
Problem 20.1 The airplane’s angular velocity relative
to an earth-fixed reference frame, expressed in terms of
the body-fixed coordinate system shown, is ω = 0.62i +
0.45j − 0.23k (rad/s). The coordinates of point A of the
airplane are (3.6, 0.8, −1.2) m. What is the velocity of
point A relative to the velocity of the airplane’s center
of mass?

A

x

y

z

Solution:

vA/G = ω × rA/G

=
∣∣∣∣∣∣

i j k
0.62 0.45 −0.23
3.6 0.8 −1.2

∣∣∣∣∣∣ (m/s)

vA/G = (−0.356i − 0.084j − 1.12k) m/s.

Problem 20.2 In Active Example 20.1, suppose that
the center of the tire moves at a constant speed of 5 m/s
as the car turns. (As a result, when the angular veloc-
ity of the tire relative to an earth-fixed reference frame
is expressed in terms of components in the secondary
reference frame, ω = ωx i + ωyj + ωzk, the components
ωx, ωy , and ωz are constants.) What is the angular accel-
eration α of the tire relative to an earth-fixed reference
frame?

Top view

10 m 
(Not to scale)

0.36 m

0.36 m

P

AB

B

Solution: The angular velocity of the secondary coordinate system
is

� = − v

R
k = − (5 m/s)

(10 m)
k = −(0.5 rad/s)k

The angular velocity of the wheel with components in the secondary
coordinate system is

ω = � − v

r
j = −(0.5 rad/s)k − (5 m/s)

(0.36 m)
j

= (−13.9j − 0.5k) rad/s

The angular acceleration is then

α = � × ω = −(0.5 rad/s)k × (−13.9j − 0.5k) rad/s

α = −6.94i rad/s2.
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Problem 20.3 The angular velocity of the cube relative
to the primary reference frame, expressed in terms of
the body-fixed coordinate system shown is ω = −6.4i +
8.2j + 12k (rad/s). The velocity of the center of mass G
of the cube relative to the primary reference frame at
the instant shown is vG = 26i + 14j + 32k (m/s). What
is the velocity of point A of the cube relative to the
primary reference frame at the instant shown?

2 m

x

AG

O

y

z

Primary reference
frame

Solution: The vector from G to A is

rG/A = (i + j + k) m.

The velocity of point A is

vA = vG + ω × rG/A

= (26i + 14j + 32k) m/s +
∣∣∣∣∣∣

i j k
−6.4 8.2 12

1 1 1

∣∣∣∣∣∣m/s

vA = (22.2i + 32.4j + 17.4k) m/s.

Problem 20.4 The coordinate system shown is fixed
with respect to the cube. The angular velocity of the cube
relative to the primary reference frame, ω = −6.4i +
8.2j + 12k (rad/s), is constant. The acceleration of the
center of mass G of the cube relative to the primary ref-
erence frame at the instant shown is aG = 136i + 76j −
48k (m/s2). What is the acceleration of point A of the
cube relative to the primary reference frame at the instant
shown?

2 m

x

AG

O

y

z

Primary reference
frame

Solution: The vector from G to A is

rG/A = (i + j + k) m.

The accleration of point A is

aA = aG + ω × (ω × rG/A)

= (136i + 76j − 48k) m/s2 + (−6.4i + 8.2j + 12k) ×
∣∣∣∣∣∣

i j k
−6.4 8.2 12

1 1 1

∣∣∣∣∣∣m/s2

Carrying out the vector algebra, we have

aA = (−205i − 63.0j − 135k) m/s2.
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Problem 20.5 The origin of the secondary coordinate
system shown is fixed to the center of mass G of the
cube. The velocity of the center of mass G of the cube
relative to the primary reference frame at the instant
shown is vG = 26i + 14j + 32k (m/s). The cube is rotat-
ing relative to the secondary coordinate system with
angular velocity ωrel = 6.2i − 5j + 8.8k (rad/s). The sec-
ondary coordinate system is rotating relative to the pri-
mary reference frame with angular velocity � = 2.2i +
4j − 3.6k (rad/s).

(a) What is the velocity of point A of the cube rela-
tive to the primary reference frame at the instant
shown?

(b) If the components of the vectors ωrel and � are
constant, what is the cube’s angular acceleration
relative to the primary reference frame?

2 m

x

AG

O

y

z

Primary reference
frame

Solution:

(a) vA = vG + (ωrel + �) × rA/G

= (26i + 14j + 32k) + (8.4i − j + 5.2k) × (i + j + k)

vA = (19.8i + 10.8j + 41.4k) m/s.

(b) α = � × ωrel = (2.2i + 4j − 3.6k) × (6.2i − 5j + 8.8k)

α = (17.2i − 41.7j − 35.8k) rad/s2.

Problem 20.6 Relative to an earth-fixed reference
frame, points A and B of the rigid parallelepiped are
fixed and it rotates about the axis AB with an angular
velocity of 30 rad/s. Determine the velocities of points
C and D relative to the earth-fixed reference frame.

x

z

y

0.4 m

30 rad/s
0.2 mA

C

D

B

0.4 m

Solution: Given

ω = (30 rad/s)
(0.4i + 0.2j − 0.4k)

0.6
= (20i + 10j − 20k) rad/s

rC/A = (0.2 m)j, rD/A = (0.4i + 0.2j) m

vC = ω × rC/A = (4i + 4k) m/s, vD = ω × rD/A = (4i − 8j) m/s

Problem 20.7 Relative to the xyz coordinate system
shown, points A and B of the rigid parallelepiped are
fixed and the parallelepiped rotates about the axis AB
with an angular velocity of 30 rad/s. Relative to an earth-
fixed reference frame, point A is fixed and the xyz coor-
dinate system rotates with angular velocity � = −5i +
8j + 6k (rad/s). Determine the velocities of points C and
D relative to the earth-fixed reference frame.

Solution: Given

ω = (30 rad/s)
(0.4i + 0.2j − 0.4k)

0.6
= (20i + 10j − 20k) rad/s

� = (−5i + 8j + 6k) rad/s, rC/A = (0.2 m)j,

rD/A = (0.4i + 0.2j) m

vC = vA + (� + ω) × rC/A = (2.8i + 3.0k) m/s

vD = vA + (� + ω) × rD/A = (2.8i − 5.6j − 4.2k) m/s
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Problem 20.8 Relative to an earth-fixed reference
frame, the vertical shaft rotates about its axis with angu-
lar velocity ω0 = 4 rad/s. The secondary xyz coordinate
system is fixed with respect to the shaft and its origin is
stationary. Relative to the secondary coordinate system,
the disk (radius = 8 cm) rotates with constant angular
velocity ωd = 6 rad/s. At the instant shown, determine
the velocity of pint A (a) relative to the secondary refer-
ence frame, and (b) relative to the earth-fixed reference
frame.

vd

v0

x

A

z

y

45�

Solution:

(a) Relative to the secondary system

vA = ωrel × rA = ωd i × r(sin 45◦j + cos 45◦k)

= (6i) × (8)(sin 45◦j + cos 45◦k)

= (−33.9j + 33.9k) .

vA = (−33.9j + 33.9k) .

(b) Relative to the earth-fixed reference frame

vA = (ωrel + �) × rA = (ωd i + ω0j) × r(sin 45◦j + cos 45◦k)

= (6i + 4j) × (8)(sin 45◦j + cos 45◦k)

= (22.6i − 33.9j + 33.9k) .

vA = (22.6i − 33.9j + 33.9k) .

Problem 20.9 Relative to an earth-fixed reference
frame, the vertical shaft rotates about its axis with angu-
lar velocity ω0 = 4 rad/s. The secondary xyz coordinate
system is fixed with respect to the shaft and its origin is
stationary. Relative to the secondary coordinate system,
the disk (radius = 8 cm) rotates with constant angular
velocity ωd = 6 rad/s.

(a) What is the angular acceleration of the disk relative
to the earth-fixed reference frame?

(b) At the instant shown, determine the acceleration of
point A relative to the earth-fixed reference frame.

vd

v0

x

A

z

y

45�

Solution:

(a) The angular acceleration

α = � × ωrel = ω0j × ωd i

= −ω0ωdk = −(4)(6)k = −24k

α = −24k rad/s2.

(b) The acceleration of point A.

aA = α × rA + (� + ωrel) × [(� + ωrel) × rA]

= (−24k) × (8 sin 45◦j + 8 cos 45◦k)

+ (6i + 4j) × [(6i + 4j) × (8 sin 45◦j + 8 cos 45◦k)]

aA = (272i − 204j − 294k) 2 .
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Problem 20.10 The radius of the disk is R =
is perpendicular to the horizontal part of the shaft and
rotates relative to it with constant angular velocity ωd =
36 rad/s. Relative to an earth-fixed reference frame, the
shaft rotates about the vertical axis with constant angular
velocity ω0 = 8 rad/s.

(a) Determine the velocity relative to the earth-fixed
reference frame of point P , which is the uppermost
point of the disk.

(b) Determine the disk’s angular acceleration vector α
relative to the earth-fixed reference frame.

(See Example 20.2.)

v0

vd

x

z

y

R

P

0.91 m

Solution:

(a)
vP = (8 rad/s)j × ( )i + [(36i + 8j) rad/s] × ( ) j

= ( )k

(b) α = (8 rad/s)j × [(36i + 8j) rad/s] = −(288 rad/s2)k

Problem 20.11 The vertical shaft supporting the disk
antenna is rotating with a constant angular velocity ω0 =
0.2 rad/s. The angle θ from the horizontal to the antenna’s
axis is 30◦ at the instant shown and is increasing at a
constant rate of 15◦ per second. The secondary xyz coor-
dinate system shown is fixed with respect to the dish.

(a) What is the dish’s angular velocity relative to an
earth-fixed reference frame?

(b) Determine the velocity of the point of the antenna
with coordinates (4,0,0) m relative to an earth-fixed
reference frame.

xy

v0

u

Solution: The relative angular velocity is

ωrel = (15◦
/s)

(
π rad

180◦
)

= π

12
rad/s.

(a) ω = � + ωrel = (0.2 sin 30◦i + 0.2 cos 30◦j) +
( π

12

)
k

ω = (0.1i + 0.173j + 0.262k) rad/s.

(b) v = ω × r = (0.1i + 0.173j + 0.262k) × (4i)

v = (1.05j − 0.693k) m/s.
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Problem 20.12 The vertical shaft supporting the disk
antenna is rotating with a constant angular velocity ω0 =
0.2 rad/s. The angle θ from the horizontal to the antenna’s
axis is 30◦ at the instant shown and is increasing at a
constant rate of 15◦ per second. The secondary xyz coor-
dinate system shown is fixed with respect to the dish.

(a) What is the dish’s angular acceleration relative to
an earth-fixed reference frame?

(b) Determine the acceleration of the point of the
antenna with coordinates (4, 0, 0) m relative to an
earth-fixed reference frame.

xy

v0

u

Solution: The angular velocity is

ωrel = (15◦
/s)

(
π rad

180◦
)

= π

12
rad/s.

ω = � + ωrel = (0.2 sin 30◦i + 0.2 cos 30◦j) +
( π

12

)
k

= (0.1i + 0.173j + 0.262k) rad/s

(a) The angular acceleration is

α = � × ωrel = (0.2 sin 30◦i + 0.2 cos 30◦j) ×
( π

12
k
)

α = (0.0453i − 0.0262j) rad/s2.

(b) The acceleration of the point

a = α × r + ω × (ω × r)

= (0.0453i − 0.0262j) × (4i)

+ (0.1i + 0.173j + 0.262k) × [(0.1i + 0.173j + 0.262k) × (4i)]

a = (−0.394i + 0.0693j + 0.209k) m/s2.

Problem 20.13 The radius of the circular disk is R =
0.2 m, and b = 0.3 m. The disk rotates with angular ve-
locity ωd = 6 rad/s relative to the horizontal bar. The hor-
izontal bar rotates with angular velocity ωb = 4 rad/s
relative to the vertical shaft, and the vertical shaft rotates
with angular velocity ω0 = 2 rad/s relative to an earth-fixed
reference frame. Assume that the secondary reference
frame shown is fixed with respect to the horizontal bar.

(a) What is the angular velocity vector ωrel of the disk
relative to the secondary reference frame?

(b) Determine the velocity relative to the earth-fixed
reference frame of point P , which is the uppermost
point of the disk.

vb

v0

vd

x

z

y

R

P

b

Solution:

(a) The angular velocity of the disk relative to the secondary refer-
ence frame is

ωrel = ωd i = 6i (rad/s).

(b) The angular velocity of the reference frame is

� = ω0j + ωbk = 2j + 4k (rad/s),

so the disk’s angular velocity is

ω = � + ωrel = 6i + 2j + 4k (rad/s).

Let O be the origin and C the center of the disk. The velocity
of C is

vc = v0 + � × rC/O = 0 +
∣∣∣∣∣∣

i j k
0 2 4

0.3 0 0

∣∣∣∣∣∣
= 1.2j − 0.6k (m/s).

The velocity of P is

vP = vC + ω × rP/C = 1.2j − 0.6k +
∣∣∣∣∣∣

i j k
6 2 4
0 0.2 0

∣∣∣∣∣∣
= −0.8i + 1.2j + 0.6k (m/s).
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Problem 20.14 The Object in Fig. a is supported by
bearings at A and B in Fig. b. The horizontal circu-
lar disk is supported by a vertical shaft that rotates with
angular velocity ω0 = 6 rad/s. The horizontal bar rotates
with angular velocity ω = 10 rad/s. At the instant shown,
what is the velocity relative to an earth-fixed reference
frame of the end C of the vertical bar?

0.2 m 0.1 m

y

x

0.1 m

0.4 m

y

C

x

A

Bz

v

v0

(a)

(b)

Solution:

vc = (� + ωrel) × r = (10i + 6k) × (0.1i + 0.1j)

vc = (0.4 m/s)k
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Problem 20.15 The object in Fig. a is supported by
bearings at A and B in Fig. b. The horizontal circular
disk is supported by a vertical shaft that rotates with
angular velocity ω0 = 6 rad/s. The horizontal bar rotates
with angular velocity ω = 10 rad/s.

(a) What is the angular acceleration of the object rel-
ative to an earth-fixed reference frame?

(b) At the instant shown, what is the acceleration rel-
ative to an earth-fixed reference frame of the end
C of the vertical bar?

0.2 m 0.1 m

y

x

0.1 m

0.4 m

y

C

x

A

Bz

v

v0

(a)

(b)

Solution:

(a) α = � × ωrel = (6j) × (10i) = −60k α = −(60 rad/s2)k

(b)

ac = α × r + (� + ωrel) × [(� + ωrel) × r]

= (−60k) × (0.1i + 0.1j) + (10i + 6j) × [(10i + 6j) × (0.1i + 0.1j)]

= (8.4i − 10j) m/s2.

ac = (8.4i − 10j) m/s2.
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Problem 20.16 Relative to a primary reference frame,
the gyroscope’s circular frame rotates about the vertical
axis at 2 rad/s. The 60-nm diameter wheel rotates at
10 rad/s relative to the frame. Determine the velocities of
points A and B relative to the primary reference frame.

10
rad/sz

A

B

x

2 rad/s

y

20°

80 mm

60 mm

Solution: Let the secondary reference frame shown be fixed with
respect to the gyroscope’s frame. The angular velocity of the SRF is
� = 2j (rad/s). The angular velocity of the wheel relative to the SRF
is ωrel = 10k (rad/s), so the wheel’s angular velocity is

ω = � + ωrel = 2j + 10k (rad/s).

Let O denote the origin. The velocity of pt. A is

vA = v0 + ω × rA/O = 0 +
∣∣∣∣∣∣

i j k
0 2 10
0 0 40

∣∣∣∣∣∣ = 80i (mm/s).

The velocity of pt. B is

vB = v0 + ω × rB/O

= 0 +
∣∣∣∣∣∣

i j k
0 2 10

30 cos 20◦ 30 sin 20◦ 0

∣∣∣∣∣∣
= −102.6i + 281.9j − 56.4k (mm/s).

Problem 20.17 Relative to a primary reference frame,
the gyroscope’s circular frame rotates about the vertical
axis with a constant angular velocity of 2 rad/s. The
60-mm diameter wheel rotates with a constant angular
velocity of 10 rad/s relative to the frame. Determine the
accelerations of points A and B relative to the primary
reference frame.

Solution: See the solution of Problem 20.16. From Eq. (20.4), the
wheel’s angular acceleration is

α = � × ω =
∣∣∣∣∣∣

i j k
0 2 0
0 2 10

∣∣∣∣∣∣ = 20i (rad/s2).

The acceleration of pt. A is

aA = a0 + α × rA/O + ω × (ω × rA/O)

= 0 +
∣∣∣∣∣∣

i j k
20 0 0
0 0 40

∣∣∣∣∣∣+
∣∣∣∣∣∣

i j k
0 2 10
80 0 0

∣∣∣∣∣∣
= −160k (mm/s2).

The acceleration of pt. B is

aB = a0 + α × rB/O + ω × (ω × rB/O)

= 0 +
∣∣∣∣∣∣

i j k
20 0 0

30 cos 20◦ 30 sin 20◦ 0

∣∣∣∣∣∣

+
∣∣∣∣∣∣

i j k
0 2 10

−102.6 281.9 −56.4

∣∣∣∣∣∣
= −2932i − 1026j + 410k (mm/s2).
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Problem 20.18 The point of the spinning top remains
at a fixed point on the floor, which is the origin O of
the secondary reference frame shown. The top’s angu-
lar velocity relative to the secondary reference frame,
ωrel = 50k (rad/s), is constant. The angular velocity of
the secondary reference frame relative to an earth-fixed
primary reference frame is � = 2j + 5.6k (rad/s). The
components of this vector are constant. (Notice that it
is expressed in terms of the secondary reference frame.)
Determine the velocity relative to the earth-fixed ref-
erence frame of the point of the top with coordinates
(0, 20, 30) mm.

x

y

z

O

Solution:

v = (� + ωrel) × r = (2j + 55.6k) × (0.02j + 0.03k)

= (−1.05 m/s)i

v = (−1.05 m/s)i

Problem 20.19 The point of the spinning top remains
at a fixed point on the floor, which is the origin O of
the secondary reference frame shown. The top’s angu-
lar velocity relative to the secondary reference frame,
ωrel = 50k (rad/s), is constant. The angular velocity of
the secondary reference frame relative to an earth-fixed
primary reference frame is � = 2j + 5.6k (rad/s). The
components of this vector are constant. (Notice that it is
expressed in terms of the secondary reference frame.)

