -0.675 2.025 0 0.
04 O 0 0 2.325 0

Solving, we obtain a = 14.53j + 4.65k (rad/s?).
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Problem 20.43 A subassembly of a space station can
be modeled as two rigidly connected slender bars, each 4
with amass of 5000 kg. The subassembly is not rotating
at + = 0, when a reaction control motor exerts a force y
F =400k (N) at B. What is the acceleration of point I
A relative to the center of mass of the subassembly at 20m g

t =0? i
— 0 X
Solution: Choose ax’, y', 7’ coordinate system with the origin at A ‘ =B
A and the x” axis parallel to the horizontal bar, and a parallel x, y, z 20m
system with origin at the center of mass. !
The Euler Equations: The center of mass in the x/, y/, 7/ system has
the coordinates T
X
10(5000) + 0(5000)
=—————— "~ =5m,
10000 20m y
10(5000) + 0(5000) J_ B
Vo6 =———"———=5m,
10000 Ap— 20m —
726 =0,

from which (d, d,,d;) = (5,5,0) m.

From Appendix C, the moments and products of inertia of each bar
about A are

2
mL
A _JA _
Ixx - Iyy = a4

3

2mL?

A _JA A _
]zz - Ixx + Iyy - 3

IA =18 =12 =0,
where m = 5000 kg, and L = 20 m. The moment of inertia matrix is
0.6667 0 0
[I4] = 0 0.6667 0 Mg-m?.
0 0 1.333

From the parallel axis theorem, Eq. (20.42), the moments and products
of inertia about the center of mass are:

Ly =I5 — (d? + d?)(2 m) = 0.4167 Mg-m?,
Iy = I — (d2 + d?)(2 m) = 0.4167 Mg-m?,
Iy =12 — (d? + d?)(2 m) = 0.8333 Mg-n%.
Ly = I, — dydy (2 m) = —0.2500 Mg-m?,
from which the inertia matrix is

0.4167 02500 O
[I1=| 0.2500 0.4167 0 Mg-m?.

0 0 08333

The vector distance from the center of mass to the point B is

rg/c = (20— 5)i + (0 - 5)j = 15 — 5 (m).
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The moment about the center of mass is
i j k
MGZI’B/GXFz 15 -5 0
0 0 400

= —2000i — 6000j (N-m).

The coordinates are body-fixed, and the object is initially stationary,
from which € = w = 0, and Eq. (20.19) reduces to

—2000
—6000 | = [1]
0

4167 x 10° 2.5 x 10° 0 ay
=| 25x10° 4.167 x 10° 0 ay |-
0 0 8.333x 10° || «,
Carry out the matrix multiplication to obtain:
4.167 x 10%, + 2.5 x 10°, = —2000,
2.5 x 10%, + 4.167 x 10°q, = —6000,

and o, = 0. Solve: o = 0.006i — 0.018; (rad/s?).

Newton's second law: The acceleration of the center of mass of the
object from Newton’'s second law is

1
ag = (ﬁ) F = 0.04k (m/s?).

The acceleration of point A: The vector distance from the center of
mass to the point A is ry/g = -5 —5 (m). The acceleration of
point A is

ap =ag +axXryc+ox(@xXragc).

Since the object is initialy stationary, @ = 0.

i j k
ay =ag +a xryc =004k + |:0.006 —0.018 O}
-5 -5 0

= —0.08k (M/s?), ay = —0.08k (M/s?)
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Problem 20.44 A subassembly of a space station can
be modeled as two rigidly connected slender bars, each
with a mass of 5000 kg. If the subassembly is rotat-
ing about the x axis at a constant rate of 1 revolution
every 10 minutes, what is the magnitude of the couple
its reaction control system is exerting on it?

Solution:  (See Figurein solution to Problem 20.100.) The angular
acceleration of the disk is given by

dw

dr

d i j k

= —(wgi +woj) +wo xwg=04+| 0 wo O
dt

wg 0 0

= —wowykK.

The velocity of point A relativeto O is
aa/0 = XT4g/0 + X (@ x rA/O)

= (—wowa)(K XT4/0) + @ X (@ X T4/0).

Term by term:

i j k
—wow,/(k X rA/()) = —wowy | O 0 1
b Rsnd —RcosH

= wowq R sinfi — wowdbj,

i j k
wx(wxl’A/O)zwx wq wo 0
b Rsind —Rcoso

i j k
= wq wo 0
—Rwp oSO Rwy Ccos® Rwy SN — bwo
= (Rwg SiNB — bwo)(@oi — waj) + (R €0s6) (w2 + v )k.
Collecting terms:
a1/0 = 2Rwowy SINO — bwd))i — (Rw? Sinb)j

+ (Rw? cosf + Rw?, cosd)kK.

Problem 20.45 The thin circular disk of radius R =
0.2 m and mass m = 4 kg isrigidly attached to the ver-
tical shaft. The plane of the disk is danted at an angle
B = 30° relative to the horizontal. The shaft rotates with
constant angular velocity wg = 25 rad/s. Determine the
magnitude of the couple exerted on the disk by the shaft.

Solution: In terms of the body-fixed reference frame shown, the
disk’s inertia matrix is
imR?2 0 0 004 0 O
(1= o imrR? 0 |=| 0 004 O | kgm’
0 0  ImR? 0 0 o008

The disk’s angular velocity is
® = R = wpSinBj + wpcospk

= 12.50) + 21.65k (rad/s).

From Eq. (20.19) with dw, /dt = dw, /dt = dw,/dt =0,

DM, 0 —2165 1257[004 0 O
> My |=|2165 0 0 0 004 O
>

-125 0 0

0 10.8
x| 125 | = 0 N-m.
21.65 0

0 0 008

X
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Problem 20.46 The dender bar of massm = 8 kg and X

length I = 1.2 m is welded to a horizontal shaft that e
rotates with constant angular velocity wo = 25 rad/s. The Y

angle 8 = 30°. Determine the magnitudes of the force F w, \ B

and couple C exerted on the bar by the shaft. (Write the — | —
equations of angular motion in terms of the body-fixed ] 1]
coordinate system shown.) /

Solution: In terms of the body-fixed reference frame shown, the X
inertia matrix is y . /
0 0 0
0 Tm2 o 0o o0 0 © \B
_ —m _ 2
(1= 12 =|0 096 0 | kg-m?
1, 0O 0 09 wo
0 0 1—2ml

The bar’s angular velocity is
® = wp COSBi — wp SN Bj

— 21.65i — 12.50; (rad/s).

The acceleration of the center of mass is zero, so the force F must
be equal and opposite to the force exerted by the bar’s weight. There-
fore |F| = mg = 78.5 N. From Eq. (20.19) with dw; /dt = dw, /dt =
dw,/dt =0,

0 0 -125
0 0 —21.65

125 21.65 0

1

000

1
Il

0 0 0 21.65
x| 0 09% O -125
0 0 09 0

0
0 N-m
—260

We see that |C| = 260 N-m.
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Problem 20.47 The slender bar of massm = 8 kg and y

length I = 1.2 m is welded to a horizontal shaft that

rotates with constant angular velocity wo = 25 rad/s. The @y B

angle B = 30°. Determine the magnitudes of the force F ) \ [ — «
and couple C exerted on the bar by the shaft. (Write the - L
equations of angular motion in terms of the body-fixed : /\

coordinate system shown. See Problem 20.98.)

Solution: Let p bethe bar's density and A its cross-sectional area. y

The mass dm isdm = pAds. The bar's moment of inertia about the

x axisis

12 dm

Ly :/ yzdm :/ (Ssinﬂ)sz ds
m 1/2

NI~

53
_ in2
= pAsSn /3[3]_

L
2

1
= —pA Bsr?
° B

1
= 1—2mlzsin2ﬂ.

The moment of inertia about the y axis is

/2
Iy :/ xZ2dm :/ (scosB)?pAds
. m —1/2
1
= 1—2m12 cos? 8,

and the product of inertia I, is

12
va=/ xydm:/ (s2sinBcosB)pAds
i m /2

1 1?2sinB cosp

The inertia matrix is

sn? g —singcosg 0
—sinBcosp cos? 8 0
0 0

M= = mi
[1] ™

1

0240 -0416 O

=| —0416 0.720 0 kg-m?.
0 0 0.960

The bar’s angular velocity is @ = woi. The acceleration of the center

of mass is zero, so the force F must be equal and opposite to the

force exerted by the bar’ sweight. Therefore |F| = mg = 78.5 N. From
Eq. (20.19) with dw, /dt = dwy/dt = dw,/dt =0,

Cy 0 0 0 0.240 -0.416 0 25
Cy 0 0 -25 —-0.416 0.720 0 0
C; 025 0 0 0 0.960 0

0
0 N-m.
—260

We see that |C| = 260 N-m.
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Problem 20.48 The dlender bar of length I and mass
m is pinned to the vertical shaft at 0. The vertical shaft
rotates with a constant angular velocity wq. Show that the
value of wg necessary for the bar to remain at a constant

angle B relative to the vertical is wg = +/3g/2l cosB.

Solution: This is motion about a fixed point so Eq. (20.13) is
applicable. Choose a body-fixed x, y, z coordinate system with the
origin a O, the positive x axis parallel to the dender bar, and z axis
out of the page. The angular velocity of the vertical shaft is

Q = wp(—icosp +jsnp).

The vector from O to the center of mass of the bar isrg,0 = (L/2)i.
The weight is

W =mg(icosp —jsinp).

The moment about the point O is

i i k

L
Mg =10 x W = > 0 0
mgcosB —mgsinB 0

= (-meL g
_< > smﬁ)k

The moments and products of inertia about O in the x, y, z system
are

Iy =0,

Iyy = I, =mL?/3,

Ly =1L =1,=0.

The body-fixed coordinate system rotates with angular velocity
Q =w = wy(—icosB +jsinp).

Eqg. (20.13) reduces to

Moy 0 0 wo sin ﬂ
Moy | = 0 0 wg COS B
Mo, —wpSNB —wpCoSp 0

0 O 0
mL? —wo CoS B
x| 0 3 0 |: wpSinB :| .
mL? 0
0 O —
3
Carry out the matrix multiplication,
— 2 o
0 0 a)omL3 sing
Moy 2 —wq COS B
|:M0Yi| =0 0 a)omL3 cosp |: wosinB :|
Mo: womL?cosp 0
0o ———— 0
- 3
B 0
_ 0
wimL?cospsinp
L 3

mg

Equate the z components:

B wgmL?cospsing

Mop. =
Oz 3

The pin-supported joint at O cannot support a couple, C = 0, from
which

2 2 ]
mgL . wgmL“cospsing
Mo =Mg. — Tsnﬂ:—(’f

Assume that B # 0, from which sing # 0, and the equation can be
solved for

3g
wo =
° =\ 2cosp
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Problem 20.49 The vertical shaft rotates with constant
angular velocity wg. The 35° angle between the edge of —|—|—
the 44.5 N thin rectangular plate pinned to the shaft and
the shaft remains constant. Determine wg.

Solution: This is motion about a fixed point, and Eq. (20.13) is 0.61m
applicable. Choose an x, y, z coordinate system with the origin at the
pinned joint O and the x axis parallel to the lower edge of the plate,
and the y axis parallel to the upper narrow edge of the plate. Denote 350
B = 35°. The plate rotates with angular velocity

® = wo(—icosB +jsinB) = wp(—0.8192i + 0.5736) (rad/s).

The vector from the pin joint to the center of mass of the plate is (

reso = 0.3li + (0.152)j (m).

The weight of the plate is
w
W =44.5(icosp —jsinp) y
Ve
= 36.4i — 25.5j (N).
o
The moment about the center of mass is
i j k 35 t
Mgzr(;/oxW=|: 03l 0.152 0} 445N
364 —-255 O _J
= —13.33 N-m. \
From Appendix C, the moments and products of inertia of athin plate

about O are
Carry out the matrix operations to obtain:
mh?

Iy, = — = 0.14 kg-m?,
XX 3 g MOX 0

ng = a)(z) 0

2 -

Ivv = % = 0.56 kg-mz, MOZ 0.27

The pin support cannot support a couple, from which
L. = %(h2 452 = 0.7 kg-m?,

Mo, = Mg,, —13.33 = —w2(0.27),
mbh 5
Ly = 4 0.21 kg-m*, from which | wg = 7.025 rad/s
Iy, = 1)'7 =0

At a constant rate of rotation, the angle 8 = 35° = congt, « = 0. The
body-fixed coordinate system rotates with angular velocity

Q= =wo(—icosp +jsinp)

— —3.64woi + 2.55w0] (rad/s),

and Eq. (20.13) reduces to:

MOX 0 0 2.55
Moy | = o} 0 0 364
Mo, —255 —364 O

014 -021 O —3.64
x| —-021 05 O 255 |.

0 0 0.7

0
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Problem 20.50 The radius of the 100 N thin circular
disk is R = 0.5m. The disk is mounted on the horizontal
shaft and rotates with constant angular velocity wq =
10 rad/s relative to the shaft. The horizontal shaft is1m
in length. The vertical shaft rotates with constant angular
velocity wg = 4 rad/s. Determine the force and couple
exerted at the center of the disk by the horizontal shaft.

Solution: Using Newton's Second Law

F — mgj = ma= —mrawg’k
100 N
F = (100 N)j — [ ——— ) (1 m)(4 radis)’k
( ) <9.81 m/32> (1 m)( )

F = (100j — 163k) N_|

In preparation to use Euler’s Equations we have

® = woj + wgk = (4j + 10k) rad/s
o = woj x wgk = (40 rad/s?)i

imR?2 0 0 0637 0 0
[1]1= 0 imR? 0 =| 0 0637 0 kg-m?