(a) What is the top’s angular acceleration relative to
the earth-fixed reference frame?

(b) Determine the acceleration relative to the earth-
fixed reference frame of the point of the top with
coordinates (0, 20, 30) mm. x

y

z

O

Solution:

(a) α = � × ωrel = (2j + 5.6k) × (50k) = 100i α = (100 rad/s2)i

(b) a = α × r + (� + ωrel) × [(� + ωrel) × r]

= (100i) × (0.02j + 0.03k)

+ (2j + 55.6k) × [(2j + 55.6k) × (0.02j + 0.03k)]

= (−61.5j + 4.10k)

a = (−61.5j + 4.10k) m/s2.
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Problem 20.20* The cone rolls on the horizontal sur-
face, which is fixed with respect to an earth-fixed refer-
ence frame. The x axis of the secondary reference frame
remains coincident with the cone’s axis, and the z axis
remains horizontal. As the cone rolls, the z axis rotates in
the horizontal plane with an angular velocity of 2 rad/s.

(a) What is the angular velocity vector � of the sec-
ondary reference frame?

(b) What is the angular velocity vector ωrel of the cone
relative to the secondary reference frame?

(See Example 20.3.)

Strategy: To solve part (b), use the fact that the veloc-
ity relative to the earth-fixed reference frame of points
of the cone in contact with the surface is zero.

z

y

0.4 m

x

2 rad/s

0.2 m

Solution:

(a) The angle β = arctan(R/h) = arctan(0.2/0.4) = 26.6◦. The
angular velocity of the secondary reference frame is

� = ω0 sin βi + ω0 cos βj = 2(sin 26.6◦i + cos 26.6◦j)

= 0.894i + 1.789j (rad/s).

(b) The cone’s angular velocity relative to the secondary reference
frame can be written ωrel = ωreli, so the cone’s angular velocity is

ω = � + ωrel

= (0.894 + ωrel)i + 1.789j (rad/s).

To determine ωrel, we use the fact that the point P in contact
with the surface has zero velocity:

vP = v0 + ω × rP/O = 0 +
∣∣∣∣∣∣

i j k
0.894 + ωrel 1.789 0

0.4 −0.2 0

∣∣∣∣∣∣ = 0.

Solving, we obtain ωrel = −4.47 (rad/s), so ωrel = −4.47i (rad/s).

β
β

x

y

O

h

R

P

0ω

Problem 20.21* The cone rolls on the horizontal sur-
face, which is fixed with respect to an earth-fixed ref-
erence frame. The x axis of the secondary reference
frame remains coincident with the cone’s axis, and the
z axis remains horizontal. As the cone rolls, the z axis
rotates in the horizontal plane with an angular veloc-
ity of 2 rad/s. Determine the velocity relative to the
earth-fixed reference frame of the point of the base of
the cone with coordinates x = 0.4 m, y = 0, z = 0.2 m.
(See Example 20.3.)

Solution: See the solution of Problem 20.20. The cone’s angular
velocity is

ω = � + ωrel = (0.894i + 1.789j) − 4.472i

= −3.578i + 1.789j (rad/s).

Let A denote the pt with coordinates (0.4, 0, 0.2) m. Its velocity is

vA = v0 + ω × rA/O = 0 +
∣∣∣∣∣∣

i j k
−3.578 1.789 0

0.4 0 0.2

∣∣∣∣∣∣
= 0.358i + 0.716j − 0.716k (m/s).
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Problem 20.22* The cone rolls on the horizontal sur-
face, which is fixed with respect to an earth-fixed refer-
ence frame. The x axis of the secondary reference frame
remains coincident with the cone’s axis, and the z axis
remains horizontal. As the cone rolls, the z axis rotates
in the horizontal plane with a constant angular veloc-
ity of 2 rad/s. Determine the acceleration relative to the
earth-fixed reference frame of the point of the base of
the cone with coordinates x = 0.4 m, y = 0, z = 0.2 m.
(See Example 20.3.)

Solution: See the solutions of Problems 20.20 and 20.21. The
cone’s angular acceleration is

α = � × ω =
∣∣∣∣∣∣

i j k
0.894 1.789 0

−3.578 1.789 0

∣∣∣∣∣∣ = 8.000k (rad/s2).

The acceleration of the point is

aA = a0 + α × rA/O + ω × (ω × rA/O)

= 0 +
∣∣∣∣∣∣

i j k
0 0 8

0.4 0 0.2

∣∣∣∣∣∣+
∣∣∣∣∣∣

i j k
−3.578 1.789 0
0.358 0.716 −0.716

∣∣∣∣∣∣
= −1.28i + 0.64j − 3.20k (m/s2).

Problem 20.23* The radius and length of the cylinder
are R = 0.1 m and l = 0.4 m. The horizontal surface is
fixed with respect to an earth-fixed reference frame. One
end of the cylinder rolls on the surface while its center,
the origin of the secondary reference frame, remains sta-
tionary. The angle β = 45◦. The z axis of the secondary
reference frame remains coincident with the cylinder’s
axis, and the y axis remains horizontal. As the cylinder
rolls, the y axis rotates in a horizontal plane with angular
velocity ω0 = 2 rad/s.

(a) What is the angular velocity vector � of the sec-
ondary reference frame?

(b) What is the angular velocity vector ωrel of the cylin-
der relative to the secondary reference frame?

x

y

z

v0

b

Solution:

(a) The angular velocity of the secondary reference frame is

� = ω0 sin 45◦i + ω0 cos 45◦k

= (2) sin 45◦i + (2) cos 45◦k

= 1.414i + 1.414k (rad/s).

(b) The cylinder’s angular velocity relative to the SRF can be written
ωrel = ωrelk, so ω = � + ωrel = 1.414i + (1.414 + ωrel)k. We
determine ωrel from the condition that the velocity of pt. P

is zero:

vP = v0 + ω × rP/O = 0 +
∣∣∣∣∣∣

i j k
1.414 0 1.414 + ωrel

−0.1 0 −0.2

∣∣∣∣∣∣ = 0.

Solving, we obtain ωrel = 1.414 rad/s, so ωrel = 1.414k (rad/s).

x

z

0.1 m

0.2 m

45°

45°

O

P

0ω

650

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 20.24* The radius and length of the cylinder
are R = 0.1 m and l = 0.4 m. The horizontal surface is
fixed with respect to an earth-fixed reference frame. One
end of the cylinder rolls on the surface while its center,
the origin of the secondary reference frame, remains sta-
tionary. The angle β = 45◦. The z axis of the secondary
reference frame remains coincident with the cylinder’s
axis, and the y axis remains horizontal. As the cylinder
rolls, the y axis rotates in a horizontal plane with angular
velocity ω0 = 2 rad/s. Determine the velocity relative to
the earth-fixed reference frame of the point of the upper
end of the cylinder with coordinates x = 0.1 m, y = 0,
z = 0.2 m.

Solution: See the solution of Problem 20.23. The cylinder’s angu-
lar velocity is

ω = � + ωrel = (1.414i + 1.414k) + 1.414k

= 1.414i + 2.828k (rad/s).

Let A devote the pt with coordinates (0.1, 0, 0.2) m. Its velocity is

vA = v0 + ω × rA/O = 0 +
∣∣∣∣∣∣

i j k
1.414 0 2.828
0.1 0 0.2

∣∣∣∣∣∣ = 0.

Problem 20.25* The landing gear of the P-40 airplane
used in World War II retracts by rotating 90◦ about
the horizontal axis toward the rear of the airplane. As
the wheel retracts, a linkage rotates the strut support-
ing the wheel 90◦ about the strut’s longitudinal axis so
that the wheel is horizontal in the retracted position.
(Viewed from the horizontal axis toward the wheel, the
strut rotates in the clockwise direction.) The x axis of the
coordinate system shown remains parallel to the horizon-
tal axis and the y axis remains parallel to the strut as the
wheel retracts. Let ωW be the magnitude of the wheel’s
angular velocity when the airplane lifts off, and assume
that it remains constant. Let ω0 be the magnitude of the
constant angular velocity of the strut about the horizon-
tal axis as the landing gear is retracted. The magnitude
of the angular velocity of the strut about its longitudinal
axis also equals ω0. The landing gear begins retracting
at t = 0. Determine the wheel’s angular velocity relative
to the airplane as a function of time.

ωW

x

z

y

Retracted
position

y

x

Horizontal
axis

Strut

Deployed
position

z

Solution: The angular velocity is given by

ω = ω0i + ω0j + ωW [(cos ω0t)i + (sin ω0t)k]

ω = (ω0 + ωW cos ω0t)i + ω0j + (ω0 + ωW cos ω0t)k

z

x

wω

0tω
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Problem 20.26 In Active Example 20.4, suppose that
the shaft supporting the disk is initially stationary, and
at t = 0 it is subjected to a constant angular acceleration
α0 in the counterclockwise direction viewed from above
the disk. Determine the force and couple exerted on the
bar by the disk at that instant.

v0

l

b y

b

v0

z

x

Solution: We have Use Newton’s Second Law for rigid bodies to
find the force F at the base of the rod

F = mgj = ma = m(−bα0k) ⇒ F = mgj − mbα0k

Now use Euler’s equations to find the moment C exerted by the disk
on the base of the rod. Note that the angular velocity is zero, and the
only nonzero inertias are Ixx = Izz = ml2/12.

C +
(

− 1

2
j
)

× F =

 Ixx 0 0

0 0 0
0 0 Izz






0
α0

0


 = 0

C = 1

2
j(mgj − mbα0k)

C = − 1

2
mblα0i

Problem 20.27 In Example 20.5, suppose that the hor-
izontal plate is initially stationary, and at t = 0 the robotic
manipulator exerts a couple C on the plate at the fixed
point O such that the plate’s angular acceleration at this
instant is α = 150i + 320j + 25k (rad/s2). Determine C.

z

O

x

y

150 mm
150 mm

300 mm

300 mm

Solution: The mass of the plate is 4 kg. Point O is a fixed point.
The nonzero inertias are

Ixx = 1

3
(4 kg)(0.6 m)2 = 0.48 kg-m2,

Iyy = 1

3
(4 kg)(0.3 m)2 = 0.12 kg-m2

Izz = Ixx + Iyy = 0.60 kg-m2,

Ixy = (4 kg)(0.15 m)(0.3 m) = 0.18 kg-m2.

Euler’s equations can be written as (note that the angular velocity is
zero)

C + (0.15i + 0.3j) × (−[4][9.81]k) = [I ]α

C = −(0.15i + 0.3j) × (−[4][9.81]k) + [I ]α

In Matrix Form this is


Cx

Cy

Cz


 =




11.8
−5.89

0


+


 0.48 −0.18 0

−0.18 0.12 0
0 0 0.60






150
320
25




Solving we find Cx = 26.2, Cy = 5.51, Cz = 15.

Thus C = (26.2i + 5.51j + 15k) N-m.
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Problem 20.28 A robotic manipulator moves a cast-
ing. The inertia matrix of the casting in terms of a
body-fixed coordinate system with its origin at the cen-
ter of mass is shown. At the present instant, the angu-
lar velocity and angular acceleration of the casting are
w = 1.2i + 0.8j − 0.4k (rad/s) and α = 0.26i − 0.07j +
0.13k (rad/s2). What moment is exerted about the center
of mass of the casting by the manipulator?

xy

Ixx �Ixy �Ixz
�Iyx Iyy �Iyz
�Izx �Izy Izz

0.05 �0.03 0
�0.03 0.08 0

0 0 0.04
� kg-m2.

Solution:




Mx

My

Mz


 =


 0.05 −0.03 0

−0.03 0.08 0
0 0 0.04






0.26
−0.07
0.13


 N-m

+

 0 0.4 0.8

−0.4 0 −1.2
−0.8 1.2 0




 0.05 −0.03 0

−0.03 0.08 0
0 0 0.04




×



1.2
0.8

−0.4


 N-m

M = (Mx i + My j + Mzk) = (0.0135i − 0.0086j + 0.01k) N-m

Problem 20.29 A robotic manipulator holds a cast-
ing. The inertia matrix of the casting in terms of a
body-fixed coordinate system with its origin at the cen-
ter of mass is shown. At the present instant, the cast-
ing is stationary. If the manipulator exerts a moment
�M = 0.042i + 0.036j + 0.066k (N-m) about the cen-
ter of mass, what is the angular acceleration of the cast-
ing at that instant?

Solution:




0.042
0.036
0.066


 N-m =


 0.05 −0.03 0

−0.03 0.08 0
0 0 0.04


 kg-m2




αx

αy

αz




Solving we find

α = (αx i + αy j + αzk) = (1.43i + 0.987j + 1.65k) rad/s2
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Problem 20.30 The rigid body rotates about the fixed
point O. Its inertia matrix in terms of the body-fixed
coordinate system is shown. At the present instant, the
rigid body’s angular velocity is ω = 6i + 6j − 4k (rad/s)
and its angular acceleration is zero. What total moment
about O is being exerted on the rigid body?

y

z

O

x

Ixx �Ixy �Ixz
�Iyx Iyy �Iyz
�Izx �Izy Izz

4 �2 0
�2 3 1

0 1 5
�

2kg-m .

Solution:




Mx

My

Mz


 =


 0 4 6

−4 0 −6
−6 6 0




 4 −2 0

−2 3 1
0 1 5






6
6

−4




M = (Mx i + My j + Mzk) = (−76i + 36j − 60k)

Problem 20.31 The rigid body rotates about the fixed
point O. Its inertia matrix in terms of the body-fixed
coordinate system is shown. At the present instant,
the rigid body’s angular velocity is ω = 6i + 6j −
4k (rad/s). The total moment about O due to the forces
and couples acting on the rigid body is zero. What is its
angular acceleration?

Solution:




0
0
0


 =


 4 −2 0

−2 3 1
0 1 5


 2




αx

αy

αz




+

 0 4 6

−4 0 −6
−6 6 0




 4 −2 0

−2 3 1
0 1 5






6
6

−4


 -

Solving we find α = (16.2i − 5.56j + 13.1k) rad/s2
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Problem 20.32 The dimensions of the 20-kg thin plate
are h = 0.4 m and b = 0.6 m. The plate is stationary
relative to an inertial reference frame when the force
F = 10 N is applied in the direction perpendicular to
the plate. No other forces or couples act on the plate. At
the instant F is applied, what is the magnitude of the
acceleration of point A relative to the inertial reference
frame?

F

A
b

h

Solution: From Appendix C, the inertia matrix in terms of the
body-fixed reference frame shown is

[I ] =




1

12
mh2 0 0

0
1

12
mb2 0

0 0
1

12
m(b2 + h2)




=

 0.267 0 0

0 0.6 0
0 0 0.867


 kg-m2.

The moment of the force about the center of mass is

M =
(

b

2
i − h

2
j
)

× (−Fk) = 2i + 3j (N-m).

From Eq. (20.19) with ω = � = 0,


 2

3
0


 =


 0.267 0 0

0 0.6 0
0 0 0.367




 dωx/dt

dωy/dt

dωz/dt




Solving, we obtain α = 7.5i + 5j (m/s2). From Newton’s second law,∑
F = −Fk = ma0, the acceleration of the center of mass is a0 =

−F

m
k = −0.5k (m/s2). The acceleration of pt A is

aA = a0 + α × rA/O + ω × (ω × rA/O)

= −0.5k +
∣∣∣∣∣∣

i j k
7.5 5 0

−0.3 0.2 0

∣∣∣∣∣∣+ 0

= 2.5k (m/s2).

We see that |aA| = 2.5 m/s2.

h

A

b
y

F

x

O

z
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Problem 20.33 In terms of the coordinate system
shown, the inertia matrix of the 6-kg slender bar is

[
Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz

]

=
[

0.500 0.667 0
0.667 2.667 0

0 0 3.167

]
kg-m2.

The bar is stationary relative to an inertial reference
frame when the force F = 12k (N) is applied at the right
end of the bar. No other forces or couples act on the bar.
Determine

(a) the bar’s angular acceleration relative to the inertial
reference frame and

(b) the acceleration of the right end of the bar relative
to the inertial reference frame at the instant the
force is applied.

x

y

1 m

2 m

Solution:

(a) In terms of the primed reference frame shown, the coordinates of
the center of mass are

x′ = x′
1m1 + x′

2m2

m1 + m2
=

(0)
1

3
(6) + (1)

2

3
(6)

1

3
(6) + 2

3
(6)

= 0.667 m,

y′ = y′
1m1 + y′

2m2

m1 + m2
=

(0.5)
1

3
(6) + (0)

2

3
(6)

1

3
(6) + 2

3
(6)

= 0.167 m.

The moment of F about the center of mass is

M = (1.333i − 0.167j) × 12k

= −2i − 16j (N-m).

From Eq. (20.19) with ω = � = 0,


−2

−16
0


 =


 0.5 0.667 0

0.667 2.667 0
0 0 3.167




 dωx/dt

dωy/dt

dωz/dt


 .

Solving, we obtain α = 6.01i − 7.50j (rad/s2).

(b) From Newton’s second law,
∑

F = 12k = (6)a0, the accelera-
tion of the center of mass is a0 = 2k (m/s2). The acceleration of
pt A is

aA = a0 + α × rA/O + ω × (ω × rA/O)

= 2k +
∣∣∣∣∣∣

i j k
6.01 −7.50 0
1.333 −0.167 0

∣∣∣∣∣∣+ 0

= 11.0k (m/s2).

x

A
x'

y'
y

O

1 m

2 m

2

1
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Problem 20.34 In terms of the coordinate system
shown, the inertia matrix of the 12-kg slender bar is

[
Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz

]
=
[

2 −3 0
−3 8 0
0 0 10

]
kg-m2.

The bar is stationary relative to an inertial reference
frame when a force F = 20i + 40k (N) is applied at the
point x = 1 m, y = 1 m. No other forces or couples
act on the bar. Determine (a) the bar’s angular accel-
eration and (b) the acceleration of the point x = −1 m,
y = −1 m, relative to the inertial reference frame at the
instant the force is applied.

y

x

z

1 m

1 m

1 m

1 m

Solution:

(a) The moment of the force about the center of mass is

M = (i + j) × (20i + 40k)

= 40i − 40j − 20k (N-m).

From Eq. (20.19) with ω = � = 0,


 40

−40
−20


 =


 2 −3 0

−3 8 0
0 0 10




 dωx/dt

dωy/dt

dωz/dt


 .

Solving, we obtain

α = 28.57i + 5.71j − 2k (rad/s2).

From Newton’s second law,

∑
F = 20i + 40k = (12)a0,

the acceleration of the center of mass is

a0 = 1.67i + 3.33k (N/s2).

The acceleration of the pt with coordinates (−1,−1, 0) is

aA = a0 + α × rA/O + ω × (ω × rA/O)

= 1.67i + 3.33k +
∣∣∣∣∣∣

i j k
28.57 5.71 −2
−1 −1 0

∣∣∣∣∣∣+ 0

= −0.333i + 2.000j − 19.524k (m/s2)
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Problem 20.35 The inertia matrix of the 2.4-kg plate
in terms of the given coordinate system is shown.
The angular velocity of the plate is ω = 6.4i + 8.2j +
14k (rad/s), and its angular acceleration is α = 60i +
40j − 120k (rad/s2). What are the components of the
total moment exerted on the plate about its center
of mass?

x

y

50 mm

150 mm

220 mm

Solution: In the solution of Problem 20.87, the location of the
center of mass, x = 0.1102 (m), y = 0.0979 (m) and the moments of
inertia in terms of a parallel coordinate system with its origin at the
center of mass are determined:

Ix′x′ = 0.00876 (kg-m2), Iy′y′ = Iyy = 0.00655 (kg-m2),

Iz′z′ = 0.01531 (kg-m2), Ix′y′ = −0.00396 (kg-m2), Iy′z′ = Iz′x′ = 0.

The components of the total moment are given by Equation (20.19)
with � = ω:



∑

Mx∑
My∑
Mz


 =


 0.00876 0.00396 0

0.00396 0.00655 0
0 0 0.01531




 60

40
−120




+

 0 −14.0 8.2

14.0 0 −6.4
−8.2 6.4 0




×

 0.00876 0.00396 0

0.00396 0.00655 0
0 0 0.01531




 6.4

8.2
14.0




=

 1.335

0.367
−2.057


 (N-m).

Problem 20.36 The inertia matrix of the 2.4-kg plate
in terms of the given coordinate system is shown. At
t = 0, the plate is stationary and is subjected to a force
F = −10k (N) at the point with coordinates (220,0,0)
mm. No other forces or couples act on the plate. Deter-
mine (a) the acceleration of the plate’s center of mass
and (b) the plate’s angular acceleration at the instant the
force is applied.

Solution:

(a) From Newton’s second law,
∑

F = ma: − 10k = 2.4a, and the
acceleration of the center of mass is a = −4.17k (m/s2).

(b) From the solution of Problem 20.87, the center of mass is at
x = 0.1102 (m), y = 0.0979 (m). Therefore, the moment of the
force about the center of mass is

∑
M = [(0.22 − 0.1102)i − 0.0979j] × (−10k)

= 0.979i + 1.098j (N-m).

Equation (20.19) is


 0.979

1.098
0


 =


 0.00876 0.00396 0

0.00396 0.00655 0
0 0 0.01531




 dωx/dt

dωy/dt

dωz/dt


 .

Solving these equations, we obtain

α = dω/dt = 49.5i + 137.7j (rad/s2).
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Problem 20.37 A 3-kg slender bar is rigidly attached
to a 2-kg thin circular disk. In terms of the body-fixed
coordinate system shown, the angular velocity of the
composite object is ω = 100i − 4j + 6k (rad/s) and its
angular acceleration is zero. What are the components
of the total moment exerted on the object about its center
of mass?

y

x

600 mm

200 mm

Solution: Choose an x, y, z coordinate system with the origin
at O and the x axis parallel to the slender rod, as shown. From the
solution to Problem 20.92, the coordinates of the center of mass in the
x, y, z system are (0.5, 0, 0), and the inertia matrix about a parallel
coordinate system with origin at the center of mass is:

[I ]G =

 0.02 0 0

0 0.41 0
0 0 0.43


 kg-m2.

Since the coordinate system is body fixed, � = ω, and Eq. (20.19)
reduces to



∑

MOx∑
MOy∑
MOz


=

 0 −6 −4

6 0 −100
4 100 0




 0.02 0 0

0 0.41 0
0 0 0.43




 100

−4
6


 ,



∑

MOx∑
MOy∑
MOz


 =


 0 −2.46 −1.72

0.12 0 −43
0.08 41 0




 100

−4
6




=

−0.48

−246
−156


 N-m,

M0 = −0.48i − 246j − 156k N-m.

y y'

x, x'
O

Problem 20.38 A 3-kg slender bar is rigidly attached
to a 2-kg thin circular disk. At t = 0, the composite
object is stationary and is subjected to the moment
�M = −10i + 10j (N-m) about its center of mass. No
other forces or couples act on the object. Determine the
object’s angular acceleration at t = 0.

Solution: From the solution to Problem 20.92, the inertia matrix
in terms of the parallel coordinate system with origin at the center of
mass is

[I ]G =

 0.02 0 0

0 0.41 0
0 0 0.43


 kg-m2.

Since the coordinates are body-fixed and the object is stationary at
t = 0, � = ω = 0, and Eq. (20.19) reduces to:


−10

10
0


 =


 0.02 0 0

0 0.41 0
0 0 0.43




αx

αy

αz


 =


 0.02αx

0.41αy

0.43αz


 .

Solve: α = −500i + 24.4j (rad/s2).
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Problem 20.39 The vertical shaft supporting the dish
antenna is rotating with a constant angular velocity
of 1 rad/s. The angle θ = 30◦, dθ/dt = 20◦

/s2, and
d2θ/dt2 = −40◦

/s2. The mass of the antenna is 280 kg,
and its moments and products of inertia, in kg-m2,
are Ixx = 140, Iyy = Izz = 220, Ixy = Iyz = Izx = 0.
Determine the couple exerted on the antenna by its
support at A at the instant shown.

x

y

1 rad/s

0.8 m

θ

A

Solution: The reactions at the support arise from (a) the Euler
moments about the point A, and (b) the weight unbalance due to the
offset center of mass. The Euler Equations: Express the reactions in
the x, y, z system. The angular velocity in the x, y, z system

ω = i sin θ + j cos θ + (dθ/dt)k

= 0.5i + 0.866j + 0.3491k (rad/s).

The angular acceleration is

α = dω

dt
= (i cos θ − j sin θ)

dθ

dt
+ d2θ

dt2
k

= 0.3023i − 0.1745j − 0.6981k (rad/s2).

Since the coordinates are body fixed � = ω, and Eq. (20.13) is



∑

MOx∑
MOy∑
MOz


 =


 140 0 0

0 220 0
0 0 220




 0.302

−0.1745
−0.6981




+

 0 −0.3491 0.866

0.3491 0 −0.5
−0.866 0.5 0




×

 140 0 0

0 220 0
0 0 220




 0.5

0.866
0.3491


 .



∑

MOx∑
MOy∑
MOz


 =


 42.32

−38.39
−153.6


+

 0 −76.79 190.52

48.87 0 −110
−121.2 110 0




×

 0.5

0.866
0.3491




=

 42.32

−38.39
−153.6


+

 0

−13.96
34.64


 =


 42.32

−52.36
−118.9


 ,

M0 = 42.32i − 52.36j − 118.9k N-m

The unbalance exerted by the offset center of mass: The weight of the
antenna acting through the center of mass in the x, y, z system is

W = mg(−i sin θ − j cos θ) = −1373.4i − 2378.8j (N).

The vector distance to the center of mass is in the x, y, z system is
rG/O = 0.8i (m). The moment exerted by the weight is

MW = rG/O × W =

 i j k

0.8 0 0
−1373.4 −2378.8 0




= 1903.0k.

x

x

y

y

1 rad/s

0.8
m

θ

θ

A

A

mg

CBase

The couple exerted by the base:


Cx

Cy

Cz


 =



∑

Mx∑
My∑
Mz


−

 0

0
−1903.0




=

 42.32

−52.36
−118.9


+

 0

0
+1903.0


 =


 42.32

−52.36
1784.1


 (N-m),

CBase = 42.35i − 52.36j + 1784.1k (N-m)
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Problem 20.40 The 5-kg triangular plate is connected
to a ball-and-socket support at O. If the plate is released
from rest in the horizontal position, what are the com-
ponents of its angular acceleration at that instant?

y

x

O

0.6 m

0.9 m

Solution: From the appendix to Chapter 20 on moments of inertia,
the inertia matrix in terms of the reference frame shown is

[I ] =




m

A

(
1

12
bh3

)
−m

A

(
1

8
b2h2

)
0

−m

A

(
1

8
b2h2
)

m

A

(
1

4
hb3
)

0

0 0
m

A

(
1

12
bh3 + 1

4
hb3
)




=

 0.300 −0.675 0

−0.675 2.025 0
0 0 2.325


 kg-m2.

The moment exerted by the weight about the fixed pt. 0 is

∑
m0 =

(
2

3
bi + 1

3
hj
)

× (−mgk)

= −9.81i + 29.43j (N-m).

F

y

x

b

mg

G

h

z

O

From Eq. (20.13) with ω = � = 0,


−9.81

29.43
0


 =


 0.300 −0.675 0

−0.675 2.025 0
0 0 2.325




 dωx/dt

dωy/dt

dωz/dt


 .

Solving, we obtain α = 14.5 j (rad/s2).

Problem 20.41 If the 5-kg plate is released from rest
in the horizontal position, what force is exerted on it by
the ball-and-socket support at that instant?

Solution: See the solution of Problem 20.40. Let G denote the
center of mass and Let F be the force exerted by the support.

The acceleration of the center of mass is

aG = aO + α × rG/O + ω × (ω × rG/O)

= 0 +

∣∣∣∣∣∣∣∣
i j k
0 14.5 0
2

3
b

1

3
h 0

∣∣∣∣∣∣∣∣
+ 0

= −8.72 k (m/s2)

From Newton’s second law,

�F = maG: F − (5)(9.81)k = (5)(−8.72k),

we obtain F = 5.45k (N).

Problem 20.42 The 5-kg triangular plate is connected
to a ball-and-socket support at O. If the plate is released
in the horizontal position with angular velocity ω =
4i (rad/s), what are the components of its angular accel-
eration at that instant?

Solution: See the solution of Problem 20.40. From Eq. (20.13)
with ω = � = 4i (rad/s);


−9.81

29.43
0


 =


 0.300 −0.675 0

−0.675 2.025 0
0 0 2.325




 dωx/dt

dωy/dt

dωz/dt




+

 0 0 0

0 0 −4
0 4 0




 0.300 −0.675 0

−0.675 2.025 0
0 0 2.325




 4

0
0


 .

Solving, we obtain α = 14.53j + 4.65k (rad/s2).
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Problem 20.43 A subassembly of a space station can
be modeled as two rigidly connected slender bars, each
with a mass of 5000 kg. The subassembly is not rotating
at t = 0, when a reaction control motor exerts a force
F = 400k (N) at B. What is the acceleration of point
A relative to the center of mass of the subassembly at
t = 0?

x

A B

y

20 m

20 m

Solution: Choose a x′, y′, z′ coordinate system with the origin at
A and the x′ axis parallel to the horizontal bar, and a parallel x, y, z

system with origin at the center of mass.

The Euler Equations: The center of mass in the x′, y′, z′ system has
the coordinates

xG = 10(5000) + 0(5000)

10000
= 5 m,

yG = 10(5000) + 0(5000)

10000
= 5 m,

zG = 0,

from which (dx, dy , dz) = (5, 5, 0) m.

From Appendix C, the moments and products of inertia of each bar
about A are

IA
xx = IA

yy = mL2

3
,

IA
zz = IA

xx + IA
yy = 2mL2

3

IA
xy = IA

xz = IA
yz = 0,

where m = 5000 kg, and L = 20 m. The moment of inertia matrix is

[IA] =

 0.6667 0 0

0 0.6667 0
0 0 1.333


 Mg-m2.

From the parallel axis theorem, Eq. (20.42), the moments and products
of inertia about the center of mass are:

Ixx = IA
xx − (d2

z + d2
y )(2 m) = 0.4167 Mg-m2,

Iyy = IA
yy − (d2

x + d2
z )(2 m) = 0.4167 Mg-m2,

Izz = IA
zz − (d2

x + d2
y )(2 m) = 0.8333 Mg-m2.

Ixy = IA
xy − dxdy(2 m) = −0.2500 Mg-m2,

from which the inertia matrix is

[I ] =

 0.4167 0.2500 0

0.2500 0.4167 0
0 0 0.8333


 Mg-m2.

The vector distance from the center of mass to the point B is

rB/G = (20 − 5)i + (0 − 5)j = 15i − 5j (m).

20 m

x

y

B

A 20 m

A
B

F

G

z
x

y
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The moment about the center of mass is

MG = rB/G × F =

 i j k

15 −5 0
0 0 400




= −2000i − 6000j (N-m).

The coordinates are body-fixed, and the object is initially stationary,
from which � = ω = 0, and Eq. (20.19) reduces to


−2000

−6000
0


 = [I ]

=

 4.167 × 105 2.5 × 105 0

2.5 × 105 4.167 × 105 0
0 0 8.333 × 105




αx

αy

αz


 .

Carry out the matrix multiplication to obtain:

4.167 × 105αx + 2.5 × 105αy = −2000,

2.5 × 105αx + 4.167 × 105αy = −6000,

and αz = 0. Solve: α = 0.006i − 0.018j (rad/s2).

Newton’s second law : The acceleration of the center of mass of the
object from Newton’s second law is

aG =
(

1

2 m

)
F = 0.04k (m/s2).

The acceleration of point A: The vector distance from the center of
mass to the point A is rA/G = −5i − 5j (m). The acceleration of
point A is

aA = aG + α × rA/G + ω × (ω × rA/G).

Since the object is initially stationary, ω = 0.

aA = aG + α × rA/G = 0.04k +

 i j k

0.006 −0.018 0
−5 −5 0




= −0.08k (m/s2), aA = −0.08k (m/s2)
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Problem 20.44 A subassembly of a space station can
be modeled as two rigidly connected slender bars, each
with a mass of 5000 kg. If the subassembly is rotat-
ing about the x axis at a constant rate of 1 revolution
every 10 minutes, what is the magnitude of the couple
its reaction control system is exerting on it?

Solution: (See Figure in solution to Problem 20.100.) The angular
acceleration of the disk is given by

dω

dt
= d

dt
(ωd i + ωO j) + ωO × ωd = 0 +


 i j k

0 ωO 0
ωd 0 0




= −ωOωdk.

The velocity of point A relative to O is

aA/O = α × rA/O + ω × (ω × rA/O)

= (−ωOωd)(k × rA/O) + ω × (ω × rA/O).

Term by term:

−ωOωd(k × rA/O) = −ωOωd


 i j k

0 0 1
b R sin θ −R cos θ




= ωOωdR sin θ i − ωOωdbj,

ω × (ω × rA/O) = ω ×

 i j k

ωd ωO 0
b R sin θ −R cos θ




=

 i j k

ωd ωO 0
−RωO cos θ Rωd cos θ Rωd sin θ − bωO




= (Rωd sin θ − bωO)(ωoi − ωd j) + (R cos θ)(ω2
d + ω2

O)k.

Collecting terms:

aA/O = (2RωOωd sin θ − bω2
O)i − (Rω2

d sin θ)j

+ (Rω2
d cos θ + Rω2

O cos θ)k.

Problem 20.45 The thin circular disk of radius R =
0.2 m and mass m = 4 kg is rigidly attached to the ver-
tical shaft. The plane of the disk is slanted at an angle
β = 30◦ relative to the horizontal. The shaft rotates with
constant angular velocity ω0 = 25 rad/s. Determine the
magnitude of the couple exerted on the disk by the shaft.

β
R

ω0

Solution: In terms of the body-fixed reference frame shown, the
disk’s inertia matrix is

[I ]=



1
4 mR2 0 0

0 1
4 mR2 0

0 0 1
2 mR2


=

 0.04 0 0

0 0.04 0
0 0 0.08


 kg-m2.

The disk’s angular velocity is

ω = � = ω0 sin βj + ω0 cos βk

= 12.50j + 21.65k (rad/s).