0 0 % mR2 0 0 1.274
Euler’s Equations are now

M =[lla + o x [[]w

0.637 0 0 40
M= 0 0.637 0 0
0 0 1.274 0

0 -10 4 0.637 0 0 0
+({10 0 O 0 0637 0 4
-4 0 O 0 0 1.274 10

M = 25.5i N-m.
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Problem 20.51 The object shown in Fig. a consists of
two 1-kg vertical slender bars welded to the 4-kg hor-
izontal dender bar. In Fig. b, the object is supported
by bearings &t A and B. The horizontal circular disk
is supported by a vertical shaft that rotates with con-
stant angular velocity wg = 6 rad/s. The horizontal bar
rotates with constant angular velocity o = 10 rad/s. At
the instant shown, determine the y and z components of
the forces exerted on the object at A and B.

y
0.1 m
| T e
0.1jm
0.1m } 0.2m ‘ 0.1 m—»|
(a)
Solution: The nonzero inertias are

Lo = 2%(1 kg)(0.1 m)? = 0.00667 kg-m?,

1
Iy = 754 kg) (04 m)? + 2(1 kg)(0.1 m)? = 0.0733 kg-m?,

I, = Ly + Iy, = 0.08 kg-m?,

Iy = 2(1 kg)(0.1 m)(0.05 m) = 0.01 kg-m?.

Newton's Second Law gives (the acceleration of the center of mass is
Zexo).

TF, Ay + By — (6 kg)(9.81 /&) =0,

SF,:A,+ B, =0.
The angular velocity and angular acceleration are

® = (10i + 6)) rad/s

o = 6] x 10 = —60k rad/s’.
The moment about the center of mass is

Mx = 07
M, = B;(0.2m) — A,(0.2 m),

M, = By(0.2m) — A;(0.2 m).

]
i
(b)

Euler's equations are now

0
Bz - Az 0.2
By — Ay

0.00667 —-0.01 O 0
=| —-001 00733 0 0

0 0 0.08 —60

0 6 O 0.00667 —-0.01 O 10
+| -6 0 10 -0.01 00733 O 6

0 -10 O 0 0 0.08 0

Solving Euler's equations along with Newton's Second Law we find

‘ A, =330N, A.=0, B,=258N, B.=0. ‘
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Problem 20.52 The44.5N thin circular disk isrigidly
attached to the 53.4 N slender horizontal shaft. The disk
and horizontal shaft rotate about the axis of the shaft
with constant angular velocity w; = 20 rad/s. The entire
assembly rotates about the vertical axis with constant
angular velocity wo = 4 rad/s. Determine the compo-
nents of the force and couple exerted on the horizontal
shaft by the disk.

Solution: The shaft is L = 3(0.457) = 1.37 m long. The mass
of the disk is
445
=" —454kg.
"D = 981 g

The reaction of the shaft to the disk: The moments and products of
inertia of the disk are:

2
% = 0.105 kg-m?,

Ly =1y =

The rotation rate is constant,

dw
o= —
dt

The body-fixed coordinate system rotates with angular velocity @ =
woj (radls), and @ = woj + wgk (rad/s). Eq. (20.19) reduces to:

My, 0 01 I,, 0 O 0
{Mc,}}:wd[o 0 OMO O}H
My, -1 0 O 0 0 I w4
IZY
=wowd|:0:|.
0

The total moment exerted by the disk is

dez

My = wowq i = 16.85i (N-m).

The reaction on the shaft by the disk is

M, = M, = —16.85 N-m |

The reaction of the shaft to the acceleration of the disk: The attachment
point of the column to the shaft has the coordinates (0, 0, —0.91)m,
from which the vector distance from the attachment point to the disk
is rp/p = 0.91k m. The acceleration of the disk is

aD:ap-',-aer/p+SZ><(ﬂxrp/p):ﬂx(ﬂxrp/p)

i ] K i kK
ap=R@x|0 w O|=| 0 o
0O 0 3 091lwg O O

= —0.91w3k = —14.6k (M/S).

From Newton's second law,

mgap = Faisk + W = Faisc — Wyj,

from which the external force on the disk is:

Faisc = magj — 0.91mgwik = 44.5] — 66.4k (N).

The externa force on the shaft is

Fehait = —Fdisk = —44.5) + 66.4k (N)
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Problem 20.53 The Hubble telescope is rotating about
its longitudinal axis with constant angular velocity wg.
The coordinate system is fixed with respect to the solar
panel. Relative to the telescope, the solar panel rotates
about the x axis with constant angular velocity w;.
Assume that the moments of inertia I, I,,, and I, are
known, and I, = I,; = I, = 0. Show that the moment
about the x axis the servomechanisms must exert on the
solar panel is

XM, = (I, — I,,)wising cosb.

Solar
panel

Solution: We have

® = wyi + wp(sindj + cosHk)

dw ; do . . do
o=— =0i+ (woCOS@E>j — <wosmez> k

o = wowy COSHj — wow, SiNOk

Thus

M, Ly 0 O 0
My¢=|0 I, O wowy COSH
M, o 0 I, —wowy SiNO

0 —wp COSH  wpsSind
+ | wocosé 0 Wy

—woSing —wy 0
I, 0 O Wy
x| 0 I, O woSing
0 0 I wp COSH
Solving we find

| M, = (I; — Iyy)wo? Sind cosd ‘
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Problem 20.54 The thin rectangular plate is attached
to the rectangular frame by pins. The frame rotates with
constant angular velocity wg. Show that

d? .
d—tf = —w3sin B cosp.

Solution: Assume that the only external moment applied to the
object is the moment required to maintain a constant rotation «wp about
the axis of rotation. Denote this moment by Mg. In the x, y, z system
Mo = Mo(—isinB + k cosB), from which

M, = —1\4()5'1’1/37

M, = MgcosB.

From Appendix C, in the x, y, z system the moments and products of

inertia of the plate are _Mosing Lo
xXx¥x
0 =| Iyay
2 yy=y
Iy = ﬂ |: My cosp :| |:Iz:“z :|
f2 o
r d
o mb? 0 —wolyycosp I d—’f
” 12° + | wolyx COSB 0 wol;; SinB
dp .
L. = ﬂ(hz +b?), i *Ixxz —awolyy SINB 0
12
Ly =1Ly =1, =0. __wgl Zinﬁ
X —
The plate is attached to the frame by pins, so the assumption is that dt
the plate is free to rotate about the y-axis. The body-fixed coordinate | wocosp
system rotates with angular velocity
d
dp —wolx COSB (—f)
L=w=—iwpsSnB+] <E)+kwocosﬁ (rad/s), —Mpsing dp
-l )
dp Mo cosp dt dp
where I is the angular velocity about the y-axis. For wg = const. —wol;;SinB (E)
for all time, the derivative
d
dﬂ —0 wolyx COSB (d—’f)
dt + wilyy cospsing
- . d,
and the acceleration is wo(Lex — Iyy) SNB <d_f:)
) apg\ . (d*B . dg
= —iwgcosp | — — )| —kwosng | — ).
* 1o ﬂ(dt>+1<dt2) @0 ﬂ(dt 0
Iyyay + w3l cospsing
Eq. (20.19) becomes . d
—2wolyy SN <d_€)
—Mpsing L, 0 O ayx
0 =(0 I, O oy where I, = I, + I, has been used. The y-component is
Mg cosp 0 0 I o
Iyyay + o3I,y cospsing =0,
_ g 0
0 —wp COS —
wo COS B dr -
+ “)OC;;’S 0 wosinpg from which % = —wZcospsing |
—woSin 0 dt
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Problem 20.55* The axis of the right circular cone of
mass m, height i, and radius R spins about the vertical
axis with constant angular velocity wg. The center of
mass of the cone is stationary, and its base rolls on the
floor. Show that the angular velocity necessary for this
motion is wg = +/10g/3R. (See Example 20.6.)

Strategy: Let the z axis remain aligned with the axis
of the cone and the x remain vertical.

Solution: This a problen of general motion, and Eq. (20.19)
applies. The vector distance from the center of mass to the base of
the cone is

h
B/ = Zk

(see Appendix C). The angular velocity of rotation of the body fixed
coordinate system is £ = wpi. The velocity of the center of the base is

i
wo

0 0

_ woh.
= 4J

VB:QXFB/(;:

NSO X

Let the spin rate about the z axis be ¢, so that the angular velocity,
from which @ = £ + ¢k. The point of contact with the surface is
stationary, and the velocity of the center of the base of the cone is

woh .
2 J

h .
fromwhich0=v+ @ x (—Ri) = (-w% — R¢>j =0,

L woh
from which ¢ = ———.
¢ 4R
The center of mass of the cone is at a zero distance from the axis of
rotation, from which the acceleration of the center of mass is zero.
The angular velocity about the z-axis,

. woh
© = ol — %k (rad/s).

The weight of the cone is W = —mgi. The reaction of the floor on
the cone is N = —W. The moment about the center of mass exerted
by the weight is

i
Mg =rg/c xN=| 0 O

Y EUAY
=+ (")

The moments and products of inertia of a cone about its center of mass
in the x, y, z system are, from Appendix C,

[eFNESN

mg

3 2 3 2
Lix=1Ly=m %h +2—OR s
3mR?
I, = T» Ixy = Ixz = I_\‘z =0.

X
Wo
@——y—z
| :

Since the rotation rate is constant, and the z axis remains horizontal,
the angular acceleration is zero,

dwo _
dt

The body-fixed coordinate system rotates with angular velocity @ =
woi, and

h
® = woi — 20
4R

Eq. (9.26) becomes:

Mo, 00 O0[L, O O 1
Mgy |=e?2|0 0 —1|| 0 1, 0 °
Me. o1 0flo o ©||l-1

4R

Il
IS
IS

For equilibrium, Mo, = Mg,, from which

mgh _ 3mhR ,

4 ~ a0 O

Solve | wg = /%
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Problem 20.56 The titled homogeneous cone under-
goes a steady motion in which its flat end rolls on the
floor while the center of mass remains stationary. The
angle S between the axis and the horizontal remains con-
stant, and the axis rotates about the vertical axis with
constant angular velocity wo. The cone has mass m,
radius R, and height #. Show that the angular velocity
wo necessary for this motion satisfies (see Example 20.6)

5 g(RsinB — 2hcosp)

W0 = F o 1 3
50(R? + zh?)sinp cosp — ;5hR cos’ B
(See Example 20.6.)
]
\
\
|
|
_ l
R\/
Solution: Following Example 20.6, we use a coordinate system The moments and products of inertia for the cone are

with the z axis pointing along the cone axis, the y axis remains hori-
zontal (out of the paper) and the x axis completes the set

Q = wp CcosBi + wp sin Bk

® =+ wrgk = wo COSBI + (woSINB + wre)K

The point P of the cone that is in contact with the ground does not
move, therefore

Vp=Vc+wxTp/c
0= 0+ [woCoSBi + (woSiNB + wre)K] x [—Ri — /K]

= [3hwo 0SB — R(wo SN + wra)lj.

Solving yields

h . . h
wrd = [@ cosp — snﬂ] wp, @ = wpCoSPi + Ewocosﬁk.
Since the center of mass is stationary, the floor exerts no horizontal
force, and the vertical force is equa to the weight (N = mg). The
moment about the center of mass due to the normal force is

M = mg(Rsing — h cosp)j

%mR2 + B%mh2 0 0
[1]1= 0 2mR? + Zmh? 0
0 0 2 mR?

Substituting these expressions into Eq. (20.19), and evaluating the
matrix products, we obtain

mg(RSnB — 1hcosp) = [(Sh? + 2 R?) cospsinp

— 430hR cos? Blmwo?

Solving, we find that

g(Rsinp — 3hcosp)
"~ 2(R2+ in?)sinpcosp — ShRcos2 B

a)02
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Problem 20.57 The two thin disks are rigidly con- y
nected by a slender bar. The radius of the large disk
is 200 mm and its mass is 4 kg. The radius of the small “o
disk is 100 mm and its massis 1 kg. The bar is 400 mm
in length and its massis negligible. The composite object
undergoes a steady motion in which it spins about the
vertical y axis through its center of mass with angular
velocity wg. The bar is horizontal during this motion and
the large disk rolls on the floor. What is wo?

Solution: The z axis remains aligned with the bar and the y axis
remains vertical.
The center of mass (measured from the large disk) is located a distance

_ (Lkg)(0.4m)

=0.08m
(5kg)

The inertias are

L. %(4 kg)(0.2 m)% + %(1 kg)(0.1 m)2 = 0.085 kg-m?

1
Ix = Iyy = 7(4kg) (02 m)? + (4 kg) (0.08 m?)

+ %(1 kg)(0.1 m)2 + (1 kg)(0.32 m)? = 0.1705 kg-m?

Ixy =1y = I)” =0

4 Z

The angular velocity of the coordinate system is 2 = ayj

Define w, to be the rate of rotation of the object about the z axis. Thus
® = woj + w:k

To find w,, require that the velocity of the point in contact with the
floor be zero

Vp =@ X I = (wg] + w;K) x (—0.08k — 0.2)) m

=[(0.2 Mw; — (0.08 Mawgli =0 = , = 0.4wp

Since the center of mass does not move, the norma force on the
contact point is equal to the weight. Therefore the moment about the
center o mass is given by

M = [(=0.2 m)j — (0.08 m)k] x [(5 kg)(9.81 m/)j] = (3.924 N)i

Equation 20.19 now gives (dwy /dt = dw,/dt = dw_/dt = 0)

3.924 N 0 0 w][L: 0 0 0
0 =| 0 oo 0 I, O @0
0 —wo 0 O 0 0 I.||04w

Putting in the values and solving we find

wo = 10.7 rad/s
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Problem 20.58 The view of an airplane’s landing gear N/
as seen looking from behind the airplane is shown in i
Fig. (8). The radius of the wheel is 300 mm, and its 7N
moment of inertia is 2 kg-m?. The airplane takes off at !

30 m/s. After takeoff, the landing gear retracts by rotat- ——

ing toward the right side of the airplane, as shown in

|
Fig. (b). Determine the magnitude of the couple exerted 45 deg/s
by the whedl onits support. (Neglect the airplane’ s angu-
lar motion.)
300
mm
!

(a) (b)

Solution: Choose a coordinate system with the origin at the center va
of mass of the wheel and the z axis aligned with the carriage, as shown.
Assume that the angular velocities are constant, so that the angular
accelerations are zero. The moments and products of inertia of the
wheel are I,, = mR?/2 = 2 kg-m?, from which m = 44.44 kg.

45 degls
Iy = I, = mR?/4 =1 kg-m?. 4

The angular velocities are

Q — —(45(x/180))j = —0.7853] rad/s.
vy . 30. . ) .
w=— (E) i+Q=— (ﬁ) i —0.7853] — —100i — 0.7853;.