From Eq. (20.19) with dωx/dt = dωy/dt = dωz/dt = 0,



∑

Mx∑
My∑
Mz


 =


 0 −21.65 12.5

21.65 0 0
−12.5 0 0




 0.04 0 0

0 0.04 0
0 0 0.08




×

 0

12.5
21.65


 =


 10.8

0
0


 N-m.

y

x

z

0ω

β
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Problem 20.46 The slender bar of mass m = 8 kg and
length l = 1.2 m is welded to a horizontal shaft that
rotates with constant angular velocity ω0 = 25 rad/s. The
angle β = 30◦. Determine the magnitudes of the force F
and couple C exerted on the bar by the shaft. (Write the
equations of angular motion in terms of the body-fixed
coordinate system shown.)

x

y

2
l

ω 0 β

Solution: In terms of the body-fixed reference frame shown, the
inertia matrix is

[I ] =




0 0 0

0
1

12
ml2 0

0 0
1

12
ml2


 =


 0 0 0

0 0.96 0
0 0 0.96


 kg-m2.

The bar’s angular velocity is

ω = ω0 cos βi − ω0 sin βj

= 21.65i − 12.50j (rad/s).

The acceleration of the center of mass is zero, so the force F must
be equal and opposite to the force exerted by the bar’s weight. There-
fore |F| = mg = 78.5 N. From Eq. (20.19) with dωx/dt = dωy/dt =
dωz/dt = 0,


Cx

Cy

Cz


 =


 0 0 −12.5

0 0 −21.65
12.5 21.65 0




×

 0 0 0

0 0.96 0
0 0 0.96




 21.65

−12.5
0




=

 0

0
−260


 N-m

We see that |C| = 260 N-m.

ω

C

y
F

x

0

β
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Problem 20.47 The slender bar of mass m = 8 kg and
length l = 1.2 m is welded to a horizontal shaft that
rotates with constant angular velocity ω0 = 25 rad/s. The
angle β = 30◦. Determine the magnitudes of the force F
and couple C exerted on the bar by the shaft. (Write the
equations of angular motion in terms of the body-fixed
coordinate system shown. See Problem 20.98.) 2

l

ω0 β

x

y

Solution: Let ρ be the bar’s density and A its cross-sectional area.
The mass dm is dm = ρA ds. The bar’s moment of inertia about the
x axis is

Ixx =
∫

m

y2dm =
∫ l/2

−l/2
(s sin β)2ρA ds

= ρA sin2 β

[
53

3

] l
2

− l
2

= 1

12
ρA l3 sin2 β

= 1

12
ml2 sin2 β.

The moment of inertia about the y axis is

Iyy =
∫

m

x2 dm =
∫ l/2

−l/2
(s cos β)2ρAds

= 1

12
ml2 cos2 β,

and the product of inertia Ixy is

Ixy =
∫

m

xy dm =
∫ l/2

−l/2
(s2 sin β cos β)ρA ds

= 1

12
ml2 sin β cos β.

The inertia matrix is

[I ] = 1

12
ml2


 sin2 β − sin β cos β 0

− sin β cos β cos2 β 0
0 0 1




=

 0.240 −0.416 0

−0.416 0.720 0
0 0 0.960


 kg-m2.

The bar’s angular velocity is ω = ω0i. The acceleration of the center
of mass is zero, so the force F must be equal and opposite to the
force exerted by the bar’s weight. Therefore |F| = mg = 78.5 N. From
Eq. (20.19) with dωx/dt = dωy/dt = dωz/dt = 0,


Cx

Cy

Cz


 =


 0 0 0

0 0 −25
0 25 0




 0.240 −0.416 0

−0.416 0.720 0
0 0 0.960




 25

0
0




=

 0

0
−260


 N-m.

We see that |C| = 260 N-m.

β

C

F

y

s

ds

dm

x
0ω
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Problem 20.48 The slender bar of length l and mass
m is pinned to the vertical shaft at O. The vertical shaft
rotates with a constant angular velocity ω0. Show that the
value of ω0 necessary for the bar to remain at a constant
angle β relative to the vertical is ω0 = √

3g/2l cos β.

β

l

0
ω

OSolution: This is motion about a fixed point so Eq. (20.13) is
applicable. Choose a body-fixed x, y, z coordinate system with the
origin at O, the positive x axis parallel to the slender bar, and z axis
out of the page. The angular velocity of the vertical shaft is

� = ω0(−i cos β + j sin β).

The vector from O to the center of mass of the bar is rG/O = (L/2)i.
The weight is

W = mg(i cos β − j sin β).

The moment about the point O is

MG = rG/O × W =




i j k
L

2
0 0

mg cos β −mg sin β 0




=
(

−mgL

2
sin β

)
k

The moments and products of inertia about O in the x, y, z system
are

Ixx = 0,

Iyy = Izz = mL2/3,

Ixy = Ixz = Iyz = 0.

The body-fixed coordinate system rotates with angular velocity

� = ω = ω0(−i cos β + j sin β).

Eq. (20.13) reduces to


MOx

MOy

MOz


 =


 0 0 ω0 sin β

0 0 ω0 cos β

−ω0 sin β −ω0 cos β 0




×




0 0 0

0
mL2

3
0

0 0
mL2

3




−ω0 cos β

ω0 sin β

0


 .

Carry out the matrix multiplication,


MOx

MOy

MOz


 =




0 0
ω0mL2 sin β

3

0 0
ω0mL2 cos β

3

0 −ω0mL2 cos β

3
0




−ω0 cos β

ω0 sin β

0




=




0
0

−ω2
0mL2 cos β sin β

3


 .

0ω

β

L

β

mg

F O

Equate the z components:

MOz = −ω2
0mL2 cos β sin β

3
.

The pin-supported joint at O cannot support a couple, C = 0, from
which

MO = MG. − mgL

2
sin β = −ω2

0mL2 cos β sin β

3

Assume that β �= 0, from which sin β �= 0, and the equation can be
solved for

ω0 =
√

3g

2l cos β
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Problem 20.49 The vertical shaft rotates with constant
angular velocity ω0. The 35◦ angle between the edge of
the 44.5 N thin rectangular plate pinned to the shaft and
the shaft remains constant. Determine ω0.

ω

35°

0

0.61 m

0.31 m

Solution: This is motion about a fixed point, and Eq. (20.13) is
applicable. Choose an x, y, z coordinate system with the origin at the
pinned joint O and the x axis parallel to the lower edge of the plate,
and the y axis parallel to the upper narrow edge of the plate. Denote
β = 35◦. The plate rotates with angular velocity

ω = ω0(−i cos β + j sin β) = ω0(−0.8192i + 0.5736j) (rad/s).

The vector from the pin joint to the center of mass of the plate is

rG/O = i + (0. )j (m)0.31 .

The weight of the plate is

W = (i cos β − j sin β)

= i − . j (N).

The moment about the center of mass is

MG = rG/O × W =

 i j k

. 0
. − .




= − .

From Appendix C, the moments and products of inertia of a thin plate
about O are

Ixx = mh2

3
= 0.14 kg-m2,

Iyy = mb2

3
= 0.

Izz = m

3
(h2 + b2) = 0. 2,

Ixy = mbh

4
= 0. 2,

Ixz = Iyz = 0.

At a constant rate of rotation, the angle β = 35◦ = const, α = 0. The
body-fixed coordinate system rotates with angular velocity

� = ω = ω0(−i cos β + j sin β)

= − ω0i + . ω0j (rad/s),

and Eq. (20.13) reduces to:


MOx

MOy

MOz


 = ω2

0


 0 0 2.

0 0 3.

− . − .




×

 0.14 −0.

−0. .

0 0 0.




− .

.

0


 .

35°

y

x

44.5 N

Carry out the matrix operations to obtain:


MOx

MOy

MOz


 = ω2

0


 0

0
−0.




The pin support cannot support a couple, from which

MOz = MGz, − . = −ω 2
0 (0. ),

from which ω0 = 7.025 rad/s
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152

44.5

36.4 25 5

0.31 0 152
36 4 25 5 0

13.33 N-m

56 kg-m2,

7 kg-m

21 kg-m

3.64 2 55

2 55 3 64 0

55
64

21 0
21 0
56 0

7

3 64
2 55

27

13 33 27
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Problem 20.50 The radius of the 100 N thin circular
disk is R =
shaft and rotates with constant angular velocity ωd =
10 rad/s relative to the shaft. The horizontal shaft is 1 m
in length. The vertical shaft rotates with constant angular
velocity ω0 = 4 rad/s. Determine the force and couple
exerted at the center of the disk by the horizontal shaft.

R
x

y

z

vd

v0

Solution: Using Newton’s Second Law

F − mgj = ma = −mrω0
2k

F = ( )j −
(

. 2

)
( )(4 rad/s)2k

F = ( j − 163k) .

In preparation to use Euler’s Equations we have

ω = ω0j + ωdk = (4j + 10k) rad/s

α = ω0j × ωdk = (40 rad/s2)i

[I ] =



1
4 mR2 0 0

0 1
4 mR2 0

0 0 1
2 mR2


 =


 0. 0 0

0 0.

0 0 1.


 2

Euler’s Equations are now

M = [I ]α + ω × [I ]ω

M =

 0.

0 0.

0 0 1.






40
0
0




+

 0 −10 4

10 0 0
−4 0 0




 0.

0 0.

0 0 1.






0
4
10




M = . i - .

669

0.5 m. The disk is mounted on the horizontal

100

100 N
100 N

9 81 m/s
1 m

N

637
637 0

274
kg-m

637 0 0
637 0

274

637 0 0
637 0

274

25 5 N m
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Problem 20.51 The object shown in Fig. a consists of
two 1-kg vertical slender bars welded to the 4-kg hor-
izontal slender bar. In Fig. b, the object is supported
by bearings at A and B. The horizontal circular disk
is supported by a vertical shaft that rotates with con-
stant angular velocity ω0 = 6 rad/s. The horizontal bar
rotates with constant angular velocity ω = 10 rad/s. At
the instant shown, determine the y and z components of
the forces exerted on the object at A and B.

y

x 

A

Bz

v

v0

(b)

(a)

0.1 m0.1 m

0.1 m

y

x 

0.1 m

0.2 m

Solution: The nonzero inertias are

Ixx = 2
1

3
(1 kg)(0.1 m)2 = 0.00667 kg-m2,

Iyy = 1

12
(4 kg)(0.4 m)2 + 2(1 kg)(0.1 m)2 = 0.0733 kg-m2,

Izz = Ixx + Iyy = 0.08 kg-m2,

Ixy = 2(1 kg)(0.1 m)(0.05 m) = 0.01 kg-m2.

Newton’s Second Law gives (the acceleration of the center of mass is
zero).

�Fy : Ay + By − (6 kg)(9.81 m/s2) = 0,

�Fz : Az + Bz = 0.

The angular velocity and angular acceleration are

ω = (10i + 6j) rad/s

α = 6j × 10i = −60k rad/s2.

The moment about the center of mass is

Mx = 0,

My = Bz(0.2 m) − Az(0.2 m),

Mz = By(0.2 m) − Ay(0.2 m).

Euler’s equations are now


0
Bz − Az

By − Ay


 (0.2)

=

 0.00667 −0.01 0

−0.01 0.0733 0
0 0 0.08






0
0

−60




+

 0 6 0

−6 0 10
0 −10 0




 0.00667 −0.01 0

−0.01 0.0733 0
0 0 0.08






10
6
0




Solving Euler’s equations along with Newton’s Second Law we find

Ay = 33.0 N, Az = 0, By = 25.8 N, Bz = 0.
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Problem 20.52 The 44.5 N thin circular disk is rigidly
attached to the 53.4 N slender horizontal shaft . The disk
and horizontal shaft rotate about the axis of the shaft
with constant angular velocity ωd = 20 rad/s. The entire
assembly rotates about the vertical axis with constant
angular velocity ω0 = 4 rad/s. Determine the compo-
nents of the force and couple exerted on the horizontal
shaft by the disk.

x

y
Az

Ax

Bx

Ay

By

ω0

ωd

z

305 mm

45
7.

2 
m

m

Solution: The shaft is L = = . mass
of the disk is

mD =
.

= . .

The reaction of the shaft to the disk : The moments and products of
inertia of the disk are:

Ixx = Iyy = mDR2

4
= 0. 2,

Izz = mDR2

2
= 0. 2

Ixy = Ixz = Iyz = 0.

The rotation rate is constant,

α = dω

dt
= 0.

The body-fixed coordinate system rotates with angular velocity � =
ω0j (rad/s), and ω = ω0j + ωdk (rad/s). Eq. (20.19) reduces to:


Mdx

Mdy

Mdz


 = ωd


 0 0 1

0 0 0
−1 0 0




 Ixx 0 0

0 Iyy 0
0 0 Izz




 0

ω0

ωd




= ω0ωd


 Izz

0
0


 .

The total moment exerted by the disk is

Md = ω0ωd

mdR2

2
i = 16. i (N-m).

The reaction on the shaft by the disk is

Ms = −Md = −16. i

The reaction of the shaft to the acceleration of the disk : The attachment
point of the column to the shaft has the coordinates (0, 0, −

which the vector distance from the attachment point to the disk
is rD/P = k . The acceleration of the disk is

aD = aP + α × rD/P + � × (� × rP/D) = � × (� × rP/D)

aD = � ×

 i j k

0 ω0 0
0 0 3


 =


 i j k

0 ω0

ω0 0 0




= − ω2
0k = − k ( 2).

x

y

z

Fdisk

Md

–mdg j

From Newton’s second law,

mdaD = Fdisk + W = Fdisk − Wd j,

from which the external force on the disk is:

Fdisk = m gd j − m ωd
2
0k = j − . k (N).

The external force on the shaft is

Fshaft = −Fdisk = − j + . k (N)

671

3(0.457) 1 37 m long. The

44.5
9 81

4 54 kg

105 kg-m

211 kg-m

85

85 N-m

0.91)m,
from

0.91 m

0.91

0.91 14.6 m/s

45
7.

2 
m

m

45
7.

2 
m

m

0.91 44.5 66 4

44.5 66 4
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Problem 20.53 The Hubble telescope is rotating about
its longitudinal axis with constant angular velocity ω0.
The coordinate system is fixed with respect to the solar
panel. Relative to the telescope, the solar panel rotates
about the x axis with constant angular velocity ωx .
Assume that the moments of inertia Ixx , Iyy , and Izz are
known, and Ixy = Iyz = Izx = 0. Show that the moment
about the x axis the servomechanisms must exert on the
solar panel is

�Mx = (Izz − Iyy)ω
2
0 sin θ cos θ.

ωO

x

Solar 
panel

z

y

Ωx

u

Solution: We have

ω = ωx i + ω0(sin θj + cos θk)

α = dω

dt
= 0i +

(
ω0 cos θ

dθ

dt

)
j −
(

ω0 sin θ
dθ

dt

)
k

α = ω0ωx cos θj − ω0ωx sin θk

Thus


Mx

My

Mz


 =


 Ixx 0 0

0 Iyy 0
0 0 Izz






0
ω0ωx cos θ

−ω0ωx sin θ




+

 0 −ω0 cos θ ω0 sin θ

ω0 cos θ 0 ωx

−ω0 sin θ −ωx 0




×

 Ixx 0 0

0 Iyy 0
0 0 Izz






ωx

ω0 sin θ

ω0 cos θ




Solving we find

Mx = (Izz − Iyy)ω0
2 sin θ cos θ
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Problem 20.54 The thin rectangular plate is attached
to the rectangular frame by pins. The frame rotates with
constant angular velocity ω0. Show that

d2β

dt2
= −ω2

0 sin β cos β.

x

ω0

z
β

y
h

b

Solution: Assume that the only external moment applied to the
object is the moment required to maintain a constant rotation ω0 about
the axis of rotation. Denote this moment by M0. In the x, y, z system
M0 = M0(−i sin β + k cos β), from which

Mx = −M0 sin β,

My = 0,

Mz = M0 cos β.

From Appendix C, in the x, y, z system the moments and products of
inertia of the plate are

Ixx = mh2

12
,

Iyy = mb2

12
,

Izz = m

12
(h2 + b2),

Ixy = Ixz = Iyz = 0.

The plate is attached to the frame by pins, so the assumption is that
the plate is free to rotate about the y-axis. The body-fixed coordinate
system rotates with angular velocity

� = ω = −iω0 sin β + j
(

dβ

dt

)
+ kω0 cos β (rad/s),

where
dβ

dt
is the angular velocity about the y-axis. For ω0 = const.

for all time, the derivative

dω0

dt
= 0,

and the acceleration is

α = −iω0 cos β

(
dβ

dt

)
+ j
(

d2β

dt2

)
− kω0 sin β

(
dβ

dt

)
.

Eq. (20.19) becomes


−M0 sin β

0
M0 cos β


 =


 Ixx 0 0

0 Iyy 0
0 0 Izz




αx

αy

αz




+




0 −ω0 cos β
dβ

dt
ω0 cos β 0 ω0 sin β

− dβ

dt
−ω0 sin β 0




×

 Ixx 0 0

0 Iyy 0
0 0 Izz






−ω0 sin β

dβ

dt
ω0 cos β





−M0 sin β

0
M0 cos β


 =


 Ixxαx

Iyyαy

Izzαz




+




0 −ω0Iyy cos β Izz

dβ

dt
ω0Ixx cos β 0 ω0Izz sin β

−Ixx

dβ

dt
−ω0Iyy sin β 0




×




−ω0 sin β

dβ

dt
ω0 cos β


 ,


−M0 sin β

0
M0 cos β


 =




−ω0Ixx cos β

(
dβ

dt

)

Iyy

(
dβ

dt

)

−ω0Izz sin β

(
dβ

dt

)




+




ω0Ixx cos β

(
dβ

dt

)
ω2

0Iyy cos β sin β

ω0(Ixx − Iyy) sin β

(
dβ

dt

)



=




0
Iyyαy + ω2

0Iyy cos β sin β

−2ω0Iyy sin β

(
dβ

dt

)



where Izz = Ixx + Iyy has been used. The y-component is

Iyyαy + ω2
0Iyy cos β sin β = 0,

from which d2β

dt2
= −ω2

0 cos β sin β .
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Problem 20.55* The axis of the right circular cone of
mass m, height h, and radius R spins about the vertical
axis with constant angular velocity ω0. The center of
mass of the cone is stationary, and its base rolls on the
floor. Show that the angular velocity necessary for this
motion is ω0 = √

10g/3R. (See Example 20.6.)