Eq. (20.19) becomes

M,
My | =
M.

|
—
|
Hnoo
coo
o oX
[
—
~
cof
o o
S oo
L
—
of 8
[

0
0 ,
_an)x Ixx

from which Mg = —Q, w, I, k. Substitute:

| [M| = (0.7854)(100)2 = 157 N-m|
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Problem 20.59 If the rider turns to his left, will the
couple exerted on the motorcycle by its wheels tend to
cause the motorcycle to lean toward the rider’s left side
or his right side?

Solution:  Choose a coordinate system as shown in the front view,
with y positive into the paper. The Egs. (20.19) in condensed notation VA
- >
d M= M oxH
- dt ’ j" X
dH Yy @o
For — =0,
dt

ZM:ssz.

If the rider turns to his Ieft, the angular velocity is = +Qk rad/s.
The angular momentum is H = H,i + H,k, where H, > 0. The cross

product
i j k

xH=| 0 0 +Q|=+QH,j.
Hy, 0 H;

For a left turn the moment about y is positive, causing the cycle to
lean to the left.
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Problem 20.60* By substituting the components of
Ho from Egs. (20.9) into the equation

dHox, , dHoy,

dHp.
XMy = ~k + || x H
0 dt dt I+ dt 182> Ho

derive Egs. (20.12).

Solution:

dHopy. dHoy,. dHo,
2 Mo= dtOVIJr dt(}1+ dtOk
ik
+lo o
Hox Hoy Ho;

The components of this equation are

dHop,
ZMOX = dt 3 + Q)'HOZ - QZHOy»

dHoy
ZMOy: dt} _QXHOZJ'_QZHOX»

dHo,
> Moz == +QHoy ~ Hox.

Substituting Egs. (20.9) and assuming that the moments and products
of inertia are constants, we obtain Egs. (20.12):

ZM _J dwy I dwy I dw.
Ox — Ixx dt xy dt Xz dt

+ Qy(— oy — Lyoy + I 0;)
= Q (= Iyywx + Iyywy — Iy, 0;),

ZM I da)x+l dwy I dw.
oy = Ty Y odr Y dr

— Qy (= Ixox — ]zywy + I ;)
+ Qz(lxxwx - Ixywy - Ixza)z)s

ZM I dwy I da)y+1 dw.
Oz — zx At zy / zZ dt

+ Qx(_lyxwx + Iyywy - Iyzwz)

- Qy(lxxwx - Ixya)y - xza)z)-
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Problem 20.61 A ship has a turbine engine. The spin
axis of the axisymmetric turbine is horizontal and
aligned with the ship’s longitudinal axis. The turbine
rotates at 10,000 rpm. Its moment of inertia about its
spin axis is 1000 kg-m?. If the ship turns at a constant
rate of 20 degrees per minute, what is the magnitude of
the moment exerted on the ship by the turbine?

Strategy: Treat the turbine's motion as steady
precession with nutation angle 8 = 90°.

Solution: Choose a coordinate system with the z axis paralel to
the axis of the turbine, and y positive upward. From Eq. (20.29),

> My = (I.; — L) ¥?sin6 coso + L. ¢y sing,

where Iy, = 31,, = 500 kg-m? X
Y =20°/min
. T 1 .
¥ =20 (ﬁ) (6—0) — 0.005818 (rad/s), (top view ¢ = 10,000 rpm
of turbine)
¢ = 10000(27/60) = 1047.2 rad/s,
z
0 = 90°.
M, = 6092 N-m
Problem 20.62 The center of the car’swheel A travels o~

inacircular path about O at 24.1knmvh. Thewheel’ sradius
is0.31m, and the moment of inertia of the wheel about
itsaxis of rotation is 1.08 kg-m?. What is the magnitude
of the total external moment about the wheel’ s center of
mass?

Strategy: Treat the wheel’s motion as steady preces-
sion with nutation angle 6 = 90°.

Solution:  From Eq. (20.29)

S M, = (I, — L,)y?sin0 cosd + I.¢vr sing,

where the spin is 7

. v 24.1 1000
p=—=

— 7> = 1.222 rad/s 2
R 5.5 X 3600 U] %
the precession rate is

6.7

. v
= — =—=22rad/
v Ry, 0.31 S

and the nutation angle is @ = 90°. Using Iy, = 31.. = 0.542 kg-m?,
from which M, = 29.2 N-m
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Problem 20.63 The radius of the 5-kg disk is R =

0.2 m. The disk is pinned to the horizontal shaft and
rotates with constant angular velocity wq = 6 rad/s rela- wq
tive to the shaft. The vertical shaft rotates with constant —
angular velocity wg = 2 rad/s. By treating the motion of

the disk as steady precession, determine the magnitude R

of the couple exerted on the disk by the horizontal shaft. wg

—_

Solution: In Problem 20.50 a thin circular disk of mass m is
mounted on a horizontal shaft and rotates relative to the shaft with
constant angular velocity w,. The horizontal shaft is rigidly attached
to the vertical shaft rotating with constant angular velocity wp. The
magnitude of the couple exerted on the disk by the horizontal shaft is
to be determined. The nutation angle is 8 = 90°. The precession rate
is v = wo, and the spin rate is ¢ = w,. The moments and products of
inertia of the disk:

mR?
Ly =1z = ——,

2

Ly=1I;=1,=0.
Eq. (20.29) is

My = (Ix — 1,,)¥?sin6 cosf + L, yr¢ Sing,
from which

R2
M, = mTwowd =12 N-m.

Problem 20.64 The helicopter is stationary. The z axis
of the body-fixed coordinate system points downward
and is coincident with the axis of the helicopter’s rotor.
The moment of inertia of the rotor about the z axis
is 8600 kg-m?. Its angular velocity is —258k (rpm). If
the helicopter begins a pitch maneuver during which its
angular velocity is 0.02] (rad/s), what is the magnitude
of the gyroscopic moment exerted on the helicopter by
the rotor? Does the moment tend to cause the helicopter
to roll about the x axisin the clockwise direction (as seen
in the photograph) or the counterclockwise direction?

Solution: The spin rate is ¢ = —258 rpm = —27.0 rad/s.

The pitch rate is ¥y = 0.02 rad/s.

In eg. 20.29, the moment exerted on the rotor is
M =1..¢+ = (8600 kg-m?)(—27.0 rad/s)(0.02 rad/s) = —4650 N-m

The motor exerts a moment on the helicopter in the opposite direction
which tends to roll the helicopter in the counterclockwise direction.

Answer: | M = 4650 N-m countercl 0ckwise|
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Problem 20.65 The bent bar is rigidly attached to the
vertical shaft, which rotates with constant angular veloc-
ity wo. The disk of mass m and radius R is pinned to
the bent bar and rotates with constant angular velocity
wy relative to the bar. Determine the magnitudes of the
force and couple exerted on the disk by the bar.

Solution:

(@) The center of mass of the disk movesin ahorizontal circular path
of radius h + b cosB with angular velocity wp. The acceleration
normal to the circular path is ay = wg(h + b cosp), so the bar
exerts ahorizontal force of magnitude may = mw(z)(h + bcosp).
The bar also exerts on upward force equal to the weight of the
disk, so the magnitude of the total force is

V (mayn)? + (mg)2 = m\/a)é(h +bcosp)? + g2.
(b) By orienting a coordinate system as shown, with the z axis nor-
mal to the disk and the x axis horizontal, the disk is in steady

precession with precession rate vy = wp, Spin rate ¢ = wy, and
nutation angle

b4
6==—-8
5 B
The plate’s moments of inertia are

L = Iy = 3mR2,

1
I, = EmRZ‘
From Equation (20.29), the magnitude of the moment is

(I: — Iyx)W2§in6 coso + I..¢y sing

= i—leszésin(% - ﬁ) cos(% - ,3)
+%mR2wdwoSin<% —,3)

1 1
= R2wom <le0 cospsing + 50 cosﬁ)

Problem 20.66 The bent bar is rigidly attached to the
vertical shaft, which rotates with constant angular veloc-
ity wg. The disk of massm and radius R is pinned to the
bent bar and rotates with constant angular velocity wqg
relative to the bar. Determine the value of wq for which
no couple is exerted on the disk by the bar.

Solution: From the result for the magnitude of the moment in
the solution of Problem 20.65 the moment equals zero if %wo sng +
%wd =0,0 w0y = 7;wosin/f5.
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Problem 20.67 A thin circular disk undergoes
moment-free steady precession. The z axis is perpen-
dicular to the disk. Show that the disk’s precession rate
isy = —2¢/ cosh. (Notice that when the nutation angle
is small, the precession rate is approximately two times
the spin rate.)

Solution: Moment free steady precession is described by
Eq. (20.33), (1. — )V cos® + I..¢ = O, where ' is the precession
rate, ¢ is the spin rate, and 6 is the nutation angle. For a thin circular
disk, the moments and products of inertia are

mR?
Lix = Iy\ = Ty
mR2
I, = B
’ 2

Ly =1l =1y = 0.

Reduce, to obtain

2

1/f:_cosé)'

When the nutation angle is small, 8 — 0, cosé — 1, and = —2¢.

Problem 20.68 The rocket is in moment-free steady Z
precession with nutation angle 6 = 40° and spin rate
¢ = 4 revolutions per second. Its moments of inertia are
I, = 10,000 kg-m? and /., = 2000 kg-m?. What is the
rocket’s precession rate v in revolutions per second?

Solution: Moment-free steady precession is described by
Eq. (20.33), (I;; — Icx)Vr c0SO + I,.¢p = O, where 4 is the precession
rate, ¢ is the spin rate, and ¢ is the nutation angle. Solve for the
precession rate:

Izz‘lg

V= = 1.31 revis.
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Problem 20.69 Sketch the body and space cones for
the motion of the rocket in Problem 20.68.

Solution: Theangle 6 = 40°. The angle $ defined by

I,
B =tan! [([—“)tane] =9.53°

- " . . z
satisfies the condition 8 < 6. The body cone with an axis along the /B
z axis, rolls on a space cone with axis on the Z axis. The result is
shown.

Space cone

Problem 20.70 The top is in steady precession with
nutation angle 6 = 15° and precession rate ¢ =1
revolution per second. The mass of the top is 0.012 kg,
its center of mass is 25.4 mm from the point, and its
moments of inertia are I,, = 813 x 10~% kg-m? and
I, = 271 x 1078 kg-m? What is the spin rate ¢ of the
top in revolutions per second?

Solution: The steady precession is not moment-free, since the .
weight of the top exerts a moment \‘;Q,_.l

M, = 0.0254 mg sin6.

254 mi
The motion of a spinning top is described by Eqg. (20.32), mg \

mgh = (L. — L, )¥2cos6 + L.i1g, ) il 254 sin mn)

where v is the rate of precession, ¢ is the spin rate, and 6 is the
nutation angle and

h = 0.0254 m
is the distance from the point to the center of mass. Solve:

j— 0:0254mg - (I.; — Lyx)yr? cosé
B L.y '

Substitute numericalh values (using ¥y = 2 rad/s f_or dimensional con-
sistency) to obtain ¢ = 182.8 rad/s, from which ¢ = 29.1 rev/s.
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Problem 20.71 Suppose that the top described in
Problem 20.70 has a spin rate ¢ = 15 revolutions per
second. Draw a graph of the precession rate (in revolu-
tions per second) as a function of the nutation angle 6
for values of 6 from zero to 45°.

Solution: The behavior of the top is described in Eq. (20.32),
Precession rate vs Nutation angle
mgh = (Ly — Iyy) 2 C0S0 + Ly, 18
. . A
where ¢ is the rate of precession, ¢ is the spin rate, and 6 is the 8 n //
nutation angle and 2 = 0.254 m is the distance from the point to the 7 1 i
center of mass. Rearrange: (I,; — I,,)y?cos6 + I .y — mgh = 0. v 6 e
The velocity of the center of the base is rev}s 5 pEmos
4
woh 3 I’U? 7
=—— _— 1
v 2 2
1
from which the spin axis is the z axis and the spin rate is 0
0 5 10 15 20 25 30 35 40 45
b= v woh Nutation 6, deg

The solution, 12 = —b 4+ /b2 —c.

The two solutions, which are real over the interval, are graphed as a
function of # over the range 0 < 6 < 45°. The graph is shown.

Problem 20.72 The rotor of atumbling gyroscope can
be modeled as being in moment-free steady precession.
The moments of inertia of the gyroscopeare I, = I, =
0.04 kg-m? and 1, = 0.18 kg-m?. The gyroscope’s spin
rate is ¢ = 1500 rpm and its nutation angle is § = 20°.

(8 What is the precession rate of the gyroscope in
rpm?
(b) Sketch the body and space cones.

Solution:

(@ The motion in moment-free, steady precession is described by
Eq. (20.33), (I,; — I,,)v cos6 + I..¢ = 0, where v is the pre-
cession rate, ¢ = 1500 rpm is the spin rate, and § = 20° is the
nutation angle.

. I.:¢
Solve: ¥ = = om0 rpm.
(I — I+y) cOSO

(b) The apex angle for the body cone is given by

1,
tang = (1‘” ) tano,

XX

from which g = 58.6°. Since 8 > 6, the space cone lies inside
the body cone as the figure.
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Problem 20.73 A satellite can be modeled as an 800-
kg cylinder 4 m in length and 2 m in diameter. If the
nutation angle is & = 20° and the spin rate ¢ is one
revolution per second, what is the satellite’s precession
rate v in revolutions per second?

Solution: From Appendix C, the moments and products of inertia
of a homogenous cylinder are

L2 R?
Ly=1,=m (E + T) = 1267 kg-n?,

I.. = mR?/2 = 400 kg-n?.
Ixy =1I;= Iyz =0.

The angular motion of an axisymmetric moment—fr_ee object in steedy
precession is described by Eq. (20.33), (I;; — I;x)¥ cos6 + I..¢p = 0,
where v is the precession rate, § = 20° is the nutation angle, and

¢ = 1rpsisthe spin rate. Solve:

. )
=——>=T =049 3
V= U L cost P

Problem 20.74 The top consists of athin disk bonded
to a slender bar. The radius of the disk is 30 mm and its
mass is 0.008 kg. The length of the bar is 80 mm and
its mass is negligible compared to the disk. When the
top is in steady precession with a nutation angle of 10°,
the precession rate is observed to be 2 revolutions per
second in the same direction the top is spinning. What
is the top’s spin rate?

Solution: The inertias about the base are

1
I.: = 5(0.008 kg)(0.03 m)? = 3.6 x 10~° kg-m?

Ly =1y = %(0.008 kg)(0.03 m)?

+ (0.008 kg)(0.08 m)? = 53 x 10~ kg-m?
The precession rate is
¥ = 2(21) = 12.6 rad/s
The moment about the base is
M = M,i = (0.008 kg)(9.81 m/$)(0.08 m)i = (6.28 x 10~3 N-m)i

Eq. 20.32 is

M, = (I, — L)v?cos10® + I,y

4

Solving we find

¢ =309 rad/s (49.1 rev/s)
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Problem 20.75 Solve Problem 20.58 by treating the NS
motion as steady precession. o9}

I
— & —

| 45 deg/s
Solution: The view of an airplane’s landing gear looking from
behind the airplane is shown in Fig. (a). The radius of the whedl is
300 mm and its moment of inertia is 2 kg-m?. The airplane takes off
at 30 m/s. After takeoff, the landing gear retracts by rotating toward
the right side of the airplane as shown in Fig. (b). The magnitude of 300
the couple exerted by the wheel on its support is to be determined. mm
T

Choose X, Y, Z with the Z axis pardlel to the runway, X perpendic-
ular to the runway, and Y parallel to the runway. Choose the x, y, z
coordinate system with the origin at the center of mass of the wheel
and the z axis aligned with the direction of the axis of rotation of the

wheel and the y axis positive upward. The Eq. (20.29) is ¥

D M, = (I.; — I)¥?Sin6 cos6 + L. ¢y sing. x|

The nutation angle and rates of precession: The nutation angle is the 45 deg/s

angle between Z and z, & = 90°. The precession angle is the angle

between the X and x, which is increasing in value, from which vy = z/

45° /s = 0.7853 rad/s. The spin vector is aligned with the z axis, from
which

b=(%)= (%) — 100 radis

The moments and products of inertia of the wheel are I., = mR?/2 =
2 kg-m?. The moment is

(a) (b)

M, = I.y¢ sin90° = 2(0.7854)(100) = 157 N-m.

Problem 20.76* The two thin disks are rigidly con- y
nected by a slender bar. The radius of the large disk is w
200 mm and its mass is 4 kg. The radius of the small

disk is 100 mm and its massis 1 kg. The bar is 400 mm

inlength and its massis negligible. The composite object

undergoes a steady motion in which it spins about the

vertical y axis through its center of mass with angular x
velacity wg. The bar is horizontal during this motion and

the large disk rolls on the floor. Determine wq by treating &5

the motion as steady precession.

~
.

—

e

Solution: Use the data from 20.57

Set the nutation angle to 90° and the precession rate to wo

3.924 N-m = (0.085 kg-m?)(0.4wo)wo

wo = 10.7 rad/s

Solving we obtain
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Problem 20.77*  Suppose that you are testing a car and
use accelerometers and gyroscopes to measure its Euler
angles and their derivatives relative to a reference coor-
dinate system. At a particular instant, ¢ = 15°, 6 = 4°,
¢ = 15°, the rates of change of the Euler angles are
zero, and their second derivatives with respect to time
aey =0,0 = 1rad/$?, and ¢ = —0.5 rad/s®. Thecar's
principal moments of inertia, in kg-m?, are I, = 2200,
I,, = 480, and I, = 2600. What are the components of
the total moment about the car’s center of mass?

Solution: The description of the motion of an arbitrarily shaped
object is given by the Egs. (20.36):

M, = L, (¥ sinf sing + @ cos¢ + /6 cosd sing
+V/psind cosp — O sing)
— (Iyy — I;) (¥ Sin@ cos¢ — 6 sing) (¥ cosh + ¢),
My = I, ( Snf cos¢ — & sing + 40 cosé cos¢
—Jpsingsing — 6¢ cose)
— (I; — L) (Y SN sing + 6 cos¢) (v cos6 + $),
M, = I,({ c0SO + ¢ — Y16 Sinb) — (Ley — I,y) (Y SNOSng
+ 0 cosg)(J Sinf cosg — O sing).

Substitute ¥y = 0, ¥ =6 = ¢ = 0, to obtain M, = I,,6sing, M, =
—1,,0sing, M, = I..¢. Substitute values:

M, = 2125 N-m,

M, = —124.2, M, = —1300 N-m

Problem 20.78* If the Euler angles and their second
derivatives for the car described in Problem 20.77
have the given values, but their rates of change are
v =0.2radls, 0 = —2radls, and ¢ =0, what are the
components of the total moment about the car’s center

of mass?

Solution: Use Egns. (20.36) Substitute values:

M, = L, (¥ sinf sing + @ cos¢ + /6 cosd sing M, = 2123 N-m,
+ Y sind cosg — H¢ sing) M, = —155.4 N-m,
— (Iyy — ;) (Y Sin@ cos¢ — 6 sing) (¥ cosh + ¢), M, = 534 N-m.

My = I, ( Sinf cos¢ — 6 sing + 40 cosé cos¢
—Ydsindsing — ¢ cos¢)
— (I.; — L)(¥ SinO sing + 6 cos¢) (1 cosb + ),

M, = I, ({ c0SO + ¢ — Y16 Sinb) — (Ley — I,y) (¥ SnOSng

+ 0 cosg) (Y Sinb cosg — 6 sing)
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Problem 20.79* Suppose that the Euler angles of the
car described in Problem 20.77 are ¢ = 40°, 6 = 20°,
and ¢ = 5°, their rates of change are zero, and the com-
ponents of the total moment about the car’s center of

mass are
ZMx = —400 N-m,
> M, = 200 N-m,

What are the x, y, and z components of the car’s angular
acceleration?

Solution: Eq. (20.36) simplifies when vy = ¢ = 6 = 0 to
M, = L (¥ Sn@ sing + 6 cos¢),

M, = I, ( Sing cosg — sing),

M, = I.( cosé + ).

These three simultaneous eguations have the solutions,

. M M, .
6§ = —cos¢ — 17) sing = —0.2174 rad/s?,

Ixx yy
. M sin M, "\ cos
= (M) S0 (M) COSO_yeg ay,
L / sng "\ I,,) sng

é = (M,/I..) — ¥ cosf = —1.097 rad/s’.

From Eg. (20.35), when

Y=¢=0=0:
dwy - . i .
o= ¥ sinfsing + 6 cos¢p = —0.1818 rad/s?,
dwy - P
th = sinf cos¢ — 6 sing = 0.417 rad/s,
dw, . .
— = =0.
P Y cos¢ + ¢

(© 2008 Pearson Education South Asia PteLtd. All rightsreserved. Thispublication is protected by Copyright and permission should be obtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

689



Problem 20.80 The mass of the bar is 6 kg. Determine y
the moments and products of inertia of the bar in terms
of the coordinate system shown.

N
3

| 2m |
Solution: One strategy (not the simplest, see Check note following v
the solution) is to determine the moment of inertia matrix for each |
element of the bar, and then to use the parallel axis theorem to transfer —r
each to the coordinate system shown. 1m

N

(a) The vertical element Oy of the bar. The mass density per unit vol- i y
umeis p = — kg/md, where A is the (unknown) cross section of the _L | .
bar, from which pA = 2 kg/m. The element of mass is dm = pAdL, o
where dL is an element of length. The mass of the vertical element is |—2 m —_—]

my, = pAL, = 2 kg, where L, = 1 m. From Appendix C the moment
of inertia about an x’ axis passing through the center of massis

2
1) mUL ) >
Loy = =55 = 0.1667 kg-¥.

Since the bar is slender, I}(,,l‘),, =0.

L2
0= ”’T = 0.1667 kg-m?.

77 T

Since the bar is dender, the products of inertia vanish:

I;,lv, = / x'y'dm =0, If,l,) = / x'z'dm =0,
m

- m
I(,,lj, = / y'z'dm =0,
y'z "

from which the inertia matrix for the element Oy about the x’ axis is

01667 0 O
[Iv] = 0 0 o© kg-m?.
0 0 0.1667

(b) The horizontal element Ox of the bar. The mass of the horizontal
element ism;, = pAL, = 4 kg, where L, =2 m. From Appendix C
the moments and products of inertia about the y’ axis passing through
the center of mass of the horizontal element are:

12, =0,
XX
2
@ _ myLy _ 2
Iy,y, =3 = 1.333 kg-m=,
L2
12 =" _ 1 333 kg-m?.
12 g

Since the bar is slender, the cross products of inertia about the y" axis
through the center of mass of the horizontal element of the bar vanish:

12
x'y

,=01?2 =012 =0
X'z y'z
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The inertia matrix is

0 0 0
[I@1=|0 133 0 kg-m?.
0 0 1333

Usethe parallel axistheoremto transfer the moment of inertia matrix to
the origin O: For the vertical element the coordinates of the center of
mass O are (dy, dy, d;) = (0,0.5,0) m. Use the parallel axis theorem
(see Eq. (20.42)).

L2
1) = 1, + @2+ dPm, = Z=E 4 m, (05?) = 0.6667 k-

X

1y =13, + @ + d?m, = 0.

19 = 19 4 (@2 + a2mv = 0.6667 kg-n?.

The products of inertia are
L5 =13, +didypA(1) =0,

1Y =13, +did.pAQ) =0,

2z

LY =15} +d,d.pA1) =0.

The inertia matrix for the vertical element:

pA 0O 0

UP1=1 o o o
pPA

0 0 —

3

For the horizontal element, the coordinates of the center of mass rela-
tiveto O are (d,, dy, d;) = (1,0, 0) m. From the parallel axistheorem,

12 =13, + @2 +d?m), = 0.
17 =12, + (@2 + d?m), = 5.333 kg-m?.
2 = 1P + (@2 + d®my = 5333 kg-m?.

By inspection, the products of inertia vanish. The inertia matrix is

0 o0 0
[I@]=|0 5333 0
0 0 5333

Sum the two inertia matrices:

06667 0 O
o =Y +[1?] = 0 5333 0| kg-m?.
0 0 6

[Check: The moment of inertia in the coordinate system shown can
be derived by insepection by taking the moment of inertia of each
element about the origin: From Appendix C the moments of inertia
about the origin of the slender bars are

my, L3 mhL;Z,

Ly =

s Lyy = 3

and I, = I, + I, where the subscripts v and / denote the vertical
and horizontal bars respectively. Noting that the masses are

mL, mLy
= My = s
L,+ Ly Ly+ Ly

my

the moment of inertia matrix becomes:

— 6(1)3 —_
—3(3) 0 0
(1= 6(2)°
0 0 —3(3)
0 0 60

= 0 5333 0| kg-m?. check.
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Problem 20.81 The object consists of two 1-kg verti- Solution:
cal slender bars welded to a 4-kg horizontal slender bar.
Determine its moments and products of inertia in terms 1 2 )
of the coordinate system shown. ey = 251 kg) (0.1 m)” = 0.00667 kg-m”,

y I, = T12(4 kg)(0.4 m)? + 2(1 kg)(0.1 m)? = 0.0733 kg-n?,

I, = Iy + I, = 0.08 kg-m?,

0.1 m Ly = 2(1 kg)(0.1 m)(0.05 m) = 0.01 kg-n?,
| T ———| x I;; =0
0.1 m I,, =0.

I = 0.00667 kg-m?, I, = 0.0733 kg-m?, I, = 0.08 kg-m?,
0.1 m } 0.2m ~—0.1m—~ Iy = 0.01 kg-n?, L =0, Ly; =0

Problem 20.82 The 4-kg thin rectangular plate lies in Solution: From Appendix B, the moments of inertia of the plate’s
the x-y plane. Determine the moments and products of area are

inertia of the plate in terms of the coordinate system

shown. I = %(0.3)(0.6)3 = 0.00540 m#,

1
I, = E(0.6)(0.3)3’ = 0.00135 m*,

14 =0.

Therefore the moments of inertia of the plate are

L= Tk = 0306 @050
= 0.12 kg-m?,
Ly="1=—— (000135
A (0.3)(0.6)
= 0.03 kg-m?,

I, = I, + I, = 0.15 kg-m?,

Problem 20.83 If the 4-kg plate is rotating with angu-  Solution:  Angular momentum is
lar velocity @ = 6i + 4 — 2k (rad/s), what is its angular

momentum about its center of mass? 012 0 0 6
[Hl=| 0 003 0 4
0 0 015 -2

0.72
=1 012 | kg-m?/s,
-0.3

from which ‘ H = 0.72i + 0.12] — 0.3k (kg-m?/s)
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Problem 20.84 Thel33.4 N triangular plate liesin the
x—y plane. Determine the moments and products of iner-
tia of the plate in terms of the coordinate system shown.

Solution:

area are

From Appendix B, the moments of inertia of the plate’s

I = 1—12(1.83)(1.22)3= 0.276 m*,
1 3 4
I, = 2(1.22)(1.83) = 1.86 m*,

1
14 = 51837 (122 = 0.62m*.

The plate’'s area and mass are

A= %(1.83)(1.22) =111m?

1.22m
y
>/ X
183 /\

\/

and m = 133.4/9.81= 13.6 kg. The plate's moments and products of
inertia are

Iix = ﬂlk =3.36 kg_mz’
A
Ly = %1y = 22.73 kg?,

Ly = %IXA;. = 7.58 kg-m?,

I; = Lyx + I,y = 26.1 kg-m?.

Problem 20.85 The133.4 N triangular plate liesin the
x—y plane.

(@) Determine its moments and products of inertia in
terms of a parallel coordinate system x’y’z’ with its
origin at the plate's center of mass.

(b) If the plate is rotating with angular velocity w =
20i — 12j 4 16k (rad/s), what isits angular momen-
tum about its center of mass?

Solution: See the solution of Problem 20.84

(@) The coordinates of the plate’'s center of mass are

2

dy = 3 (183)=122m,
1

dy = 3 (122)=041m,

d, =0.

4

From the parallel-axis theorems (Eq. 20.42), we obtain
Iy = 3.26 — (0.41)2 (13.6) = 1.12 kg-m?,

Iyy = 22.73— (1.22)? (13.6) = 2.53 kg-n?,

Ly =26.1—[(0.41)2+ (1.22)%](13.6) = 3.65 kg-m?,

Iy = 7.58— (0.41)(1.22)(13.6) = 0.842 kg-m?,

112 -0842 0 20
(b) [ =|-0842 253 0 -12
0 0 365 16

325
= |—-47.2
58.4

H = 32.5i — 47.2j + 58.4k (kg-m?).
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Problem 20.86 Determine the inertia matrix of the
2.4-kg steel plate in terms of the coordinate system
shown.