Strategy: Let the z axis remain aligned with the axis
of the cone and the x remain vertical.

z

x

R

h

ω0

Solution: This a problem of general motion, and Eq. (20.19)
applies. The vector distance from the center of mass to the base of
the cone is

rB/G = h

4
k

(see Appendix C). The angular velocity of rotation of the body fixed
coordinate system is � = ω0i. The velocity of the center of the base is

vB = � × rB/G =




i j k
ω0 0 0

0 0
h

4


 = −ω0h

4
j.

Let the spin rate about the z axis be φ̇, so that the angular velocity,
from which ω = � + φ̇k. The point of contact with the surface is
stationary, and the velocity of the center of the base of the cone is

v = −ω0h

4
j,

from which 0 = v + ω × (−Ri) =
(

−ω0h

4
− Rφ̇

)
j = 0,

from which φ̇ = −ω0h

4R
.

The center of mass of the cone is at a zero distance from the axis of
rotation, from which the acceleration of the center of mass is zero.
The angular velocity about the z-axis,

ω = ω0i − ω0h

4R
k (rad/s).

The weight of the cone is W = −mgi. The reaction of the floor on
the cone is N = −W. The moment about the center of mass exerted
by the weight is

MG = rB/G × N =




i j k

0 0
h

4
mg 0 0


 = +

(
mgh

4

)
j.

The moments and products of inertia of a cone about its center of mass
in the x, y, z system are, from Appendix C,

Ixx = Iyy = m

(
3

80
h2 + 3

20
R2
)

,

Izz = 3mR2

10
, Ixy = Ixz = Iyz = 0.

x

z
W

h N

0ω

3h
4

Since the rotation rate is constant, and the z axis remains horizontal,
the angular acceleration is zero,

dω0

dt
= 0.

The body-fixed coordinate system rotates with angular velocity � =
ω0i, and

ω = ω0i − hω0

4R
k.

Eq. (9.26) becomes:


MGx

MGy

MGz


 = ω2

0


 0 0 0

0 0 −1
0 1 0




 Ixx 0 0

0 Iyy 0
0 0 Izz






1
0

− h

4R




= ω2
0




0
hIzz

4R
0


 .

For equilibrium, MOy = MGy , from which

mgh

4
= 3mhR

40
ω2

0 .

Solve ω0 =
√

10 g

3R
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Problem 20.56 The titled homogeneous cone under-
goes a steady motion in which its flat end rolls on the
floor while the center of mass remains stationary. The
angle β between the axis and the horizontal remains con-
stant, and the axis rotates about the vertical axis with
constant angular velocity ω0. The cone has mass m,
radius R, and height h. Show that the angular velocity
ω0 necessary for this motion satisfies (see Example 20.6)

ω0
2 = g(R sin β − 1

4h cos β)

3
20 (R2 + 1

4h2) sin β cos β − 3
40hR cos2 β

(See Example 20.6.)

h

R

v0

b

Solution: Following Example 20.6, we use a coordinate system
with the z axis pointing along the cone axis, the y axis remains hori-
zontal (out of the paper) and the x axis completes the set

� = ω0 cos βi + ω0 sin βk

ω = � + ωrelk = ω0 cos βi + (ω0 sin β + ωrel)k

The point P of the cone that is in contact with the ground does not
move, therefore

vP = vC + ω × rP/C

0 = 0 + [ω0 cos βi + (ω0 sin β + ωrel)k] × [−Ri − 1
4 hk]

= [ 1
4 hω0 cos β − R(ω0 sin β + ωrel)]j.

Solving yields

ωrel =
[

h

4R
cos β − sin β

]
ω0, ω = ω0 cos βi + h

4R
ω0 cos βk.

Since the center of mass is stationary, the floor exerts no horizontal
force, and the vertical force is equal to the weight (N = mg). The
moment about the center of mass due to the normal force is

M = mg(R sin β − 1
4 h cos β)j

The moments and products of inertia for the cone are

[I ] =



3
20 mR2 + 3

80 mh2 0 0

0 3
20 mR2 + 3

80 mh2 0

0 0 3
10 mR2




Substituting these expressions into Eq. (20.19), and evaluating the
matrix products, we obtain

mg(R sin β − 1
4 h cos β) = [( 3

80 h2 + 3
20 R2) cos β sin β

− 3
40 hR cos2 β]mω0

2

Solving, we find that

ω0
2 = g(R sin β − 1

4 h cos β)

3
20 (R2 + 1

4 h2) sin β cos β − 3
40 hR cos2 β

.
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Problem 20.57 The two thin disks are rigidly con-
nected by a slender bar. The radius of the large disk
is 200 mm and its mass is 4 kg. The radius of the small
disk is 100 mm and its mass is 1 kg. The bar is 400 mm
in length and its mass is negligible. The composite object
undergoes a steady motion in which it spins about the
vertical y axis through its center of mass with angular
velocity ω0. The bar is horizontal during this motion and
the large disk rolls on the floor. What is ω0?

v0

x

z

y

Solution: The z axis remains aligned with the bar and the y axis
remains vertical.

The center of mass (measured from the large disk) is located a distance

d = (1 kg)(0.4 m)

(5 kg)
= 0.08 m

The inertias are

Izz = 1

2
(4 kg)(0.2 m)2 + 1

2
(1 kg)(0.1 m)2 = 0.085 kg-m2

Ixx = Iyy = 1

4
(4 kg)(0.2 m)2 + (4 kg)(0.08 m2)

+ 1

4
(1 kg)(0.1 m)2 + (1 kg)(0.32 m)2 = 0.1705 kg-m2

Ixy = Ixz = Iyz = 0

The angular velocity of the coordinate system is � = ω0j

Define ωz to be the rate of rotation of the object about the z axis. Thus
ω = ω0j + ωzk

To find ωz, require that the velocity of the point in contact with the
floor be zero

vP = ω × r = (ω0j + ωzk) × (−0.08k − 0.2j) m

= [(0.2 m)ωz − (0.08 m)ω0]i = 0 ⇒ ωz = 0.4ω0

Since the center of mass does not move, the normal force on the
contact point is equal to the weight. Therefore the moment about the
center o mass is given by

M = [(−0.2 m)j − (0.08 m)k] × [(5 kg)(9.81 m/s2)j] = (3.924 N)i

Equation 20.19 now gives (dωx/dt = dωy/dt = dωz/dt = 0)


3.924 N
0
0


 =


 0 0 ω0

0 0 0
−ω0 0 0




 Ixx 0 0

0 Iyy 0
0 0 Izz






0
ω0

0.4ω0




Putting in the values and solving we find

ω0 = 10.7 rad/s
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Problem 20.58 The view of an airplane’s landing gear
as seen looking from behind the airplane is shown in
Fig. (a). The radius of the wheel is 300 mm, and its
moment of inertia is 2 kg-m2. The airplane takes off at
30 m/s. After takeoff, the landing gear retracts by rotat-
ing toward the right side of the airplane, as shown in
Fig. (b). Determine the magnitude of the couple exerted
by the wheel on its support. (Neglect the airplane’s angu-
lar motion.)

(a)

300 
mm

45 deg/s

(b)

Solution: Choose a coordinate system with the origin at the center
of mass of the wheel and the z axis aligned with the carriage, as shown.
Assume that the angular velocities are constant, so that the angular
accelerations are zero. The moments and products of inertia of the
wheel are Ixx = mR2/2 = 2 kg-m2, from which m = 44.44 kg.

Iyy = Izz = mR2/4 = 1 kg-m2.

The angular velocities are

� = −(45(π/180))j = −0.7853j rad/s.

ω = −
( v

R

)
i + � = −

(
30

0.3

)
i − 0.7853j = −100i − 0.7853j.

Eq. (20.19) becomes


Mx

My

Mz


 =


 0 0 �y

0 0 0
−�y 0 0




 Ixx 0 0

0 Iyy 0
0 0 Izz




ωx

ωy

0




=

 0

0
−�yωxIxx


 ,

from which M0 = −�yωxIxxk. Substitute:

|M| = (0.7854)(100)2 = 157 N-m

45 deg/s

z

x
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Problem 20.59 If the rider turns to his left, will the
couple exerted on the motorcycle by its wheels tend to
cause the motorcycle to lean toward the rider’s left side
or his right side?

Solution: Choose a coordinate system as shown in the front view,
with y positive into the paper. The Eqs. (20.19) in condensed notation
are

∑
M = dH

dt
+ � × H.

For
dH
dt

= 0,

∑
M = � × H.

If the rider turns to his left, the angular velocity is � = +�k rad/s.
The angular momentum is H = Hx i + Hzk, where Hx > 0. The cross
product

� × H =

 i j k

0 0 +�

Hx 0 Hz


 = +�Hx j.

For a left turn the moment about y is positive, causing the cycle to
lean to the left.

Z

X

0ω

Ω
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Problem 20.60* By substituting the components of
HO from Eqs. (20.9) into the equation

�MO = dHOx

dt
i + dHOy

dt
j + dHOz

dt
k + |�| × HO

derive Eqs. (20.12).

Solution:

∑
M0 = dHOx

dt
i + dHOy

dt
j + dHOz

dt
k

+
∣∣∣∣∣∣

i j k
�x �y �z

HOx HOy HOz

∣∣∣∣∣∣ .

The components of this equation are

∑
MOx = dHOx

dt
+ �yHOz − �zHOy,

∑
MOy = dHOy

dt
− �xHOz + �zHOx,

∑
MOz = dHOz

dt
+ �xHOy − �yHOx.

Substituting Eqs. (20.9) and assuming that the moments and products
of inertia are constants, we obtain Eqs. (20.12):

∑
MOx = Ixx

dωx

dt
− Ixy

dωy

dt
− Ixz

dωz

dt

+ �y(−Izxωx − Izyωy + Izzωz)

− �z(−Iyxωx + Iyyωy − Iyzωz),

∑
MOy = −Iyx

dωx

dt
+ Iyy

dωy

dt
− Iyz

dωz

dt

− �x(−Izxωx − Izyωy + Izzωz)

+ �z(Ixxωx − Ixyωy − Ixzωz),

∑
MOz = −Izx

dωx

dt
− Izy

dωy

dt
+ Izz

dωz

dt

+ �x(−Iyxωx + Iyyωy − Iyzωz)

− �y(Ixxωx − Ixyωy − Ixzωz).
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Problem 20.61 A ship has a turbine engine. The spin
axis of the axisymmetric turbine is horizontal and
aligned with the ship’s longitudinal axis. The turbine
rotates at 10,000 rpm. Its moment of inertia about its
spin axis is 1000 kg-m2. If the ship turns at a constant
rate of 20 degrees per minute, what is the magnitude of
the moment exerted on the ship by the turbine?

Strategy: Treat the turbine’s motion as steady
precession with nutation angle θ = 90◦.

Solution: Choose a coordinate system with the z axis parallel to
the axis of the turbine, and y positive upward. From Eq. (20.29),

∑
Mx = (Izz − Ixx)ψ̇2 sin θ cos θ + Izzφ̇ψ̇ sin θ,

where Ixx = 1
2 Izz = 500 kg-m2

ψ̇ = 20
( π

180

)( 1

60

)
= 0.005818 (rad/s),

φ̇ = 10000(2π/60) = 1047.2 rad/s,

θ = 90◦
.

Mx = 6092 N-m

(top view
of turbine)

ψ = 20°/min

φ = 10,000 rpm

z

x

Problem 20.62 The center of the car’s wheel A travels
in a circular path aboutO at 24.1km/h.The wheel’s radius
is 0.31 m , and the moment of inertia of the wheel about
its axis of rotation is 1.08 kg-m . What is the magnitude2

of the total external moment about the wheel’s center of
mass?

Strategy: Treat the wheel’s motion as steady preces-
sion with nutation angle θ = 90◦.

 

O

A

5.5 m

Solution: From Eq. (20.29)

∑
Mx = (Izz − Ixx)ψ̇2 sin θ cos θ + Izzφ̇ψ̇ sin θ,

where the spin is

φ̇ = v

R
=
( )

= 1.222 rad/s

the precession rate is

ψ̇ = v

Rw

= = 22 rad/s,

and the nutation angle is θ = 90◦. Using Ixx = 1
2 Izz = 0. 2

from which Mx = 29.2

ψ
φ

x

z
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+5.5 3600

6.7

0.31

542 kg-m ,
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Problem 20.63 The radius of the 5-kg disk is R =
0.2 m. The disk is pinned to the horizontal shaft and
rotates with constant angular velocity ωd = 6 rad/s rela-
tive to the shaft. The vertical shaft rotates with constant
angular velocity ω0 = 2 rad/s. By treating the motion of
the disk as steady precession, determine the magnitude
of the couple exerted on the disk by the horizontal shaft.

R

vd

v0

Solution: In Problem 20.50 a thin circular disk of mass m is
mounted on a horizontal shaft and rotates relative to the shaft with
constant angular velocity ωd . The horizontal shaft is rigidly attached
to the vertical shaft rotating with constant angular velocity ω0. The
magnitude of the couple exerted on the disk by the horizontal shaft is
to be determined. The nutation angle is θ = 90◦. The precession rate
is ψ̇ = ω0, and the spin rate is φ̇ = ωd . The moments and products of
inertia of the disk:

Ixx = Izz = mR2

2
,

Iyy = mR2

4
,

Ixy = Ixz = Iyz = 0.

Eq. (20.29) is

My = (Ixx − Iyy)ψ̇2 sin θ cos θ + Ixxψ̇φ̇ sin θ,

from which

My = mR2

2
ω0ωd = 1.2 N-m.

Problem 20.64 The helicopter is stationary. The z axis
of the body-fixed coordinate system points downward
and is coincident with the axis of the helicopter’s rotor.
The moment of inertia of the rotor about the z axis
is 8600 kg-m2. Its angular velocity is −258k (rpm). If
the helicopter begins a pitch maneuver during which its
angular velocity is 0.02j (rad/s), what is the magnitude
of the gyroscopic moment exerted on the helicopter by
the rotor? Does the moment tend to cause the helicopter
to roll about the x axis in the clockwise direction (as seen
in the photograph) or the counterclockwise direction?

y

x

z

Solution: The spin rate is φ̇ = −258 rpm = −27.0 rad/s.

The pitch rate is ψ̇ = 0.02 rad/s.

In eq. 20.29, the moment exerted on the rotor is

M =Izzφ̇ψ̇ = (8600 kg-m2)(−27.0 rad/s)(0.02 rad/s) = −4650 N-m

The motor exerts a moment on the helicopter in the opposite direction
which tends to roll the helicopter in the counterclockwise direction.
Answer: M = 4650 N-m counterclockwise
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Problem 20.65 The bent bar is rigidly attached to the
vertical shaft, which rotates with constant angular veloc-
ity ω0. The disk of mass m and radius R is pinned to
the bent bar and rotates with constant angular velocity
ωd relative to the bar. Determine the magnitudes of the
force and couple exerted on the disk by the bar.

b

h

0

β
ω

dω

R

Solution:

(a) The center of mass of the disk moves in a horizontal circular path
of radius h + b cos β with angular velocity ω0. The acceleration
normal to the circular path is aN = ω2

0(h + b cos β), so the bar
exerts a horizontal force of magnitude maN = mω2

0(h + b cos β).
The bar also exerts on upward force equal to the weight of the
disk, so the magnitude of the total force is

√
(maN)2 + (mg)2 = m

√
ω4

0(h + b cos β)2 + g2.

(b) By orienting a coordinate system as shown, with the z axis nor-
mal to the disk and the x axis horizontal, the disk is in steady
precession with precession rate ψ̇ = ω0, spin rate φ̇ = ωd , and
nutation angle

θ = π

2
− β.

The plate’s moments of inertia are

Ixx = Iyy = 1
4 mR2,

Izz = 1

2
mR2.

From Equation (20.29), the magnitude of the moment is

(Izz − Ixx)ψ̇2 sin θ cos θ + Izzφ̇ψ̇ sin θ

= 1

4
mR2ω2

0 sin
(π

2
− β
)

cos
(π

2
− β
)

+ 1

2
mR2ωdω0 sin

(π

2
− β
)

= R2ω0m

(
1

4
ω0 cos β sin β + 1

2
ωd cos β

)

Problem 20.66 The bent bar is rigidly attached to the
vertical shaft, which rotates with constant angular veloc-
ity ω0. The disk of mass m and radius R is pinned to the
bent bar and rotates with constant angular velocity ωd
relative to the bar. Determine the value of ωd for which
no couple is exerted on the disk by the bar.

Solution: From the result for the magnitude of the moment in
the solution of Problem 20.65 the moment equals zero if 1

4 ω0 sin β +
1
2 ωd = 0, so ωd = − 1

2 ω0 sin β.
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Problem 20.67 A thin circular disk undergoes
moment-free steady precession. The z axis is perpen-
dicular to the disk. Show that the disk’s precession rate
is ψ = −2φ/ cos θ . (Notice that when the nutation angle
is small, the precession rate is approximately two times
the spin rate.)

Y

Z

X

y

x

z

ψ

φ

θ

Solution: Moment free steady precession is described by
Eq. (20.33), (Izz − Ixx)ψ̇ cos θ + Izzφ̇ = 0, where ψ̇ is the precession
rate, φ̇ is the spin rate, and θ is the nutation angle. For a thin circular
disk, the moments and products of inertia are

Ixx = Iyy = mR2

4
,

Izz = mR2

2
,

Ixy = Ixz = Iyz = 0.