Solution: Equation (20.39) gives the plate's moments and
products of inertia in terms of the moments and product of inertia
of its area. Treating the area as a quarter-circle using Appendix B, the
moments and products of inertia of the area are

1 1

I = 1—671(0.22)4 — 5(0.05)(0.15)3 = 0.000404 m*
1 4 1 3

Iy = 1—671(0.22) - §>(0.15)(0.05) = 0.000454 m*

14 = %(0.22)4 - %1(0.05)2(0.15)2 = 0.000279 m*.
The area is

A = }7(0.22)2 — (0.05)(0.15) = 0.0305 .

The moments of inertia of the plate are

L = %Ix — 0.0318 kg-m?,

Iy = =1, = 0.0357 kg-m?,

I, = Iy + I,y = 0.0674 kg-m?,

Ly = %Ig =0.0219 kg-m?, and I, = I, = 0.

150

220 mm

mm

T |

50 mm

Problem 20.87 The mass of the steel plate is 2.4 kg.

(@) Determine its moments and products of inertia in
terms of a parallel coordinate system x’y’z’ with its
origin at the plate’s center of mass.

(b) If the plate is rotating with angular velocity
o = 20i + 10j — 10k (rad/s), what is its angular
momentum about its center of mass?

Solution:

(@ Thex and y coordinates of the center of mass coincide with the
centroid of the area:

1
A1 = 2,”(0'22)2 = 0.0380 m?,

A, = (0.05)(0.15) = 0.0075 m?

4(0.22
© )Al — (0.025) A,
x = —=I = 0.1102 m,
A1 — Ao
4022 A1 — (0.075)A;
y = 31 — 0.0979 m.

A1 — Ap

Using the results of the solution of Problem 20.86 and the parallel
axis theorems,

Loy = Iy —my? = 0.00876 kg-m?:
Iy = Iy, — mx? = 0.00655 kg-m?:
Ly = Loy + Iy = 0.01531 kg-m?
Ly = Iy — mxy = —0.00396 kg-m?, and I,y = I,,» = 0.

The angular momentum is

H, ILyy —Lyy 0O 20
H)" = —[x/y/ IAV/)" 0 10
H, 0 0 L.||-10

0.215
=| 0145 | (kg-m?/s).
—0.153

694

(© 2008 Pearson Education South Asia Pte Ltd. All rightsreserved. Thispublication is protected by Copyright and permission should be obtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.




Problem 20.88 The dlender bar of mass m rotates y
about the fixed point O with angular velocity o =
w,] + @ k. Determine its angular momentum (&) about
its center of mass and (b) about O.

z
|
\ X
Solution: The angular momentum about O is
(& From Appendix C and by inspection, the moments and products r
. . Ixx _va _]xz 0
of inertia about the center of mass of the bar are: _ ’
[Hlo = | 1y« Ly =1y, Wy
L —1I _Izy I Wz
I'(x = 0,
12 [0 © 0 0
I,y =1, n , 0 mL? 0 0 mszy
12 = 3 2 wy | = 3; s
mL w; mLw,
Ly=1I;=1,=0 o 5 -
The angular momentum about its center of mass is or, aternatively, in terms of the unit vectorsi, j, k,
i Ixx _Ixy _Ixz 0 mLZ
[Hlg = | —Iyx Iy =1y Wy Ho = ——(oy] + w:k)
L —1I; _Izy I, Wz 3
[0 o0 0
L2 0
_lo 2= o
= 12 Wy
0 mL? X
L 12
Alternatively, in terms of thei, j, k,
mL? .
Hg = ?(wﬂ + k) |
(b) From Appendix C and by inspection, the moments and products

of inertia about O are
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Problem 20.89 The slender bar of mass m is parallel

y
to the x axis. If the coordinate system is body fixed and
its angular velocity about the fixed point O is w = w,j,
what is the bar’s angular momentum about O?
\l

\hL
Solution: From Appendix C and by inspection, the moments and /o
products of inertia about the center of mass of the bar are: z
X

Loy = 0,

Iyy =Ty = ——

Loy =1Loy =1y =0.

The coordinates of the center of mass are

L
(dy.dy, d:) = (E,h,0>.

From Eq. (20.42),

Ly = Ly + (d% + d®ym = mh?

2 2 mL2  mL? mL?
lyy = Iy y + (dy +d5)m = 1 + 2 = =

~
)

n

L2
=Ly + (@2 +dHm=m (hz + ?> ,

mLh
Ly =1yy +dedym =0+ —

Iy =Ly + dyd;m =0

Iy, = Iy +dyd;m =0

The angular momentum about O is

i 1,\,\ _1,\y _Ixz_ 0
[H]o = — Iy Iy, —Iy; wy
_sz _Izy Izz 0
r Lh
mh? —% 0
mLh mL? 0
=| - — 0 wy
2 3
L2 0
0 0 <h2+ >
r mLhowy
22
= mLwy
3
L 0
Alternatively,
mLh . mL? .
Hp = — oo+ o)

(© 2008 Pearson Education South Asia Pte Ltd. All rightsreserved. Thispublication is protected by Copyright and permission should be obtained fromthe publisher prior
to any prohibited reproduction, storage in aretrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

696




Problem 20.90 In Example 20.8, the moments and
products of inertia of the object consisting of the booms
AB and BC were determined in terms of the coordinate
system shown in Fig. 20.34. Determine the moments and
products of inertia of the object in terms of a parallel
coordinate system x’y’z’ with its origin at the center of
mass of the object.

Solution: From Example 20.8, the inertia matrix for the two
booms in the x, y, z system is

Ixx 71)()' 71)(2
[I]O = _Iyx Iyy _Iyz
— I« 712)' I,

19,200 86,400 0
= | 86,400 1,036,800 0 kg-m?.

0 0 1,056,000

The mass of the boom AB ism4p = 4800 kg. The mass of the boom
BC is mpc = 1600 kg. The coordinates of the center of mass of the
two booms are

L
mABE +mpcL
X =—">— =1125m.
map +mpc

y = magp(0) +mpc(=3) — _0.75m.

map +mpc

7/ =0, from which (dy, dy, d.) = (11.25, —0.75, 0) m. Algebraically

rearrange Eq. (20.42) to obtain the moments and products of inertia 18m c
about the parallel axis passing through the center of mass of the two y /

booms when the moments and products of inertiain the x, y, z system \

are known:

19 = 1 — (@? + d®m = 15600 kg-m? |

1§ = 1Y) — (d? + d?)m = 226800 kg-m? |

187 = 1 — (d? + d2)m = 242400 kg-m?

lj,‘i?, =19 — d.dym = —32400 kg-m? |,

19 =0}, |1'9=0|
x V'z

The inertia matrix for the x’, y’, 7/ system is

15,600 32,400 0
[l = | 32,400 226,800 0 kg-m?2.

0 0 242,400
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Problem 20.91 Suppose that the crane described in
Example 20.8 undergoes a rigid-body rotation about the
vertical axis at 0.1 rad/s in the counterclockwise direc-
tion when viewed from above.

(@ What is the crane's angular velocity vector w in
terms of the body-fixed coordinate system shown
in Fig. 20.347?

(b) What is the angular momentum of the object con-
sisting of the booms AB and BC about its center
of mass?

Solution: The unit vector parallel to vertical axis in the x', y', 7/
system is

e=1isin50° + j cos50° = 0.7660i + 0.6428].

The angular velocity vector is

» = (0.1)e = 0.07660i + 0.06428]

From the inertia matrix given in the solution of Problem 20.90, the
angular moment about the center of massis

15,600 32,400 0 0.07660
[H]g = | 32,400 226,800 0 0.06428

0 0 242,400 0
3277.7
= | 17060.4 | kg-m?/s,
0

o, | Hg = 3277.7i + 17060.4j | (kg-m2/s).
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Problem 20.92 A 3-kg dlender bar is rigidly attached
to a 2-kg thin circular disk. In terms of the body-fixed
coordinate system shown, the angular velocity of the
composite object is w = 100i — 4j 4 6k (rad/s). What is 200 mm
the object’ s angular momentum about its center of mass?

X

‘ 600 mm

Solution: Choose a coordinate system x, y, z originating at the
left end of the bar. From Appendix C and by inspection, the inertia
matrix for the bar about its left end is

T
0 o0
mpL? 00 o0 0 —
Me=|9 —3 0O |=|0 03 0 | kgm
mBL2

0 0O 036

0 R,
3 The angular momentum is
From Eq. (20.42) the inertia matrix of the disk about the left end of
; 002 0 0 100 2

the bar is

[Hlc=|0 041 0 —4 | =|-164 |,
mpR2 0 0 0.43 6 2.58
7 0 0

2
Up=| o @ 0 |H =2 164 + 258k (kg1?/9) |

mDR2
2

0 0 0
+|0 mp(L+R)? 0

0 0 mp(L + R)?
0.02 0 0
=1|0 13 0 kg-m?.
0 0 1.32
The inertia matrix of the composite is
002 0 0
[iettena =113 +[I]lp=| O 166 0 )
0 0 1.68

The coordinates of the center of mass of the composite in the x, y, z
system are

o= mp(L/2) +mp(R+ L) —05m.
mp +mp

y'=0 =0

from which (d,,d,,d;) = (0.5,0,0) m. Rearrange Eq. (20.42) to

yield the inertia matrix in the x’, y’, z’ system when the inertia matrix
in the x, y, z system is known:

002 0 O
[lle=|0 166 0
0 0 168

0 0 0
— |0 df(mg +mp) 0

0 0 df(mg +mp)

002 0 O
=|0 041 0 kg-m?.
0 0 043
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Problem 20.93* The mass of the homogeneous slen-
der bar is m. If the bar rotates with angular velocity
® = wo(24i + 12 — 6k), what is its angular momentum
about its center of mass?

Solution: The strategy is to transfer the moments of inertia of the
ends about their attached ends to the center of mass, and sum the
resulting moments and products of inertia. The mass of the central

dement ism¢e = ﬂ, and the mass of each end element ismy = ﬂ.

4 .
For the central element about its center of mass; The angular momentum about the center of mass is
L =0 01667 —-025 0 24
' [Hlg = womb? | —0.25 0.6667 0 12
me(2b)2  mb? 0 0 0.8333 | | -6
I}'}' =l =——=—,
12 6
1
Ixy = Ixz = Iyz =0. — wome 2
-5
For each end element about its center of mass:
I meb? _ mb? H = womb?(i + 2j — 5k)
T 12 T o487
Iy =0,
L. — mEb2 _ mb?

2z — 12 - E;
Ly=1I;=1,.=0.
The coordinates of the center of mass (at the origin) relative to the

center of mass of the left end is (dy, d,,d;) = (—b,—%,O), and

. b
from the right end (dy,d,,d;) = | b, > 0). From Eq. (20.42), the
moments of inertia of each the end pieces about the center of mass (at
the origin) are

2 2 2
G) _ (L) > 2 _mb mgb®  mb
I =L +(dy+dmeg = —— + 2 -

2
G L mb
L1 + @2+ d®mg = -

2 2 2
(G) (L) mb b mb
1)) =17 + @2+ d5mg = 25 tmE <b2+ I> =

G G G
1) = 1Y) + dedymg = mb?/8, 1)) = 0,117 = 0.

The sum of the matrices:

[Nl =[IlGc + 2[1]end

0.1667 —0.25 0
=mb?| —0.25 0.6667 0 .
0 0 08333
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Problem 20.94* The 8-kg homogeneous slender bar
has ball-and-socket supports at A and B.

(@) What isthe bar’s moment of inertia about the axis
AB?

(b) If the bar rotates about the axis AB at 4 rad/s, what
is the magnitude of its angular momentum about its
axis of rotation?

Solution: Divide the bar into three elements: the central element,
and the two end element. The strategy is to find the moments and
products of inertia in the x, y, z system shown, and then to use
Eq. (20.43) to find the moment of inertia about the axis AB. Denote
the total mass of the bar by m = 8 kg, the mass of each end ele-

ment by mg = % =2 kg, and the mass of the central element by

m(;:ﬁ:4kg.

2
Theleft end element: The moments and products of inertia about point
A are
mg(12) m
Y = ET = 35 = 0.6667 kg2,
12
o = MEE) MG 6667 kg,

3 12
Y=o,
1IN 8N _ e g

Theright end element: The moments and products of inertia about its
center of mass are

12 m
(ko _mELD _m g 1667 kg-mP
XX 12 48 g

19 o

2
159 = mEl(zl ) _ = 0.1667 kgrn?,

89 = 189 _ [(50) _ g

The coordinates of the center of mass of the right end element are
(dy,dy,d;) = (2,05, 1). From Eq. (20.42), the moments and products
of inertiain the x, y, z system are

15V = 15D + (@ + d?) 5 = 2.667 kg,
IEY = 1RO 4 a2 + df)% = 10.0 kg-m?
RO (RO 4 (g2 4 dg)% — 8.667 kg-m?,
IED — RO 4 dxd).% = 2.0 kg-m?

1R — (RO d_de% = 4.0 kg-n?,

IBY = (RO 4 dde% = 1.0 kg-m?
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Sum the two inertia matrices:

3333 -2 —4
Ugia =ra+a=| -2 1067 —1 | kg-n?,
—4 -1 8.667

where the negative signs are a consequence of the definition of the
inertia matrix.

Thecentral element: The moments and products of inertia of the central
element about its center of mass are:

me(22) m
1£9 =0, 159 = =g =138 kg-m?,

22
1£9 — % - % — 1.333 kg-m?.

169 = 1169 — €9 _o,
The coordinates of the center of mass of the centra element are

(dy,dy,d;) = (1,0,1). From Eq. (20.42) the moments and products
of inertiain the x, y, z system are:

159 = 159 + @2+ a) T = dkg?,
1§ = 1869 4 @2 + df)% = 0.333 kg-m?
16D = 1ED 4 @2 + a3 T = 5.333 kg
157 =159 + dudy 5 = 0.

[0 = 19 + dd. % = 4 kg,

1Y = 1(€9 4 d_‘,dz% =0

Sum the inertia matrices:

7333 -2 -8
[1a=[gea+ca=| —2 2000 -1 | kg-m?.
-8 -1 14.00

(@ The moment of inertia about the axis AB: The distance AB is
parallel to the vector r p = 2i + 1j + 1k (m). The unit vector
parallel torsp is

rAB

IraBl

esp = = 0.8165i + 0.4082j + 4082k.

From Eq. (20.43), the moment of inertia about the AB axisis

Iap = Iéf)ef + Iy('é)eﬁ + I;ZA)e? - 21)5;‘.‘)@6‘v - ZI_E?)ezxeZ

- 21}('?)3)"3:» I4p = 3.56 kg—m2 .

(b) The angular momentum about the AB axisis

Hap = Iapo = 3.56(4) = 14.22 kg-mz/s‘
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Problem 20.95* The 8-kg homogeneous slender bar
in Problem 20.94 is released from rest in the position
shown. (The x-z plane is horizontal.) What is the
magnitude of the bar’s angular acceleration about the
axis AB at the instant of release?

Solution: The center of mass of the bar has the coordinates:

(o (B (B)e)-in

o= ()0 () 0+ (F)0s) <o

=
Q
Il

3|k

6 = 1 ((%) (0.5) + (%) @+ (%) (l)) =0875m.

m

The line from A to the center of mass is parallel to the vector rsg =
i + 0.125] + 0.875k (m). From the solution to Problem 20.94 the unit
vector paralel to theline AB isesp = 0.8165i + 0.4082) + 0.4082k.
The magnitude of the moment about line AB due to the weight is

0.8165 0.4082 0.4082
elrap x (—mg)] = | 1.000 0.125 0.875 | = 24.03 N-m.
0 -7848 0

From the solution to Problem 20.94, 1,5 = 3.556 kg-mz. From the
equation of angular motion about axis AB, Mag = I4pa, from which

_ 24.03

= 35 = 6.75 rad/s® |

o
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Problem 20.96 In terms of a coordinate system x'y’z’
with its origin at the center of mass, the inertia matrix
of arigid body is

20 10 -10
[I1=| 10 60 0| kg-m?.
-10 0 80

Determine the principal moments of inertia and unit vec-
tors parallel to the corresponding principal axes.

Solution: Principal Moments of Inertia: The moments and prod-

ucts: Roots of Cubic
40000 /
e = 20kg 30000
~ /
lyy = 60 kg, 20000 \\ /
10000
I, = 80 kg-m?, \ /
£z 9 S T A WV
Loy = —10 kg-m?, 10000 /
Ix’z’ =10 kg_mZ’ 20000 /
—-30000 /
et ~40000
0 20 40 60 80 100

From Eq. (20.45), the principal values are the roots of the cubic |
equation. AI% + BI2+ CI + D = 0, where

A=+1,
B=—(yy + 1yy + L) = —160,
C=Upelyy +Iyy Loy + Lyl — 12, — 12, —13)
= 7400,
D =—(yylyyloy = Logl3, —Iyyi2,
— L 1X2,y, — 2Ly ly1oy)
= —82000.

The function f(I) = AI® + BI? 4+ CI + D isgraphed to find the zero
crossings, and these values are refined by iteration. The graph is shown.
The principal moments of inertia are:

Iy = 16.15 kg-m? |,

‘ I, = 62.10 kg-m? ‘ ‘ I = 81.75 kg-m? |
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Problem 20.97 For the object in Problem 20.81, deter-

. . . . ’ y
mine the principal moments of inertia and unit vec- *
tors parallel to the corresponding principal axes. Draw a € \ _
sketch of the object showing the principal axes. \
\\\ 0.1 m
|
| - : =
¢
0.1m 3
0.1 m ‘T 0.2 m <+ 0lm—

Solution: In Problem 20.81, we found the inertia matrix to be
0.00667 —0.01 0
[I1=] —0.01 00733 0 | kgm?
0 0 0.08

To find the principal inertia we expand the determinant to produce the
characteristic equation

0.00667 — 1 —0.01 0
det —0.01 0.0733 - 1 0
0 0 0.08 -1

= (0.08 — 1)[(0.00667 — 1)(0.0733 — I) — (0.01)?] = 0

Solving this equation, we have

‘ I = 0.08 kg-m?2, I, = 0.0748 kg-m?, I3 = 0.0052 kg-nme. ‘

Substituting these principal inertias into Egs. (20.46) and dividing the
resulting vector V by its magnitude, we find a unit vector paralel to
the corresponding principal value.

e, = 0.989i + 0.145], e = —0.145i + 0.989], €3 = k.

The principal axes are shown on the figure at the top of the page with
e pointing out of the paper. The axes are rotated counterclockwise
through the angle # = cos~1(0.989) = 8.51°.
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Problem 20.98 The 1-kg, 1-m long slender bar lies in
the x’-y’ plane. Its moment of inertia matrix is

Ls&n”p —&snpcosp 0
[Il=| —s5sinpcosp 3 cos? B 0
0 0 3

Use Egs. (20.45) and (20.46) to determine the princi-
pal moments of inertia and unit vectors paralel to the
corresponding principal axes.

Solution: [Preliminary Discussion: The moment of inertia about
an axis coinciding with the slender rod is zero; it follows that one
principal value will be zero, and the associated principal axis will
coincide with the slender bar. Since the moments of inertia about the
axes normal to the slender bar will be equal, there will be two equal
principal values, and Eqg. (20.46) will fail to yield unique solutions
for the associated characteristic vectors. However the problem can be
solved by inspection: the unit vector parallel to the axis of the slender
rod will be e =icospB +jsinB. A unit vector orthogona to e is
e = —ising +jcosB. A third unit vector orthogonal to these two
is e3 = k. The solution based on Eq. (20.46) must agree with these
preliminary results.]

Principal Moments of Inertia: The moments and products:

L sin? 8 _ co$?p 1

W T Y T T 0 T
sin B cos

Ly = +%, Loy =01y, = 0.

From Eq. (20.45), the principal values are the roots of the cubic, A13 +
BI?+ CI + D = 0. The coefficients are:

A=+1,

12 12 12 6’

sn?g  cop 1 1
B=—(yy +1yy +1Ly)=— —)=-

C=yylyy +Iyylyy + Lyglyy — 12

2 2
2, 12,12,
_ sin® Bcos’ B N cos? B N sn’g  sn’Bcosp 1

C .
144 144 144 144 144

D=—(Lyylyyl —Loyl?, = IyyI3 , — L2,

- 21)(/}"1)"2’].);’:’),

) 2
DZ_(sm B cos? B _sin /30032/3) _o
123 123

The cubic equation reduces to

(0 ()= () ) r-o

By inspection, the least root is . The other two roots are
the solution of the quadratic 12 + 2b1 + ¢ = 0 where b = 71—12, c=

1, from which I 2 = —b £ vb% — ¢ = 5, from which ,

1
Iazﬂ

Principal axes: The characteristic vectors parallel to the principal axes
are obtained from Eq. (20.46),

Vx(’j) =yy — )y — 1)) — 1}%7,
() _ _7

V'l = Loy Ly — 1) + Loy Ly y

Vz(’j) = Loo(yy — ) + Loy Ly

For the first root,

cospgsinf.  cosp (cosBi + sinBj).

cos? B,
L =0,vDh=""2ZX =
1=5 144 144 144

The magnitude:

| cosp| . | cos B
VO = 2 Jcos? B + SN’ B = ,
! | 144 P+ A 144

and the unit vector is e = sgn(cospB)(cosBi +singj), where
sgn(cosB) is equal to the sign of cosB. Without loss of generdlity,
B can be restricted to lie in the first or fourth quadrants, from which

| &1 = (cospi +sinBj) |

For I = Is = (&), V@ = 0, and V® = 0, from which the equation
Eq. (20.46) fails for the repeated principal values, and the charac-
teristic vectors are to determined from the condition of orthogonality

with e;. From the preliminary discussion, | & = —ising +j cosfg

i [e=7]
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Problem 20.99* The mass of the homogeneous thin
plate is 3 kg. For a coordinate system with its origin at
0, determine the plate’s principal moments of inertia and

unit vectors parallel to the corresponding principal axes.

Solution: Divide the plate into A and B sheets, as shown. Denote

m=3kg,a=2m, b=4m, and ¢ =3 m. The mass of plate A

61 12m
iSmAz—mzﬂzlkg. The mass of plate B ismp = — =

18
2 kg. The coordinates of the center of mass of A are
A A @A), _ (€ a _
@”.a.a®) = (5.5.0) = @510 m.
The coordinates of the center of mass of B are

b
@, . a = (5.08) =asoam

Principal Values: From Appendix C, the moments and products of
inertia for plate A are

J Z a9 o g aas kg
v = T Ty tddma =1 g-m<,

2
mac
1(;‘\) A
yy

o (d? +d?)ms = 3 kg-m?,

[ _ ma(c? +a?)

o + (d? + d?)my = 4.333 kg-m?,

I8 = dedymy = 15 kg-m?,
(A _ A _
Iy =01;,=0.
The moments and products of inertia for plate B are

18 =85 (2 4 Py = 1067 kg
(= 15+ (@ +d?m = 1067 kg-m?,

2 2
b
1) = % + (d2 + d®)mp = 16.67 kg-m2,

2
B mpc B
1$ = ot (d?+d*mp = 6 kg-m?, I;/y), =0,

1) = ded-mp = 6 kg-m2 17 = 0.

Z

The inertia matrix is the sum of the two matrices:

Loy —Lyy —ILyy 2 -15 -6
UN=|~-lyy Iyy —Iyy |=|-15 1967 0
—Li =Ly Ly -6 0 1033

y
3m }
2m
O / X
4m
z
y
b= c—
AL
(@) [ X'
B b/
z g
Zero Crossings
400 T
350
300 ™ /
250 VAR /
f(1) 150 [[ A\ [/
100
0 - FENPE QA [ W - -
-50 \/
100 5 10 15 20 25
|
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From Eq. (20.45), the principal values are the roots of the cubic
equation AI® + BI? + CI + D = 0, where

A =41,
B=—(yy +1Lyy + L) =—42,
C=Uvwlyy +1yyloy +Logloy =15, =15, —12.)

= 524.97,

D=—yylyylyy —LyyI? , — 1),,),/13,1, — 112,

'z 2z xly

— 2y Iy L) = —1707.4.

The function f(I) = AI® 4+ BI? + CI + D is graphed to determine
the zero crossings, and the values refined by iteration. The graph is
shown. The principal values are

‘ I = 5.042 kg-m? ‘ | I, = 16.79 kg-m? |,

I3 = 20.17 kg-m? |

Principal axes: The characteristic vectors parallel to the principal axes
are obtained from Eq. (9.20),

9)
Ve = Uyy = Uy = 1) =12,
Vi = Loy (L = ) + Lo Ly

Vz(’j) = Loy (yy — 1)+ Loy Ly,

For I; = 5.042, V(Y = 77.38i + 7.937] + 87.75k,

and | e, = 0.6599i + 0.06768j + 0.7483k |

For I = 16.79, V@ = —18.57i — 9.687] — 17.25k,

and | e = —0.6843i — 0.3570] -+ 0.6358k |

For I3 = 20.17, V® = 4.911i — 14.75] — 2.997k,

and e3 = +0.3102i — 0.9316] — 0.1893k.
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Problem 20.100 The disk is pinned to the horizontal y
shaft and rotates relative to it with angular velocity wy.
Relative to an earth-fixed reference frame, the vertica
shaft rotates with angular velocity wp.

(8 Determine the disk’s angular velocity vector  rel-
ative to the earth-fixed reference frame.

(b) What isthe velocity of point A of the disk relative
to the earth-fixed reference frame?

Solution: From Problem 20.43, the inertia matrix is

4167 x 10°  2.5x 10° 0
[I1=| 25x10° 4.167 x 10° 0 kg-m?.
0 0 8.333 x 10°

For rotation at a constant rate, the angular acceleration is zero,
a = 0. The body-fixed coordinate system rotates with angular velocity
Eq. (20.19) reduces to:

> Mo, |=|0 0 001047
0 001047 0
ZM()Z

|- [ b ]

4167 x 10°  25x 10° 0
x| 25x10° 4.167 x 10° 0
0 0 8.333 x 10°
0.01047
X 0
0
o 0 0 0.01047
= 0 0 —8726.7 0
| 2618.0 4363.3 0 0
)
=| 0 N-m, |Mq| = 27.4 (N-m)
| 27.42
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Problem 20.101 The disk is pinned to the horizon-
tal shaft and rotates relative to it with constant angular
velocity wp. Relative to an earth-fixed reference frame,
the vertical shaft rotates with constant angular veloc-
ity wo. What is the acceleration of point A of the disk
relative to the earth-fixed reference frame?

Solution:  (See Figurein solution to Problem 20.100.) The angular
acceleration of the disk is given by

dw d i j K
— = —(wgl + woj) + wo x wg =0+ 0 wo O
dt dt

wg 0 0

= —wowykK.

The velocity of point A relativeto O is
as/0 = XT4g/0 + X (@ x rA/O)

= (—wowa)(K XT4/0) + @ X (@ X T4/0).

Term by term:
i j k
—wow,[(k X rA/()) = —wowq 0 0 1
b Rsnfd —RcosH
= wowy R sinfi — wowdbj,
i j k
@O X (@XTly0)=0X% | wg wo 0
b Rsn® —Rcoso
i j k
= wq wo 0

—Rwp cosh Rwy Cc0SO® Rwy SINO — bwo

(Rwy SiNO — bwo)(woi — wyj) + (R cos8)(w? + 0?)k.

Collecting terms:

as/0 = RRwowy SN — bw?)i — (Rw? sinb)j

+ (Rw? cosf + Rw? coso)k.
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Problem 20.102 The cone is connected by a ball-and- y
socket joint at its vertex to a 100-mm post. The radius
of its base is 100 mm, and the base rolls on the floor.
The velocity of the center of the base isve = 2k (m/s).

(@ What isthe cone's angular velocity vector @?

(b) What is the velocity of point A? 100 mm ‘ ﬁ
e A
X

Solution: Denote§ =60°, h=01m,L=04m, R =01m.