Substitute:

mR2
(

1

2
− 1

4

)
ψ̇ cos θ +

(
mR2

2

)
φ̇ = 0.

Reduce, to obtain

ψ̇ = − 2φ̇

cos θ
.

When the nutation angle is small, θ → 0, cos θ → 1, and ψ̇ ∼= −2φ̇.

Problem 20.68 The rocket is in moment-free steady
precession with nutation angle θ = 40◦ and spin rate
φ̇ = 4 revolutions per second. Its moments of inertia are
Ixx = 10,000 kg-m2 and Izz = 2000 kg-m2. What is the
rocket’s precession rate ψ̇ in revolutions per second?

z

X

x

Y

y

Z

φ

θ

ψ

Solution: Moment-free steady precession is described by
Eq. (20.33), (Izz − Ixx)ψ̇ cos θ + Izzφ̇ = 0, where ψ̇ is the precession
rate, φ̇ is the spin rate, and θ is the nutation angle. Solve for the
precession rate:

ψ̇ = Izzφ̇

(Ixx − Izz) cos θ
= 1.31 rev/s.
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Problem 20.69 Sketch the body and space cones for
the motion of the rocket in Problem 20.68.

Solution: The angle θ = 40◦. The angle β defined by

β = tan−1
[(

Izz

Ixx

)
tan θ

]
= 9.53◦

satisfies the condition β < θ . The body cone with an axis along the
z axis, rolls on a space cone with axis on the Z axis. The result is
shown.

X

Body
cone

Space cone

Y

x

z

Z

ψ

β

θ

φ

Problem 20.70 The top is in steady precession with
nutation angle θ = 15◦ and precession rate ψ̇ = 1
revolution per second. The mass of the top is

and its
moments of inertia are Ixx = × 10−6 2 and
Izz = × 10 −6 2. What is the spin rate φ of the
top in revolutions per second?

Y

Z

X

y

x

z

ψ

φ

θ

Solution: The steady precession is not moment-free, since the
weight of the top exerts a moment

Mx = θ.

The motion of a spinning top is described by Eq. (20.32),

mgh = (Izz − Ixx)ψ̇2 cos θ + Izzψ̇φ̇,

where ψ̇ is the rate of precession, φ̇ is the spin rate, and θ is the
nutation angle and

h =

is the distance from the point to the center of mass. Solve:

φ̇ = − (Izz − Ixx)ψ̇2 cos θ

Izzψ̇
.

Substitute numerical values (using ψ̇ = 2π rad/s for dimensional con-
sistency) to obtain φ̇ = 182.8 rad/s, from which φ̇ = 29.1 rev/s.

mg

z

sin   θ

θ

25.4 mm

684

0.012 kg,
its center of mass is 25.4 mm from the point ,

8.13 kg-m
2.71 kg-m

0.0254 mg sin

0.0254 m

0.0254 mg

25.4 mm
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Problem 20.71 Suppose that the top described in
Problem 20.70 has a spin rate φ̇ = 15 revolutions per
second. Draw a graph of the precession rate (in revolu-
tions per second) as a function of the nutation angle θ
for values of θ from zero to 45◦.

Solution: The behavior of the top is described in Eq. (20.32),

mgh = (Ixx − Iyy)ψ̇2 cos θ + Ixxψ̇φ̇,

where ψ̇ is the rate of precession, φ̇ is the spin rate, and θ is the
nutation angle and h = is the distance from the point to the
center of mass. Rearrange: (Izz − Ixx)ψ̇2 cos θ + Izzψ̇φ̇ − mgh = 0.
The velocity of the center of the base is

v = −ω0h

4
,

from which the spin axis is the z axis and the spin rate is

φ̇ = v

R
= −ω0h

4R
.

The solution, ψ̇1,2 = −b ± √
b2 − c.

The two solutions, which are real over the interval, are graphed as a
function of θ over the range 0 ≤ θ ≤ 45◦. The graph is shown.

0
0 5 10 15 20

Precession rate vs Nutation angle

25 30 35 40 45

1
2
3
4
5

rev/s
,ψ

6
7
8
9

10

Nutation   , degθ

ψ
2

ψ
1

Problem 20.72 The rotor of a tumbling gyroscope can
be modeled as being in moment-free steady precession.
The moments of inertia of the gyroscope are Ixx = Iyy =
0.04 kg-m2 and Izz = 0.18 kg-m2. The gyroscope’s spin
rate is φ̇ = 1500 rpm and its nutation angle is θ = 20◦.

(a) What is the precession rate of the gyroscope in
rpm?

(b) Sketch the body and space cones.

Solution:

(a) The motion in moment-free, steady precession is described by
Eq. (20.33), (Izz − Ixx)ψ̇ cos θ + Izzφ̇ = 0, where ψ̇ is the pre-
cession rate, φ̇ = 1500 rpm is the spin rate, and θ = 20◦ is the
nutation angle.

Solve: ψ̇ = − Izzφ̇

(Izz − Ixx) cos θ
= −2050 rpm.

(b) The apex angle for the body cone is given by

tan β =
(

Izz

Ixx

)
tan θ,

from which β = 58.6◦. Since β > θ , the space cone lies inside
the body cone as the figure.

θ
β

ψ

Y

X

z
Z

Body
cone

Space
cone

x
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Problem 20.73 A satellite can be modeled as an 800-
kg cylinder 4 m in length and 2 m in diameter. If the
nutation angle is θ = 20◦ and the spin rate φ̇ is one
revolution per second, what is the satellite’s precession
rate ψ̇ in revolutions per second?

z

X

Z

θ

Y

y

x

φ

ψ

Solution: From Appendix C, the moments and products of inertia
of a homogenous cylinder are

Ixx = Iyy = m

(
L2

12
+ R2

4

)
= 1267 kg-m2,

Izz = mR2/2 = 400 kg-m2.

Ixy = Ixz = Iyz = 0.

The angular motion of an axisymmetric moment-free object in steady
precession is described by Eq. (20.33), (Izz − Ixx)ψ̇ cos θ + Izzφ̇ = 0,
where ψ̇ is the precession rate, θ = 20◦ is the nutation angle, and
φ̇ = 1 rps is the spin rate. Solve:

ψ̇ = − Izzφ̇

(Izz − Ixx) cos θ
= 0.49 rps.

Problem 20.74 The top consists of a thin disk bonded
to a slender bar. The radius of the disk is 30 mm and its
mass is 0.008 kg. The length of the bar is 80 mm and
its mass is negligible compared to the disk. When the
top is in steady precession with a nutation angle of 10◦,
the precession rate is observed to be 2 revolutions per
second in the same direction the top is spinning. What
is the top’s spin rate?

10�

Solution: The inertias about the base are

Izz = 1

2
(0.008 kg)(0.03 m)2 = 3.6 × 10−6 kg-m2

Ixx = Iyy = 1

2
(0.008 kg)(0.03 m)2

+ (0.008 kg)(0.08 m)2 = 53 × 10−6 kg-m2

The precession rate is

ψ̇ = 2(2π) = 12.6 rad/s

The moment about the base is

M = Mx i = (0.008 kg)(9.81 m/s2)(0.08 m)i = (6.28 × 10−3 N-m)i

Eq. 20.32 is

Mx = (Izz − Ixx)ψ̇2 cos 10◦ + Izzψ̇φ̇

Solving we find

φ̇ = 309 rad/s (49.1 rev/s)

h = 80 mm
30

mm

x

y

z

10°

ψ•
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Problem 20.75 Solve Problem 20.58 by treating the
motion as steady precession.

(a)

300 
mm

45 deg/s

(b)

Solution: The view of an airplane’s landing gear looking from
behind the airplane is shown in Fig. (a). The radius of the wheel is
300 mm and its moment of inertia is 2 kg-m2. The airplane takes off
at 30 m/s. After takeoff, the landing gear retracts by rotating toward
the right side of the airplane as shown in Fig. (b). The magnitude of
the couple exerted by the wheel on its support is to be determined.

Choose X, Y , Z with the Z axis parallel to the runway, X perpendic-
ular to the runway, and Y parallel to the runway. Choose the x, y, z

coordinate system with the origin at the center of mass of the wheel
and the z axis aligned with the direction of the axis of rotation of the
wheel and the y axis positive upward. The Eq. (20.29) is

∑
Mx = (Izz − Ixx)ψ̇2 sin θ cos θ + Izzφ̇ψ̇ sin θ.

The nutation angle and rates of precession: The nutation angle is the
angle between Z and z, θ = 90◦. The precession angle is the angle
between the X and x, which is increasing in value, from which ψ̇ =
45◦

/s = 0.7853 rad/s. The spin vector is aligned with the z axis, from
which

φ̇ =
( v

R

)
=
(

30

0.3

)
= 100 rad/s

The moments and products of inertia of the wheel are Izz = mR2/2 =
2 kg-m2. The moment is

Mx = Izzψ̇φ̇ sin 90◦ = 2(0.7854)(100) = 157 N-m.

45 deg/s

y
Y

X

z

Problem 20.76* The two thin disks are rigidly con-
nected by a slender bar. The radius of the large disk is
200 mm and its mass is 4 kg. The radius of the small
disk is 100 mm and its mass is 1 kg. The bar is 400 mm
in length and its mass is negligible. The composite object
undergoes a steady motion in which it spins about the
vertical y axis through its center of mass with angular
velocity ω0. The bar is horizontal during this motion and
the large disk rolls on the floor. Determine ω0 by treating
the motion as steady precession.

v0

x

z

y

Solution: Use the data from 20.57

Set the nutation angle to 90◦ and the precession rate to ω0

3.924 N-m = (0.085 kg-m2)(0.4ω0)ω0

Solving we obtain

ω0 = 10.7 rad/s
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Problem 20.77* Suppose that you are testing a car and
use accelerometers and gyroscopes to measure its Euler
angles and their derivatives relative to a reference coor-
dinate system. At a particular instant, ψ = 15◦, θ = 4◦,
φ = 15◦, the rates of change of the Euler angles are
zero, and their second derivatives with respect to time
are ψ̈ = 0, θ̈ = 1 rad/s2, and φ̈ = −0.5 rad/s2. The car’s
principal moments of inertia, in kg-m2, are Ixx = 2200,
Iyy = 480, and Izz = 2600. What are the components of
the total moment about the car’s center of mass?

y

z Z

Y

X

x

Solution: The description of the motion of an arbitrarily shaped
object is given by the Eqs. (20.36):

Mx = Ixx(ψ̈ sin θ sin φ + θ̈ cos φ + ψ̇ θ̇ cos θ sin φ

+ ψ̇φ̇ sin θ cos φ − θ̇ φ̇ sin φ)

− (Iyy − Izz)(ψ̇ sin θ cos φ − θ̇ sin φ)(ψ̇ cos θ + φ̇),

My = Iyy(ψ̈ sin θ cos φ − θ̈ sin φ + ψ̇ θ̇ cos θ cos φ

− ψ̇φ̇ sin θ sin φ − θ̇ φ̇ cos φ)

− (Izz − Ixx)(ψ̇ sin θ sin φ + θ̇ cos φ)(ψ̇ cos θ + φ̇),

Mz = Izz(ψ̈ cos θ + φ̈ − ψ̇ θ̇ sin θ) − (Ixx − Iyy)(ψ̇ sin θ sin φ

+ θ̇ cos φ)(ψ̇ sin θ cos φ − θ̇ sin φ).

Substitute ψ̈ = 0, ψ̇ = θ̇ = φ̇ = 0, to obtain Mx = Ixx θ̈ sin φ, My =
−Iyy θ̈ sin φ, Mz = Izzφ̈. Substitute values:

Mx = 2125 N-m,

My = −124.2, Mz = −1300 N-m

Problem 20.78* If the Euler angles and their second
derivatives for the car described in Problem 20.77
have the given values, but their rates of change are
ψ̇ = 0.2 rad/s, θ̇ = −2 rad/s, and φ̇ = 0, what are the
components of the total moment about the car’s center
of mass?

Solution: Use Eqns. (20.36)

Mx = Ixx(ψ̈ sin θ sin φ + θ̈ cos φ + ψ̇ θ̇ cos θ sin φ

+ ψ̇φ̇ sin θ cos φ − θ̇ φ̇ sin φ)

− (Iyy − Izz)(ψ̇ sin θ cos φ − θ̇ sin φ)(ψ̇ cos θ + φ̇),

My = Iyy(ψ̈ sin θ cos φ − θ̈ sin φ + ψ̇ θ̇ cos θ cos φ

− ψ̇φ̇ sin θ sin φ − θ̇ φ̇ cos φ)

− (Izz − Ixx)(ψ̇ sin θ sin φ + θ̇ cos φ)(ψ̇ cos θ + φ̇),

Mz = Izz(ψ̈ cos θ + φ̈ − ψ̇ θ̇ sin θ) − (Ixx − Iyy)(ψ̇ sin θ sin φ

+ θ̇ cos φ)(ψ̇ sin θ cos φ − θ̇ sin φ)

Substitute values:

Mx = 2123 N-m,

My = −155.4 N-m,

Mz = 534 N-m.
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Problem 20.79* Suppose that the Euler angles of the
car described in Problem 20.77 are ψ = 40◦, θ = 20◦,
and φ = 5◦, their rates of change are zero, and the com-
ponents of the total moment about the car’s center of
mass are∑

Mx = −400 N-m,

∑
My = 200 N-m,

∑
Mz = 0.

What are the x, y, and z components of the car’s angular
acceleration?

Solution: Eq. (20.36) simplifies when ψ̇ = φ̇ = θ̇ = 0 to

Mx = Ixx(ψ̈ sin θ sin φ + θ̈ cos φ),

My = Iyy(ψ̈ sin θ cos φ − θ̈ sin φ),

Mz = Izz(ψ̈ cos θ + φ̈).

These three simultaneous equations have the solutions,

θ̈ = Mx

Ixx

cos φ − My

Iyy

sin φ = −0.2174 rad/s2,

ψ̈ =
(

Mxx

Ixx

)
sin φ

sin θ
+
(

My

Iyy

)
cos φ

sin θ
= 1.167 rad/s2,

φ̈ = (Mz/Izz) − ψ̈ cos θ = −1.097 rad/s2.

From Eq. (20.35), when

ψ̇ = φ̇ = θ̇ = 0 :

dωx

dt
= ψ̈ sin θ sin φ + θ̈ cos φ = −0.1818 rad/s2,

dωy

dt
= ψ̈ sin θ cos φ − θ̈ sin φ = 0.417 rad/s,

dωz

dt
= ψ̈ cos φ + φ̈ = 0.
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Problem 20.80 The mass of the bar is 6 kg. Determine
the moments and products of inertia of the bar in terms
of the coordinate system shown.

x

y

1 m

2 m

Solution: One strategy (not the simplest, see Check note following
the solution) is to determine the moment of inertia matrix for each
element of the bar, and then to use the parallel axis theorem to transfer
each to the coordinate system shown.

(a) The vertical element Oy of the bar. The mass density per unit vol-

ume is ρ = 6

3A
kg/m3, where A is the (unknown) cross section of the

bar, from which ρA = 2 kg/m. The element of mass is dm = ρAdL,
where dL is an element of length. The mass of the vertical element is
mv = ρALv = 2 kg, where Lv = 1 m. From Appendix C the moment
of inertia about an x′ axis passing through the center of mass is

I
(1)

x′x′ = mvL
2
v

12
= 0.1667 kg-m2.

Since the bar is slender, I
(1)

y′y′ = 0.

I
(1)

z′z′ = mvL
2
v

12
= 0.1667 kg-m2.

Since the bar is slender, the products of inertia vanish:

I
(1)

x′y′ =
∫

m

x′y′dm = 0, I
(1)

x′z′ =
∫

m

x′z′dm = 0,

I
(1)

y′z′ =
∫

m

y′z′dm = 0,

from which the inertia matrix for the element Oy about the x′ axis is

[I (1)] =

 0.1667 0 0

0 0 0
0 0 0.1667


 kg-m2.

(b) The horizontal element Ox of the bar. The mass of the horizontal
element is mh = ρALh = 4 kg, where Lh = 2 m. From Appendix C
the moments and products of inertia about the y′ axis passing through
the center of mass of the horizontal element are:

I
(2)

x′x′ = 0,

I
(2)

y′y′ = mhL2
h

12
= 1.333 kg-m2,

I
(2)

z′z′ = mhL2
h

12
= 1.333 kg-m2.

Since the bar is slender, the cross products of inertia about the y′ axis
through the center of mass of the horizontal element of the bar vanish:

I
(2)

x′y′ = 0, I
(2)

x′z′ = 0, I
(2)

y′z′ = 0.

y

x

x'
y'

2 m
O

1 m

690

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



The inertia matrix is

[I (2)] =

 0 0 0

0 1.333 0
0 0 1.333


 kg-m2.

Use the parallel axis theorem to transfer the moment of inertia matrix to
the origin O: For the vertical element the coordinates of the center of
mass O are (dx, dy , dz) = (0, 0.5, 0) m. Use the parallel axis theorem
(see Eq. (20.42)).

I
(1)
xx = I

(1)

x′x′ + (d2
y + d2

z )mv = mvL
2
v

12
+ mv(0.52) = 0.6667 kg-m2.

I
(1)
yy = I

(1)

y′y′ + (d2
x + d2

z )mv = 0.

I
(1)
zz = I

(1)

z′z′ + (d2
x + d2

y )mv = 0.6667 kg-m2.

The products of inertia are

I
(1)
xy = I

(1)

x′y′ + dxdyρA(1) = 0,

I
(1)
xz = I

(1)

x′z′ + dxdzρA(1) = 0,

I
(1)
yz = I

(1)

y′z′ + dydzρA(1) = 0.

The inertia matrix for the vertical element:

[I (1)] =




ρA

3
0 0

0 0 0

0 0
ρA

3


 .