(@) The strategy is to express the velocity of the center of the base
of the cone, point C, in terms of the known (zero) velocities of
O and P to formulate simultaneous equations for the angular
velocity vector components.

The line OC is parallel to the vector rc,o =iL (m). The line
PC is paralel to the vector re/p = Rj (m). The velocity of the
center of the cone is given by the two expressions: ve¢ = vp +
wXTlc/o, andve =Vp + @ x fc/p, where ve = 2k (m/s), and
Vo =Vvp = 0.

Expanding:
i ik
Ve=wxrlcio=|wx o, o |=wLj—-wlLk
L 0 O
i ik
Ve=wXxlc/p=|w oy w,|=—Rwi+ Rok.
0O R O

Solve by inspection:

wy = v 20 rad/s, wy = _e o —5m/s,
R ’ L

w,=0. |@=20i -5 (radls)

(b) The line OA is parélel to the vector r4,0 =iL+jRsSinO —
kR cosf. The velocity of point A is given by: v4 =Vvp + @ x
fa/0, where vp = 0.

i i k
vqg=| 20 -5 0 s
L Rsind —RcosH

| V4 = 0.25i + 1j + 3.73k (m/s) |
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Problem 20.103 The mechanism shown is a type of
universal joint called a yoke and spider. The axis L lies
in the x-z plane. Determine the angular velocity w; and
the angular velocity vector ws of the cross-shaped “ spi-
der” in terms of the angular velocity wy at the instant

shown. @/ X

2b—=

Solution: Denote the center of mass of the spider by point 0, and
denote the line coinciding with the vertical arms of the spider (the
y axis) by P’P, and the line coinciding with the horizontal arms by
Q'Q. The line P’ P is parallel to the vector rp,o = bj. The angular
velocity of the right hand yoke is positive along the x axis, wg = wgl,
from which the angular velocity w;, is positive toward the right, so
that w;, = wy (icos¢ + ksing). The velocity of the point P on the
extremities of the line P'P isvp =V + @g x I'p/0, Wherevp =0,
from which

i ik
Vp=| wg 0 0| =bwgk.
0O » O

The velocity vp is also given by

i j k
Vp =Vo +ws XIp/o=| wsx sy os;
0 b 0
= —ibws; + Kbwsy,
from which wg, = 0, ws, = wg. Theline Q' Q isparallél to the vector
roso =ibsing —kbcos¢. The velocity of the point Q is
i j k
Vo =Vp +ws xTg/o =0+ wsy WSy 0 s
bsing 0 —bcos¢
Vg = —i(wsyb COSP) + j(wscb COSP) — K(wsybSing).
The velocity v isalso given by vp = Vo + @ x I g0, from which
i j k
Vo= |wrcosp 0 wpsing | =jbwy(cos?¢ 4 sin?¢)
bsing 0 —bcos¢
=jbor,

from which wg, = 0, from which

wg = WR,

ws = wRi | | W], = wsy COS¢p = wpg COS¢ |.
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Problem 20.104 The inertia matrix of arigid body in
terms of a body-fixed coordinate system with its origin
at the center of massis

4 1 -1

[1] = [ 12 o} kg-m?.
-1 0 6

If the rigid body’s angular velocity is @ = 10i — 5] +

10k (rad/s), what is its angular momentum about its cen-

ter of mass?

Solution: The angular momentum is

Hox 4 1 -17T10 25
Hoy |=| 1 2 o0||-5|=| 0] kg-m?/s
Ho. -1 0 6][10 50

In terms of the unit vectorsi, j, k,‘ H = 25i + 50k kg-m?/s

Problem 20.105 What is the moment of inertia of the
rigid body in Problem 20.104 about the axis that passes
through the origin and the point (4, —4, 7) m?

Strategy: Determine the components of a unit vector
paralle to the axis, and use Eq. (20.43).

Solution: The unit vector parale to the line passing through
(0, 0, 0) and (4, —4, 7) is

4i— 4 + 7k
e= AT 0 aaaai — 0.4844) + 0.7778k.
VA& 4+ 42472

The inertia matrix in Problem 20.104 is

4 1 -1 Ixx 71.\’,\' 71){:
M= 12 o|l=|-Ly, 1L, —I.]|,
-1 0 6 Lo~ I

where advantage is taken of the symmetric property of the inertia
matrix. From Eqg. (20.43), the new moment of inertia about the line
through (0, O, 0) and (4, —4, 7) is

o = 4% + 202 + 6¢2 + 2(1) (exey) + 2(—D)(exe;) + 2(0) (eyez),

Ip = 3.728 kg-n?
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Problem 20.106 Determine the inertia matrix of the y
0.6 kg thin plate in terms of the coordinate system
shown.

Solution: The strategy is to determine the moments and products
for a solid thin plate about the origin, and then subtract the moments
and products of the cut-out. The mass density is

0.6 0.8149
p= = kg/m?,

2 3)\? T
<7r(0.5 )y—Tm (ﬂ) )T

from which pT = 0.8149 kg/m?, where T isthe (unknown) thickness
of the plate. From Appendix C and by inspection, the moments and
products of inertia for a thin plate of radius R are:

mR? mR?
Iy = Iyy = Ts Izz = Ta ]xy = ]xz = Iyz =0

For a 6 in. radius solid thin plate m = pT7(0.5%) = 0.64kg.
Lie = I,y =004 kgm? I, =0.08kg-m? I, =1I;=1,,=0.
The coordinates of the 0.125 mradius cut-out are (dx,dy,dy) =
(3,0,0). The mass removed by the cut-out is m¢ = pTnR2 =
0.04 kg. The moments and products of inertia of the cut-out are

R2
1€ = mcff = 1.563 x 104 kg-m?,

mcR% 3 2 - 2

1€, = ot (E me = 2.656 x 1073 kg-m?,
c_ mc é 2 —3 2
=55+ d?me = 2.813 x 1073 kg-m?,

1§, =015 =015 = 0.

L ¥4

The inertia matrix of the plate with the cut-out is

004 0 O
[1]0:[0 0.04 0 }

0 0 0.08

1.563 x 10~4 0 0
- 0 2.656 x 1073 0 ,

0 0 2.813 x 1073

0.0398 0 0
[Ilo= |0 0.0373 0 kg-m?

0 0 0.0772
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Problem 20.107 Atz = 0, the platein Problem 20.106
has angular velocity w = 10i + 10j (rad/s) and is sub-
jected to the force F = —10k (N) acting at the point

What are the components of its angular acceleration at
that instant?

(0, 0.5,0) m. No other forces or couples act on the plate.

Solution:  The coordinates of the center of mass are (—0.01667, 0,
0) m. The vector from the center of mass to the point of application of
theforceisr /g = 0.01667i + 0.5 (m). The moment about the center
of mass of the plate is

i j k
Mg =rp/g x F= | 0.01667 0.5 0
0 0 -10

= —5i + 0.1667 (N-m).

Eqg. (20.19) reduces to

-5 0.03984 0 -0 oy
0.1667 | = | O 003718 0 ay
0 0 0 0.07702 o

0
+10 .
—0.267

Carry out the matrix multiplication to obtain the three equations:

0.03984ar, = —5, 0.03718«, = 0.1667, 0.07702c; — 0.267 = 0.

Solve: |« = —125.5 + 4.484j + 3.467k rad/s?

Problem 20.108 The inertia matrix of arigid body in
terms of a body-fixed coordinate system with its origin
at the center of massis

4 1 -1
[1] = [ 12 o} kg-m?.
-1 0 6
If the rigid body’s angular velocity is @ = 10i — 5] +
10k (rad/s) and its angular acceleration is zero, what are
the components of the total moment about its center of
mass?

Solution: Use general moation, Eq. (20.19),

Z Md)x Ly —I y = I, Qx
Z Mgy | = | —Iyx Iyy —ly; Ay
Z My

0 -, Qy Lyx _Ixy =1 Wy
+ Qz 0 - Qx - Iyx I_v,v - I,VZ Wy
—Qy QX 0 _sz _Izy IZZ @z

d
with o = —(;) = 0. The coordinate system is rotating with angular
velocity w, from which @ = w. Eq. (20.19) reduces to

> M o -10 -5 4 1 -17T 10
> My |=[120 0 -10 12 0||-5
3 . |5 10 of|l-10 6]|10
-5 —20 —307[ 10
—|s 10 -70||-5] N-m,
|30 25 -5]| 10

M = —250i — 250] + 125k (N-m) |
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Problem 20.109 If the total moment about the center
of mass of the rigid body described in Problem 20.108
is zero, what are the components of its angular acceler-
ation?

Solution: Use general motion, Eq. (20.19), with the moment com-
ponents equated to zero,

0 Ixx 7Ixy 71)(2
N Ry Iyy =1y
0 =Ly —1I I,
0 —Q, Q)‘ Lix _Ixy =1y, Wy
+l e 0 - || -Le Ly —I.|]|o
_Qy Qy 0 —1I _Izy I; Wz
1 -1 oy 0 -10 -5
2 0f|e |+]120 0 -10
0 6||a 5 10 0
1 -1 10
2 0 -5,
0 6 10
0 4 1 -1 oy —250
0| = 1 2 0 ay [+ | =250 |.
0 10 6]|a 125

Carry out the matrix multiplication to obtain the three simultane-
ous equations in the unknowns: 4o, + o, —a; = 250, a, + 20y +
0= 250, —ay + 0+ 6e; = —125.

Solve! | @ = 31.25i + 109.4j — 15.63k (rad/s?)
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Problem 20.110 The dender bar of length! and
mass m is pinned to the L-shaped bar at O. The L-
shaped bar rotates about the vertical axis with a constant
angular velocity wg. Determine the value of wg necessary
for the bar to remain at a constant angle g relative to
the vertical.

Solution: Sincethe point O is not fixed, this is general motion, in
which Eq. (20.19) applies. Choose a coordinate system with the origin
a O and the x axis paralel to the slender bar.

The moment exerted by the bar. Since axis of rotation is fixed, the
acceleration must be taken into account in determining the moment.
The vector distance from the axis of rotation in the coordinates system
shown is

ro = b(icos(90° — B) +j sin(90° — B)) = b(isinB +j cosp).

The vector distance to the center of mass of the slender bar isrg,0 =
i (5). The angular velocity is a constant and the coordinate system
is rotating with an angular velocity @ = wo(—icosp +jsing). The
acceleration of the center of mass relative to O is

ac =w x (wx (fro+rg/0))

i i k
—ox fwocosﬂL wosSnBg 0 ’
bsinﬁ—i—a bcosg O
i i k
ac = —wpCOSB  wpSinp (c)uLsinﬂ
0 0  —wob— 7
2
:ani“"aGyj

L
aG = —o§ <+bsin/f3+ Esinz,fs)i

L
- w? (bcosﬁ +3 sing cosﬁ)j.

From Newton's second law, mag = A + W, from which A = mag —
W. The weight is W = mg(i cosg — j sin8). The moment about the
center of mass is

Mg =To/G ><A=I’0/(; x (mag — W)

i i k
L
= = 0 0
2
magy —mg Cosp  magy, +mgsnp 0
2hL L 22
Mo = + [ 2927 cosp — 28~ ging + 297 gingcosp | k
2 2 4
= M.k

The Euler Equations: The moments of inertia of the bar about the

mL?
center of massare I, =0, I,, =1, = ETR Ly=1IL.=1,,= 0.
Eg. (20.19) becomes:
0 o0 0
M, 0 0 +sing mL?
M, |=w?2| O 0 cosp ||0 4 O
M, —sing —cosp 0 0 mL?
12
—cospB
x| sng |.
0
Carry out the matrix multiplication:
M, 0
0
My | = 2 12
M; _ognk cosBsinB
12
Substitute:
2 272
bL L L
PP osp — MBS sinp + 2% gngcosp
2 2
2
omLe
= —w5—— sin B cosB.
@55 Snpcosp
_ gsing
Solve: |“°7

(;) Lsinpcosp + bcosp
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Problem 20.111 A dender bar of length [ and mass m
isrigidly attached to the center of athin circular disk of Wo Wy
radius R and mass m. The composite object undergoes
amotion in which the bar rotates in the horizontal plane R
with constant angular velocity wg about the center of
mass of the composite object and the disk rolls on the
floor. Show that wy = 2/g/R. |

Solution: Measuring from the left end of the slender bar, the dis-
tance to the center of mass is

(L) +mL
= |m m

3L
do=~2/_ 3

2m 4-

Choose an X, Y, Z coordinate system with the origin at the center
of mass, the Z axis paralel to the vertica axis of rotation and the
X axis pardlel to the slender bar. Choose an x, y, z coordinate system
with the origin at the center of mass, the z axis parallel to the slender
bar, and the y axis parallel to the Z axis. By definition, the nutation
angle is the angle between Z and z, 6 = 90°. The precession rate
is the rotation about the Z axis, v = wp rad/s. The velocity of the
center of mass of thedisk isvg = (L/4)1jr, from which the spin rate is

. LY . .
¢ = % = (E) Y. From Eq. (20.29), the moment about the x-axis is

o A .. a)(Z)L
M, = (I;; — Ii,)¥<sinf cost + I, y¢p Sn6 = [,;¢¢ = Elzz-

. .. mR? .
The moment of inertiais I,, = ——, from which

The normal force acting at the point of contact is N = 2mg.
The moment exerted about the center of mass

M_NL_ L
;s =N—=mg| - ).
G 4 8 2

L RL .
Equate the moments: mg (—) =m (—) wé, from which

2 8
/8
=2/=1
wo R
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Problem 20.112* The thin plate of massm spins
about a vertica axis with the plane of the plate
perpendicular to the floor. The corner of the plate at
O rests in an indentation, so that it remains at the same ~ /\

point on the floor. The plate rotates with constant angular

velocity wg and the angle g is constant. I \y

2h
(@ Show that the angular velocity wy is related to the |
angle g by

hof 2cosp —sinp
g  sinB—2sinBcosp — cos? B A

(b) The equation you obtained in (a) indicates that
wo =0 when 2cosg —sing =0. What is the e}
interpretation of this result?

Solution:

cl: )
0
Choose a body-fixed coordinate system with its origin at the fixed X
point O and the axes aligned with the plate’s edges. Using the /
moments of intertia for a rectangular area,
y
=
I _mh21 _4mh21 " _5mh2 8
xXx — 3 s Lyy — 3 s fzz — Ixx yy — 3 s \
(0]

]’12
Ixy = m_’ Iy, = Iyz. =0.

2 (b) The perpendicular distance from the axis of rotation to the center

The plate’'s angular velocity is @ = wp sin Bi + wp cosBj, and of mass of the plate is

the moment about O due to the plate's weight is )~ M, =0,

> M, =0 M, = ﬁmgsinﬂ—hmgCOS/S. ® ! Jh K
2 d=|ro/c x —|= -5 —h
@] 2
Choose a coordinate system with the x axis parallel to the right 0 cosp sng
lower edge of the plate and the y axis paralel to the left lower
edge of the plate, as shown. The body fixed coordinate sys- sinp
tem rotates with angular velocity @ = wp(j sSin + k cosB). From =h <cosﬁ - T) :
Eq. (20.13),
If this distance is zero, g = tan~1(2) = 63.43°, the accelerations
0 0 0 wp COS B of the center of mass and the external moments are zero (see
0 1= 0 0 —wosing ations above, where for convenience the term cosg — snp
M, —woC0SB  wosSing 0 equations ' ] 2
has been kept as a factor) and the plate is balanced.
”L’Z _ ”le 0 The angular velocity of rotation is zero (the plate is stationary) if
3 ) 22 wo oS B B = tan~1(2) = 63.435°, since the numerator of the right hand
x| — mh” Amh 0 wocosP | . term in the boxed expression vanishes (the balance at this point
2 3 2 0 would be very unstable, since an infinitesimally small change in
0 0 5% B would induce a destabilizing moment.).

Expand, M, = hmg (# — cosﬁ)

snfcosp cos2B  Sin’B
— h2 2 _ _
e ( 3 2 2

4sinB cosp
+f>

wgh 2cosp — sinp

Solve:

g sin?B—2sinBcosp — co B
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Problem 20.113* In Problem 20.112, determine the
range of values of the angle 8 for which the plate will
remain in the steady motion described.

Solution:  From the solution to Problem 20.112

wih 2cosp —sinf
g  sin?B —2sinBcosp — cop’

The angular velocity isarea number, from which a)S > 0, from which

_ 2cosp —sing
F = sin? B — 2cosBsin B — cos? B =0

A graph of £(B) for values of 0 < 8 < 90° is shown. The function
is positive over the half-open interval 63.4348° < 8 < 67.50°. The
angular velocity is zero at the lower end of the interval, and “blows
up” (becomes infinite) when the denominator vanishes, which occurs

at exactly g = %T = 67.50°.

f(B) vsB
5
4
3
2
1
Q N [ttty (N (U [
s & -
-1
-2
-3
) |
-5
0 10 20 30 40 50 60 70 80 90
B, deg
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Problem 20.114* Arm BC has a mass of 12 kg, and
its moments and products of inertia, in terms of the coor-
dinate system shown, are I,, = 0.03 kg-m?, I,, = I, =
4 kg-m?, and I,, = I, = I, = 0. At the instant shown,
arm AB is rotating in the horizontal plane with a con-
stant angular velocity of 1 rad/s in the counterclockwise
direction viewed from above. Relative to arm AB, arm
BC is rotating about the z axis with a constant angu-
lar velocity of 2 rad/s. Determine the force and couple
exerted on arm BC at B.

Solution: In terms of the body-fixed coordinate system shown, the
moments and products of inertia are

Iy = 0.03 kg-m?,

Iy = I, = 4— (0.3)2(12) = 2.92 kg-n??,

Ly =1l =1Iy= 0.

In terms of the angle 6, the angular velocity of the coordinate system is
® = (1)sinfi + (1) cosdj + (2)k (rad/s),

so its angular acceleration is Eq. (20.4)

= d—w —cosed—ei fsinad—e'
= T dr ar’
Setting 6 = 40° and d6/dt = 2 rad/s, we obtain
® = 0.643i 4 0.766) + 2k (rad/s), (1)

o = 1.532i — 1.286 (rad/s?). 2

Equation (20.19) is

Mpy 0.03 0 0 oy
Mpy, +03Fp, [=|0 292 0 ay
Mp, — 0.3Fpy 0 0 2.92 a;

0 -, o 0.03 0 0 [on
+ | o 0 —w 0 292 0 wy | .
—wy Wy 0 0 0 2.92 [o8

Using Egs. (1) and (2), this gives the equations
Mp, = 0.046,

Mg, + 0.3Fp, = —7.469,

Mg, — 0.3Fp, = 1.423,

From which

M p = 0.046i — 10.25] + 30.63k (N-m).

The acceleration of B toward A is (1 rad/s)2(0.7 m) = 0.7 m/s?, so
ag = —0.7c0s40°i + 0.7sin40°j
= —0.536i + 0.450] (M/s?).
The acceleration of the center of mass is
ac =ap+axrlgp+ox(@XIg/p)
= —1.912i + 0.598] + 0.771k (M/s?).

From Newton's second law (see free-body diagram),
Fpy —mgsind0® = m(—1.912),
Fpy —mg cos40° = m(0.598),

Fg. = m(0.771).

Solving, Fp = 52.72i + 97.35] + 9.26k (N). The moment about the
center of mass is

> M =Mp + (—0.3i) x Fp

=Mp + 0.3Fg;j — 0.3FB)-|(.
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Problem 20.115 Suppose that you throw afootball ina
waobbly spiral with anutation angle of 25°. Thefootball’s
moments of inertia are I, = I,, = 0.0041 kg—m2 and
I.. = 0.00136 kg-m? If thespin rate is ¢ = 4 revolutions
per second, what is the magnitude of the precession rate
(the rate at which the football wobbles)?

Solution: Thisis modeled as moment-free, steady precession of an
axisymmetric object. From Eq. (20.33), (L. — )V oSO + I,.¢ =
0, from which
- L.
V== (I; — Ix) cos@

(0.00136 kg-m?2)(4)
(0.00136 kg-m? — 0.0041 kg-m?) cos25°

|| = 2.21 revis

Substitute ¢ = — =221 revls,

Problem 20.116 Sketch the body and space cones for
the motion of the football in Problem 20.115.

Solution: The angle g is given by tang = (%)tane, from

which g = 8.8°. 8 < 6, and the body cone revolves cﬁtsi de the space
cone. The sketch is shown. The angle § = 25°.
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Problem 20.117 The mass of the homogeneous thin
plate is 1 kg. For a coordinate system with its origin at
O, determine the plate’s principal moments of inertia
and the directions of unit vectors parallél to the corre-
sponding principal axes.

Solution: The moment of inertia is determined by the strategy of
determining the moments and products of a larger plate, and then sub-
tracting the moments and products of inertia of a cutout, as shown in
the sketch. Denote 4 =0.32m, b =04m,c=016m,d=b—c =
0.24 m. The area of the plate is A = hb — cd = 0.0896 m?. Denote
the mass density by p kg/m®. The mass is pAT = 1 kg, from which
pT = + = 11.16 kg/m?, where T is the (unknown) thickness. The
moments and products of inertia of the large plate: The moments and
products of inertia about O are (See Appendix C)

pTbh® ()  pThb®

1,v(§> = 3 s dyy — 3 >
Tbh(h? + b2
P =1 41 < 2O,
e 3
212
(o _ PTDT ) _ _
xy — 4 v txz — Ay —

The moments and products of inertia for the cutout: The moments and
products of inertia about the center of mass of the cutout are:

pTdc® 10 _ pTed®

pTcd(c? +d?)
2 7T 12 ’

(c)
VI =
T 12

19 =

) =19 =19 =o0.
The distance from O to the center of mass of the cutout is (d,, dy, 0) =

(0.28,0.24,0) m. The moments and products of inertia about the
point O are

0
19 =18 + pTed(@?), 1Y

) = I\ + pTed(d?),
12 =19 + pTed(d? + d?).

1Y = 1§ + pTed(dydy). 12 = 1, = 0.

The moments and products of inertia of the object: The moments and
products of inertia about O are

Ly = 12 — 19 = 0.02316 kg-m2,
Iyy = 1Y) = I}}) = 0.04053 kg-m?,

=1 - 19 — 0.06370 kg-n?,

iz

Iy =12 — 119 = 0.01691 kg-n?,

y
. 160
mm
160
mm
160
mm
o ' y
400 mm
z
|- 0.24 m 1
T T
0.32m AL 2
1
Ol 04 M ]
f(l)vsl
.00002 ]
.000015 /
.00001
N /
000005 A\
f4) of - ----—\\:/--
—.000005 /
—.00001 [
—.000015
0 .02 .04 .06 .08
I, kg-m?
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The principal moments of inertia. The principal values are given by
the roots of the cubic equation AI% + BI% 4+ CI 4+ D = 0, where

A=1B=—(Ii + Iy + I.;) = —0.1274,
C=Iulyy + Iyl 4 L l; — 13, — T2, — 12 =471 x 1073,
D = _(Ixxl)')'lzz - Ixxl}?; - I_\‘_\"Ixzz - Izzlxz_y - ZIX)‘I)'zIxz)

= —4.158 x 1075.

The function f(I) = AI®+ BI?+ CI + D is graphed to get an
estimate of the roots, and these estimates are refined by iteration.
The graph is shown. The refined values of the roots are 1 =
0.01283 kg-m?, I, = 0.05086 kg-m?, I3 = 0.06370 kg-m?.

The principal axes. The principal axes are obtained from a solution of
the equations

Ve=(y — DU — 1) — 1%
vy = Ixy(lzz -D+ Ileyz
Vz = Ixz(lyy =1+ IszyZ‘

SinceI,; = I,; =0, V; = 0, and the solution failsfor this axis, and the
vector is to be determined from the orthogonality condition. Solving
for V,, V,, the unit vectors are: for 1 = 1, V¥ =0.00141, v, =

8.6 x 10~4, from which the unit vectors are| e = 0.8535i + 0.5212 |.
For I = I, V) = —1.325 x 1074, V%) = 2,170 x 104, from which
e, = —0.5212i + 0.8535j | The third unit vector is determined from

orthogonality conditions: .
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Problem 20.118 The airplane’s principal moments of
inertia, in kg-m?, are I, = 10844, I,, = 65062, and
I, = 67773.

(@) Theairplane beginsin the reference position shown
and maneuvers into the orientation v =0 = ¢ =
45°. Draw a sketch showing the plan€e's orientation
relative to the XY Z system.

(b) If the airplaneisin the orientation described in (a),
the rates of change of the Euler angles are v = 0,
0 = 0.2 radls, and ¢ = 0.2 rad/s, and the second
derivatives of the angles with respect to time are
zero, what are the components of the total moment
about the airplane’s center of mass?

Solution:

@
(b) The Egs. (20.36) apply.

M, = L, (¢ SO sing + 6 cos¢ + 6 cosd sing

+ V¢ sing cosg — B¢ sing) — (Iyy — I.2)

x (1 SinB cos¢ — 6 sing) (v cosb + ¢),

M, = I,y (4 Sinf cos¢ — 6 sing + /6 cosé cos¢
—Ypsingsing — ¢ cose) — (I, — Ly)
x ( sin@ sing + 6 cosg) (Y cos + ¢),
M, = I, ( c0s6 + ¢ — 0 §in@) — (I — Iyy) (Y sindsing
+ 6 cos¢)(V Snf cosg — O sing).
Substitute I, = 10844, I,, = 65062, and I, = 67773, in kg-m2,

andyr = 0,6 = 0.2 rad/s,and ¢ = 0.2 rad/s, and y = 6 = ¢ = 0. The
moments:

[M.=-3835N-m ] |M, =—-345L2 N-m|

| M, = —1084.6 N-m|
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Problem 20.119 What are the x, y, and z components
of the angular acceleration of the airplane described in
Problem 20.118?

Solution: The angular accelerations are given by Eq. (20.35):

dw,y .. . .. . L.

ot =Y snfsing + Y6 cosd sing + V¢ Sinb cos¢
+dcosg —O¢sing,

dwy . .. A .

5, =V sind cosg + i cost cosg — yrpsindsing
—dsing — ¢ cosg,

% = cosh — 6 sing + §.

Substitute I, = 10844, I, = 65062, and I.. = 67773, in kg-m?,

andy = 0,6 =0.2radls, and ¢ = 0.2 rad/s, and ¥y =6 = ¢ = 0, to
obtain

o, = 00283 radi? | |y = —0.0283 radls|  [a. = 0]

Problem 20.120 If the orientation of the airplane in
Problem 20.118 is ¢ = 45°, 6 = 60°, and ¢ = 45°, the
rates of change of the Euler angles are v =0, 6 =
0.2 rad/s, and ¢ = 0.1 rad/s, and the components of the
total moment about the center of mass of the plane
ae XM, =542 N-m, ¥ M, = 1627 N-m, and XM, =
0, what are the x, y, and z components of the airplane’s
angular acceleration?

Solution: The strategy is to solve Egs. (20.36) for d, ¢, and v,
and then to use Egs. (20.35) to determine the angular accelerations.

M, = L. (¥ Sin@ sing + 6 cos¢ + 6 cosd sing
+ Y sin6 cosg — ¢ sing) — (Iyy — I;)
x (y SiNB cos¢ — 6 singp) (¥ oSO + ¢),
My = I, (y Sinf cos¢ — d sing + yr0 cosd cos¢
—J¢psindsing — ¢ cosp) — (I, — Irx)
x ( Sin@ sing + 6 cos¢) (Y cosé + ¢),
M, = L, (}/ c0S0 + ¢ — 46 Sinb) — (Iyx — Ly,) (Y Snd sing

+ 6 cosg)(J Sinf cos¢g — O sing).

Substitute numerical values and solve to obtain ¢ = —0.03266 rad/s’,
6 = 0.01143 rad/s?, 4 = 0.09732 rad/s%. These are to be used (with
the other data) in Egs. (20.35),

d .. .. ..

Z‘ =y sinfsing + 0 cosd sing + ¢ Sinb cos¢
+6cosp —b¢sing,

dwy o .. L. .

T = Sin6 cos¢ + 6 cosO cos¢ — Y Sinb sing
—dsing — ¢ cose,

Z" =1 cosh — Yo sind + ¢.

Substitute, to obtain:

|, = 0.05354 radl? | |y = 0.08737 radi? |

o, = 0.016 rad/s®
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