For the horizontal element, the coordinates of the center of mass rela-
tive to O are (dx, dy , dz) = (1, 0, 0) m. From the parallel axis theorem,

I
(2)
xx = I

(2)

x′x′ + (d2
y + d2

z )mh = 0.

I
(2)
yy = I

(2)

y′y′ + (d2
x + d2

z )mh = 5.333 kg-m2.

I
(2)
zz = I

(2)

z′z′ + (d2
x + d2

y )mh = 5.333 kg-m2.

By inspection, the products of inertia vanish. The inertia matrix is

[I (2)] =

 0 0 0

0 5.333 0
0 0 5.333


 .

Sum the two inertia matrices:

[I ]O = [I (1)] + [I (2)] =

 0.6667 0 0

0 5.333 0
0 0 6


 kg-m2.

[Check : The moment of inertia in the coordinate system shown can
be derived by insepection by taking the moment of inertia of each
element about the origin: From Appendix C the moments of inertia
about the origin of the slender bars are

Ixx = mvL
3
v

3
, Iyy = mhL

2
h

3
,

and Izz = Ixx + Iyy , where the subscripts v and h denote the vertical
and horizontal bars respectively. Noting that the masses are

mv = mLv

Lv + Lh

,mh = mLh

Lv + Lh

,

the moment of inertia matrix becomes:

[I ] =




6(1)3

3(3)
0 0

0 0
6(2)3

3(3)

0 0 6.0




=

 0.6667 0 0

0 5.333 0
0 0 6


 kg-m2. check.
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Problem 20.81 The object consists of two 1-kg verti-
cal slender bars welded to a 4-kg horizontal slender bar.
Determine its moments and products of inertia in terms
of the coordinate system shown.

0.1 m0.1 m

0.1 m

y

x 

0.1 m

0.2 m

Solution:

Ixx = 2
1

3
(1 kg)(0.1 m)2 = 0.00667 kg-m2,

Iyy = 1

12
(4 kg)(0.4 m)2 + 2(1 kg)(0.1 m)2 = 0.0733 kg-m2,

Izz = Iyy + Izz = 0.08 kg-m2,

Ixy = 2(1 kg)(0.1 m)(0.05 m) = 0.01 kg-m2,

Ixz = 0,

Iyz = 0.

Ixx = 0.00667 kg-m2, Iyy = 0.0733 kg-m2, Izz = 0.08 kg-m2,

Ixy = 0.01 kg-m2, Ixz = 0, Iyz = 0.

Problem 20.82 The 4-kg thin rectangular plate lies in
the x-y plane. Determine the moments and products of
inertia of the plate in terms of the coordinate system
shown.

z

x

y

600 mm

300 mm

Solution: From Appendix B, the moments of inertia of the plate’s
area are

Ix = 1

12
(0.3)(0.6)3 = 0.00540 m4,

Iy = 1

12
(0.6)(0.3)3 = 0.00135 m4,

IA
xy = 0.

Therefore the moments of inertia of the plate are

Ixx = m

A
Ix = 4

(0.3)(0.6)
(0.00540)

= 0.12 kg-m2,

Iyy = m

A
Iy = 4

(0.3)(0.6)
(0.00135)

= 0.03 kg-m2,

Izz = Ix + Iy = 0.15 kg-m2,

Ixy = Iyz = Izx = 0.

Problem 20.83 If the 4-kg plate is rotating with angu-
lar velocity ω = 6i + 4j − 2k (rad/s), what is its angular
momentum about its center of mass?

Solution: Angular momentum is

[H ] =

 0.12 0 0

0 0.03 0
0 0 0.15




 6

4
−2




=

 0.72

0.12
−0.3


 kg-m2/s,

from which H = 0.72i + 0.12j − 0.3k (kg-m2/s)
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Problem 20.84 The 133.4 N triangular plate lies in the
x –y plane. Determine the moments and products of iner-
tia of the plate in terms of the coordinate system shown.

z

y
x

1.22 m

1.83 m

Solution: From Appendix B, the moments of inertia of the plate’s
area are

Ix = 1

12
( )( )3 = 4,

Iy = 1

4
( )( )3= 4,

IA
xy = 1

8
( )2 ( )2 = 4.

The plate’s area and mass are

A = 1

2
( )( ) = 1.11 m2

and m = / = The plate’s moments and products of
inertia are

Ixx = m

A
Ix = 2,

Iyy = m

A
Iy =

Ixy = m

A
IA
xy = .58 kg-m2,

Iyz = Izx = O,

Izz = Ixx + Iyy = 2 .

Problem 20.85 The 133.4 N triangular plate lies in the
x –y plane.

(a) Determine its moments and products of inertia in
terms of a parallel coordinate system x ′y ′z′ with its
origin at the plate’s center of mass.

(b) If the plate is rotating with angular velocity ω =
20i − 12j + 16k (rad/s), what is its angular momen-
tum about its center of mass?

Solution: See the solution of Problem 20.84

(a) The coordinates of the plate’s center of mass are

dx = 2

3
( )= ,

dy = 1

3

dz = 0.

From the parallel-axis theorems (Eq. 20.42), we obtain

Ix′x′ = . − ( . )2 ( ) = 2,

Iy′y′ =

Iz′z′ = . − [( . )2 + ( )2]( ) = .65 kg-m2 ,

Ix′y′ = .58− ( . )( )( ) = 0. 2 ,

Iy′z′ = Iz′x′ = 0

y

x

x '

y '

(b) [I ]ω =

 . −0.

−0. .

0 0 3.65




 20

−12
16




=

 .

− .




H = . i − . j + k ( 2 ).
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1.83 1.22 0.276 m

1.22 1.83 1.86 m

1.83 1.22 0 .62 m

1.83 1.22

133.4 9.81 13.6 kg.

3.36 kg-m

2,kg-m22.73

7

26.1 kg-m

1.83 1.22 m

( )= ,1.22 0.41 m

3 26 0 41 13.6 1.12 kg-m

. − ( . )2 ( ) = 2,13.622 73 1 22 2.53 kg-m

26 1 0 41 1.22 13.6 3

7 0 41 1.22 13.6 842 kg-m

1 12
842 2

842 0
53 0

32 5
47 2
58.4

32 5 47 2 58.4 kg-m
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Problem 20.86 Determine the inertia matrix of the
2.4-kg steel plate in terms of the coordinate system
shown.

x

y

50 mm

150 mm

220 mm

Solution: Equation (20.39) gives the plate’s moments and
products of inertia in terms of the moments and product of inertia
of its area. Treating the area as a quarter-circle using Appendix B, the
moments and products of inertia of the area are

Ix = 1

16
π(0.22)4 − 1

3
(0.05)(0.15)3 = 0.000404 m4

Iy = 1

16
π(0.22)4 − 1

3
(0.15)(0.05)3 = 0.000454 m4

IA
xy = 1

8
(0.22)4 − 1

4
(0.05)2(0.15)2 = 0.000279 m4.

The area is

A = 1
4 π(0.22)2 − (0.05)(0.15) = 0.0305 m2.

The moments of inertia of the plate are

Ixx = m

A
Ix = 0.0318 kg-m2,

Iyy = m

A
Iy = 0.0357 kg-m2,

Izz = Ixx + Iyy = 0.0674 kg-m2,

Ixy = m

A
IA
xy = 0.0219 kg-m2, and Iyz = Izx = 0.

Problem 20.87 The mass of the steel plate is 2.4 kg.

(a) Determine its moments and products of inertia in
terms of a parallel coordinate system x ′y ′z′ with its
origin at the plate’s center of mass.

(b) If the plate is rotating with angular velocity
ω = 20i + 10j − 10k (rad/s), what is its angular
momentum about its center of mass?

Solution:

(a) The x and y coordinates of the center of mass coincide with the
centroid of the area:

A1 = 1

4
π(0.22)2 = 0.0380 m2,

A2 = (0.05)(0.15) = 0.0075 m2

x =
4(0.22)

3π
A1 − (0.025)A2

A1 − A2
= 0.1102 m,

y =
4(0.22)

3π
A1 − (0.075)A2

A1 − A2
= 0.0979 m.

Using the results of the solution of Problem 20.86 and the parallel
axis theorems,

Ix′x′ = Ixx − my2 = 0.00876 kg-m2:

Iy′y′ = Iyy − mx2 = 0.00655 kg-m2:

Iz′z′ = Ix′x′ + Iy′y′ = 0.01531 kg-m2

Ix′y′ = Ixy − mxy = −0.00396 kg-m2, and Iy′z′ = Iz′x′ = 0.

The angular momentum is


Hx′

Hy′
Hz′


 =


 Ix′x′ −Ix′y′ 0

−Ix′y′ Iy′y′ 0
0 0 Iz′z′




 20

10
−10




=

 0.215

0.145
−0.153


 (kg-m2/s).
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Problem 20.88 The slender bar of mass m rotates
about the fixed point O with angular velocity ω =
ωyj + ωzk. Determine its angular momentum (a) about
its center of mass and (b) about O.

x

z

y

O

l

Solution:

(a) From Appendix C and by inspection, the moments and products
of inertia about the center of mass of the bar are:

Ixx = 0,

Iyy = Izz = mL2

12
,

Ixy = Ixz = Iyz = 0.

The angular momentum about its center of mass is

[H ]G =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




 0

ωy

ωz




=




0 0 0

0
mL2

12
0

0 0
mL2

12




 0

ωy

ωz




Alternatively, in terms of the i, j, k,

HG = mL2

12
(ωy j + ωzk) .

(b) From Appendix C and by inspection, the moments and products
of inertia about O are

Ixx = 0,

Iyy = Izz = mL2

3
,

Ixy = Ixz = Iyz = 0

The angular momentum about O is

[H ]O =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




 0

ωy

ωz




=




0 0 0

0
mL2

3
0

0 0
mL2

3




 0

ωy

ωz


 =




0
mL2ωy

3
mL2ωz

3


 ,

or, alternatively, in terms of the unit vectors i, j, k,

HO = mL2

3
(ωy j + ωzk)
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Problem 20.89 The slender bar of mass m is parallel
to the x axis. If the coordinate system is body fixed and
its angular velocity about the fixed point O is ω = ωyj,
what is the bar’s angular momentum about O?

y

x

z
O

h

l

Solution: From Appendix C and by inspection, the moments and
products of inertia about the center of mass of the bar are:

Ix′x′ = 0,

Iy′y′ = Iz′z′ = mL2

12
,

Ix′y′ = Ix′z′ = Iy′z′ = 0.

The coordinates of the center of mass are

(dx, dy, dz) =
(

L

2
, h, 0

)
.

From Eq. (20.42),

Ixx = Ix′x′ + (d2
y + d2

z )m = mh2

Iyy = Iy′y′ + (d2
x + d2

z )m = mL2

12
+ mL2

4
= mL2

3

Izz = Iz′z′ + (d2
x + d2

y )m = m

(
h2 + L2

3

)
,

Ixy = Ix′y′ + dxdym = 0 + mLh

2
,

Ixz = Ix′z′ + dxdzm = 0

Iyz = Iy′z′ + dydzm = 0

The angular momentum about O is

[H ]O =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




 0

ωy

0




=




mh2 −mLh

2
0

−mLh

2

mL2

3
0

0 0 m

(
h2 + L2

3

)




 0

ωy

0




=




−mLhωy

2
mL2ωy

3
0


 .

Alternatively,

HO = −mLh

2
ωy i + mL2

3
ωy j

y'

x'
z'

L

h

Oz

y

x
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Problem 20.90 In Example 20.8, the moments and
products of inertia of the object consisting of the booms
AB and BC were determined in terms of the coordinate
system shown in Fig. 20.34. Determine the moments and
products of inertia of the object in terms of a parallel
coordinate system x ′y ′z′ with its origin at the center of
mass of the object.

x

y 18 m

B

C

6 m

50�

A

Solution: From Example 20.8, the inertia matrix for the two
booms in the x, y, z system is

[I ]O =

 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




=

 19,200 86,400 0

86,400 1,036,800 0
0 0 1,056,000


 kg-m2.

The mass of the boom AB is mAB = 4800 kg. The mass of the boom
BC is mBC = 1600 kg. The coordinates of the center of mass of the
two booms are

x′ =
mAB

L

2
+ mBCL

mAB + mBC

= 11.25 m.

y′ = mAB(0) + mBC(−3)

mAB + mBC

= −0.75 m.

z′ = 0, from which (dx, dy, dz) = (11.25, −0.75, 0) m. Algebraically
rearrange Eq. (20.42) to obtain the moments and products of inertia
about the parallel axis passing through the center of mass of the two
booms when the moments and products of inertia in the x, y, z system
are known:

I
(G)

x′x′ = I
(0)
xx − (d2

y + d2
x )m = 15600 kg-m2 .

I
(G)

y′y′ = I
(o)
yy − (d2

x + d2
z )m = 226800 kg-m2 .

I
(G)

z′z′ = I
(o)
zz − (d2

x + d2
y )m = 242400 kg-m2

I
(G)

x′y′ = I
(0)
xy − dxdym = −32400 kg-m2 ,

I
(G)

x′z′ = 0 , I
(G)

y′z′ = 0 .

The inertia matrix for the x′, y′, z′ system is

[I ]G =

 15,600 32,400 0

32,400 226,800 0
0 0 242,400


 kg-m2.

6 m

18 m

B

C
L

y

y

50°

A

A

18 m

6 m
B

C
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Problem 20.91 Suppose that the crane described in
Example 20.8 undergoes a rigid-body rotation about the
vertical axis at 0.1 rad/s in the counterclockwise direc-
tion when viewed from above.

(a) What is the crane’s angular velocity vector ω in
terms of the body-fixed coordinate system shown
in Fig. 20.34?

(b) What is the angular momentum of the object con-
sisting of the booms AB and BC about its center
of mass?

Solution: The unit vector parallel to vertical axis in the x′, y′, z′
system is

e = i sin 50◦ + j cos 50◦ = 0.7660i + 0.6428j.

The angular velocity vector is

ω = (0.1)e = 0.07660i + 0.06428j

From the inertia matrix given in the solution of Problem 20.90, the
angular moment about the center of mass is

[H ]G =

 15,600 32,400 0

32,400 226,800 0
0 0 242,400




 0.07660

0.06428
0




=

 3277.7

17060.4
0


 kg-m2/s,

or, HG = 3277.7i + 17060.4j (kg-m2/s).
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Problem 20.92 A 3-kg slender bar is rigidly attached
to a 2-kg thin circular disk. In terms of the body-fixed
coordinate system shown, the angular velocity of the
composite object is ω = 100i − 4j + 6k (rad/s). What is
the object’s angular momentum about its center of mass?

y

x

600 mm

200 mm

Solution: Choose a coordinate system x, y, z originating at the
left end of the bar. From Appendix C and by inspection, the inertia
matrix for the bar about its left end is

[I ]B =




0 0

0
mBL2

3
0

0 0
mBL2

3


 =


 0 0 0

0 0.36 0
0 0 0.36


 kg-m2.

From Eq. (20.42) the inertia matrix of the disk about the left end of
the bar is

[I ]D =




mDR2

4
0 0

0
mDR2

4
0

0 0
mDR2

2




+

 0 0 0

0 mD(L + R)2 0
0 0 mD(L + R)2




=

 0.02 0 0

0 1.3 0
0 0 1.32


 kg-m2.

The inertia matrix of the composite is

[I ]left end = [I ]B + [I ]D =

 0.02 0 0

0 1.66 0
0 0 1.68


 .

The coordinates of the center of mass of the composite in the x, y, z

system are

x′ = mB(L/2) + mD(R + L)

mB + mD

= 0.5 m.

y′ = 0, z′ = 0,

from which (dx, dy, dz) = (0.5, 0, 0) m. Rearrange Eq. (20.42) to
yield the inertia matrix in the x′, y′, z′ system when the inertia matrix
in the x, y, z system is known:

[I ]G =

 0.02 0 0

0 1.66 0
0 0 1.68




−

 0 0 0

0 d2
x (mB + mD) 0

0 0 d2
x (mB + mD)




=

 0.02 0 0

0 0.41 0
0 0 0.43


 kg-m2.

O

y y'

x,x'

The angular momentum is

[H ]G =

 0.02 0 0

0 0.41 0
0 0 0.43




 100

−4
6


 =


 2

−1.64
2.58


 ,

H = 2i − 1.64j + 2.58k(kg-m2/s)
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Problem 20.93* The mass of the homogeneous slen-
der bar is m. If the bar rotates with angular velocity
ω = ω0(24i + 12j − 6k), what is its angular momentum
about its center of mass?

y

x

z

b

b

b

b

Solution: The strategy is to transfer the moments of inertia of the
ends about their attached ends to the center of mass, and sum the
resulting moments and products of inertia. The mass of the central

element is mC = m

2
, and the mass of each end element is mE = m

4
.

For the central element about its center of mass:

Ixx = 0,

Iyy = Izz = mC(2b)2

12
= mb2

6
,

Ixy = Ixz = Iyz = 0.

For each end element about its center of mass:

Ixx = mEb2

12
= mb2

48
,

Iyy = 0,

Izz = mEb2

12
= mb2

48
,

Ixy = Ixz = Iyz = 0.

The coordinates of the center of mass (at the origin) relative to the

center of mass of the left end is (dx, dy, dz) =
(

−b,− b

2
, 0

)
, and

from the right end (dx, dy , dz) =
(

b,
b

2
, 0

)
. From Eq. (20.42), the

moments of inertia of each the end pieces about the center of mass (at
the origin) are

I
(G)

x′x′ = I
(L)
xx + (d2

y + d2
z )mE = mb2

48
+ mEb2

4
= mb2

12
.

I
(G)

y′y′ I
(L)
yy + (d2

x + d2
z )mE = mb2

4
.

I
(G)

z′z′ = I
(L)
zz + (d2

x + d2
y )mE = mb2

48
+ mE

(
b2 + b2

4

)
= mb2

3

I
(G)

x′y′ = I
(L)
xy + dxdymE = mb2/8, I

(G)

x′z′ = 0, I
(G)

y′z′ = 0.

The sum of the matrices:

[I ]G = [I ]GC + 2[I ]end

= mb2


 0.1667 −0.25 0

−0.25 0.6667 0
0 0 0.8333


 .

The angular momentum about the center of mass is

[H ]G = ω0mb2


 0.1667 −0.25 0

−0.25 0.6667 0
0 0 0.8333




 24

12
−6




= ω0mb2


 1

2
−5


 .

H = ω0mb2(i + 2j − 5k)
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Problem 20.94* The 8-kg homogeneous slender bar
has ball-and-socket supports at A and B.

(a) What is the bar’s moment of inertia about the axis
AB?

(b) If the bar rotates about the axis AB at 4 rad/s, what
is the magnitude of its angular momentum about its
axis of rotation?

y

A

x

z

B

1 m

1 m

2 mSolution: Divide the bar into three elements: the central element,
and the two end element. The strategy is to find the moments and
products of inertia in the x, y, z system shown, and then to use
Eq. (20.43) to find the moment of inertia about the axis AB. Denote
the total mass of the bar by m = 8 kg, the mass of each end ele-

ment by mE = m

4
= 2 kg, and the mass of the central element by

mC = m

2
= 4 kg.

The left end element : The moments and products of inertia about point
A are:

I
(LA)
xx = mE(12)

3
= m

12
= 0.6667 kg-m2,

I
(LA)
yy = mE(12)

3
= m

12
= 0.6667 kg-m2,

I
(LA)
zz = 0,

I
(LA)
xy = I

(LA)
xz = I

(LA)
yz = 0.

The right end element : The moments and products of inertia about its
center of mass are

I
(RG)
xx = mE(12)

12
= m

48
= 0.1667 kg-m2,

I
(RG)
yy = 0,

I
(RG)
zz = mE(12)

12
= m

48
= 0.1667 kg-m2,

I
(RG)
xx = I

(RG)
xz = I

(RG)
yz = 0.

The coordinates of the center of mass of the right end element are
(dx, dy , dz) = (2, 0.5, 1). From Eq. (20.42), the moments and products
of inertia in the x, y, z system are

I
(RA)
xx = I

(RG)
xx + (d2

y + d2
z )

m

4
= 2.667 kg-m2,

I
(RA)
yy = I

(RG)
yy + (d2

x + d2
z )

m

4
= 10.0 kg-m2

I
(RA)
zz = I

(RG)
zz + (d2

x + d2
y )

m

4
= 8.667 kg-m2,

I
(RA)
xy = I

(RG)
xy + dxdy

m

4
= 2.0 kg-m2

I
(RA)
xz = I

(RG)
xz + dxdz

m

4
= 4.0 kg-m2,

I
(RA)
yz = I

(RG)
yz + dydz

m

4
= 1.0 kg-m2
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Sum the two inertia matrices:

[I ]RLA = [I ]RA + [I ]LA =

 3.333 −2 −4

−2 10.67 −1
−4 −1 8.667


 kg-m2,

where the negative signs are a consequence of the definition of the
inertia matrix.

The central element : The moments and products of inertia of the central
element about its center of mass are:

I
(CG)
xx = 0, I

(CG)
yy = mC(22)

12
= m

6
= 1.333 kg-m2,

I
(CG)
zz = mC(22)

12
= m

6
= 1.333 kg-m2.

I
(CG)
xy = I

(CG)
xz = I

(CG)
yz = 0.

The coordinates of the center of mass of the central element are
(dx, dy, dz) = (1, 0, 1). From Eq. (20.42) the moments and products
of inertia in the x, y, z system are:

I
(CA)
xx = I

(CG)
xx + (d2

y + d2
z )

m

2
= 4 kg-m2,

I
(CA)
yy = I

(CG)
yy + (d2

x + d2
z )

m

2
= 9.333 kg-m2

I
(CA)
zz = I

(CG)
zz + (d2

x + d2
y )

m

2
= 5.333 kg-m2,

I
(CA)
xy = I

(CG)
xy + dxdy

m

2
= 0,

I
(CA)
xz = I

(CG)
xz + dxdz

m

2
= 4 kg-m2,

I
(CA)
yz = I

(CG)
yz + dydz

m

2
= 0

Sum the inertia matrices:

[I ]A = [I ]RLA + [I ]CA =

 7.333 −2 −8

−2 20.00 −1
−8 −1 14.00


 kg-m2.

(a) The moment of inertia about the axis AB : The distance AB is
parallel to the vector rAB = 2i + 1j + 1k (m). The unit vector
parallel to rAB is

eAB = rAB

|rAB | = 0.8165i + 0.4082j + 4082k.

From Eq. (20.43), the moment of inertia about the AB axis is

IAB = I
(A)
xx e2

x + I
(A)
yy e2

y + I
(A)
zz e2

z − 2I
(A)
xy exey − 2I

(A)
xz exez

− 2I
(A)
yz eyez, IAB = 3.56 kg-m2 .

(b) The angular momentum about the AB axis is

HAB = IABω = 3.56(4) = 14.22 kg-m2/s
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Problem 20.95* The 8-kg homogeneous slender bar
in Problem 20.94 is released from rest in the position
shown. (The x-z plane is horizontal.) What is the
magnitude of the bar’s angular acceleration about the
axis AB at the instant of release?

Solution: The center of mass of the bar has the coordinates:

xG = 1

m

((m

4

)
0 +
(m

2

)
(1) +

(m

4

)
(2)
)

= 1 m.

yG = 1

m

((m

4

)
(0) +

(m

2

)
(0) +

(m

4

)
(0.5)

)
= 0.125 m.

zG = 1

m

((m

4

)
(0.5) +

(m

2

)
(1) +

(m

4

)
(1)
)

= 0.875 m.

The line from A to the center of mass is parallel to the vector rAG =
i + 0.125j + 0.875k (m). From the solution to Problem 20.94 the unit
vector parallel to the line AB is eAB = 0.8165i + 0.4082j + 0.4082k.
The magnitude of the moment about line AB due to the weight is

e[rAB × (−mgj)] =
∣∣∣∣∣∣
0.8165 0.4082 0.4082
1.000 0.125 0.875

0 −78.48 0

∣∣∣∣∣∣ = 24.03 N-m.

From the solution to Problem 20.94, IAB = 3.556 kg-m2. From the
equation of angular motion about axis AB, MAB = IABα, from which

α = 24.03

3.556
= 6.75 rad/s2 .

y

z

A

–mgj

rAG

B

G
x
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Problem 20.96 In terms of a coordinate system x ′y ′z′
with its origin at the center of mass, the inertia matrix
of a rigid body is

[I ′] =
[

20 10 −10
10 60 0

−10 0 80

]
kg-m2.

Determine the principal moments of inertia and unit vec-
tors parallel to the corresponding principal axes.

Solution: Principal Moments of Inertia: The moments and prod-
ucts:

Ix′x′ = 20 kg-m2,

Iy′y′ = 60 kg-m2,

Iz′z′ = 80 kg-m2,

Ix′y′ = −10 kg-m2,

Ix′z′ = 10 kg-m2,

Iy′z′ = 0.

From Eq. (20.45), the principal values are the roots of the cubic
equation. AI3 + BI 2 + CI + D = 0, where

A = +1,

B = −(Ix′x′ + Iy′y′ + Iz′z′ ) = −160,

C = (Ix′x′ Iy′y′ + Iy′y′ Iz′z′ + Iz′z′Ix′x′ − I 2
x′y′ − I 2

x′z′ − I 2
y′z′ )

= 7400,

D = −(Ix′x′ Iy′y′ Iz′z′ − Ix′x′I 2
y′z′ − Iy′y′I 2

x′z′

− Iz′z′I 2
x′y′ − 2Ix′y′ Iy′z′Ix′z′ )

= −82000.

The function f (I) = AI3 + BI 2 + CI + D is graphed to find the zero
crossings, and these values are refined by iteration. The graph is shown.
The principal moments of inertia are:

I1 = 16.15 kg-m2 ,

I2 = 62.10 kg-m2 , I3 = 81.75 kg-m2 .

0
–40000

–30000

–20000

–10000

0f (I )

10000

20000

30000

40000
Roots of Cubic

20 40 60
I

80 100
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Problem 20.97 For the object in Problem 20.81, deter-
mine the principal moments of inertia and unit vec-
tors parallel to the corresponding principal axes. Draw a
sketch of the object showing the principal axes.

0.1 m0.1 m

0.1 m

y

x 

0.1 m

0.2 m

Solution: In Problem 20.81, we found the inertia matrix to be

[I ] =

 0.00667 −0.01 0

−0.01 0.0733 0
0 0 0.08


 kg-m2

To find the principal inertia we expand the determinant to produce the
characteristic equation

det

∣∣∣∣∣∣
0.00667 − I −0.01 0

−0.01 0.0733 − I 0
0 0 0.08 − I

∣∣∣∣∣∣
= (0.08 − I )[(0.00667 − I )(0.0733 − I ) − (0.01)2] = 0

Solving this equation, we have

I1 = 0.08 kg-m2, I2 = 0.0748 kg-m2, I3 = 0.0052 kg-m2.

Substituting these principal inertias into Eqs. (20.46) and dividing the
resulting vector V by its magnitude, we find a unit vector parallel to
the corresponding principal value.

e1 = 0.989i + 0.145j, e2 = −0.145i + 0.989j, e3 = k.

The principal axes are shown on the figure at the top of the page with
e1 pointing out of the paper. The axes are rotated counterclockwise
through the angle θ = cos−1(0.989) = 8.51◦.
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Problem 20.98 The 1-kg, 1-m long slender bar lies in
the x ′-y ′ plane. Its moment of inertia matrix is

[I ′] =



1
12 sin2 β − 1

12 sin β cos β 0
− 1

12 sin β cos β 1
12 cos2 β 0

0 0 1
12


 .

Use Eqs. (20.45) and (20.46) to determine the princi-
pal moments of inertia and unit vectors parallel to the
corresponding principal axes.

β
x'

y'

Solution: [Preliminary Discussion: The moment of inertia about
an axis coinciding with the slender rod is zero; it follows that one
principal value will be zero, and the associated principal axis will
coincide with the slender bar. Since the moments of inertia about the
axes normal to the slender bar will be equal, there will be two equal
principal values, and Eq. (20.46) will fail to yield unique solutions
for the associated characteristic vectors. However the problem can be
solved by inspection: the unit vector parallel to the axis of the slender
rod will be e1 = i cos β + j sin β. A unit vector orthogonal to e1 is
e2 = −i sin β + j cos β. A third unit vector orthogonal to these two
is e3 = k. The solution based on Eq. (20.46) must agree with these
preliminary results.]

Principal Moments of Inertia: The moments and products:

Ix′x′ = sin2 β

12
, Iy′y′ = cos2 β

12
, Iz′z′ = 1

12
,

Ix′y′ = + sin β cos β

12
, Ix′z′ = 0, Iy′z′ = 0.

From Eq. (20.45), the principal values are the roots of the cubic, AI3 +
BI 2 + CI + D = 0. The coefficients are:

A = +1,

B = −(Ix′x′ + Iy′y′ + Iz′z′ ) = −
(

sin2 β

12
+ cos2 β

12
+ 1

12

)
= − 1

6
,

C = (Ix′x′ Iy′y′ + Iy′y′ Iz′z′ + Iz′z′Ix′x′ − I 2
x′y′ − I 2

x′z′ − I 2
y′z′ ),

C = sin2 β cos2 β

144
+ cos2 β

144
+ sin2 β

144
− sin2 β cos2 β

144
= 1

144
.

D = −(Ix′x′ Iy′y′ Iz′z′ − Ix′x′I 2
y′z′ − Iy′y′I 2

x′z′ − Iz′z′ I 2
x′y′

− 2Ix′y′ Iy′z′ Ix′z′ ),

D = −
(

sin2 β cos2 β

123
− sin2 β cos2 β

123

)
= 0.

The cubic equation reduces to

I 3 −
(

1

6

)
I 2 +

(
1

144

)
I =
(

I 2 −
(

1

6

)
I +
(

1

144

))
I = 0.

By inspection, the least root is I1 = 0 . The other two roots are

the solution of the quadratic I2 + 2bI + c = 0 where b = − 1
12 , c =

1
144 , from which I1,2 = −b ± √

b2 − c = 1
12 , from which I2 = 1

12 ,

I3 = 1
12

Principal axes: The characteristic vectors parallel to the principal axes
are obtained from Eq. (20.46),

V
(j)

x′ = (Iy′y′ − Ij )(Iz′z′ − Ij ) − I 2
y′z′

V
(j)
y = Ix′y′ (Iz′z′ − Ij ) + Ix′z′ Iy′z′

V
(j)

z′ = Ix′z′ (Iy′y′ − Ij ) + Ix′y′ Iy′z′ .

For the first root,

I1 = 0, V(1) = cos2 β

144
i + cos β sin β

144
j = cos β

144
(cos βi + sin βj).

The magnitude:

|V(1)| = | cos β|
144

√
cos2 β + sin2 β = | cos β|

144
,

and the unit vector is e1 = sgn(cos β)(cos βi + sin βj), where
sgn(cos β) is equal to the sign of cos β. Without loss of generality,
β can be restricted to lie in the first or fourth quadrants, from which

e1 = (cos βi + sin βj)

For I2 = I3 = ( 1
12

)
, V(2) = 0, and V(3) = 0, from which the equation

Eq. (20.46) fails for the repeated principal values, and the charac-
teristic vectors are to determined from the condition of orthogonality

with e1. From the preliminary discussion, e2 = −i sin β + j cos β

and e3 = 1k .
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Problem 20.99* The mass of the homogeneous thin
plate is 3 kg. For a coordinate system with its origin at
O, determine the plate’s principal moments of inertia and
unit vectors parallel to the corresponding principal axes.

x'

y'

z'

2 m

3 m

4 m

O

Solution: Divide the plate into A and B sheets, as shown. Denote
m = 3 kg, a = 2 m, b = 4 m, and c = 3 m. The mass of plate A

is mA = 6m

18
= m

3
= 1 kg. The mass of plate B is mB = 12m

18
=

2 kg. The coordinates of the center of mass of A are

(d
(A)
x , d

(A)
y , d

(A)
z ) =

( c

2
,
a

2
, 0
)

= (1.5, 1, 0) .

The coordinates of the center of mass of B are

(d
(B)
x , d

(B)
y , d

(B)
z ) =

(
c

2
, 0,

b

2

)
= (1.5, 0, 2) .

Principal Values: From Appendix C, the moments and products of
inertia for plate A are

I
(A)

x′x′ = mAa2

12
+ (d2

y + d2
z )mA = 1.333 kg-m2,

I
(A)

y′y′ = mAc2

12
+ (d2

x + d2
z )mA = 3 kg-m2,

I
(A)

z′z′ = mA(c2 + a2)

12
+ (d2

x + d2
y )mA = 4.333 kg-m2

,

I
(A)

x′y′ = dxdymA = 1.5 kg-m2,

I
(A)

x′z′ = 0, I
(A)

y′z′ = 0.

The moments and products of inertia for plate B are

I
(B)

x′x′ = mBb2

12
+ (d2

y + d2
z )mB = 10.67 kg-m2,

I
(B)

y′y′ = mB(c2 + b2)

12
+ (d2

x + d2
z )mB = 16.67 kg-m2,

I
(B)

z′z′ = mBc2

12
+ (d2

x + d2
y )mB = 6 kg-m2, I

(B)

x′y′ = 0,

I
(B)

x′z′ = dxdzmB = 6 kg-m2, I
(B)

y′z′ = 0.

The inertia matrix is the sum of the two matrices:

[I ′] =

 Ix′x′ −Ix′y′ −Ix′z′

−Iy′x′ Iy′y′ −Iy′z′
−Iz′x′ −Iz′y′ Iz′z′


 =


 12 −15 −6

−1.5 19.67 0
−6 0 10.33


 .

x'

y'

z'

O

A

B b

c

a

0 5
–100
–50

0
50

100
150f (I )
200
250
300
350
400

10 15
I

Zero Crossings

20 25
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From Eq. (20.45), the principal values are the roots of the cubic
equation AI3 + BI 2 + CI + D = 0, where

A = +1,

B = −(Ix′x′ + Iy′y′ + Iz′z′ ) = −42,

C = (Ix′x′ Iy′y′ + Iy′y′ Iz′z′ + Iz′z′Ix′x′ − I 2
x′y′ − I 2

x′z′ − I 2
y′z′ )

= 524.97,

D = −(Ix′x′ Iy′y′ Iz′z′ − Ix′x′I 2
y′z′ − Iy′y′I 2

x′z′ − Iz′z′ I 2
x′y′

− 2Ix′y′ Iy′z′ Ix′z′ ) = −1707.4.

The function f (I) = AI3 + BI 2 + CI + D is graphed to determine
the zero crossings, and the values refined by iteration. The graph is
shown. The principal values are

I1 = 5.042 kg-m2 , I2 = 16.79 kg-m2 ,

I3 = 20.17 kg-m2 .

Principal axes: The characteristic vectors parallel to the principal axes
are obtained from Eq. (9.20),

V
(j)

x′ = (Iy′y′ − Ij )(Iz′z′ − Ij ) − I 2
y′z′

V
(j)
y = Ix′y′ (Iz′z′ − Ij ) + Ix′z′Iy′z′

V
(j)

z′ = Ix′z′ (Iy′y′ − Ij ) + Ix′y′ Iy′z′ .

For I1 = 5.042, V(1) = 77.38i + 7.937j + 87.75k,

and e1 = 0.6599i + 0.06768j + 0.7483k .

For I2 = 16.79, V(2) = −18.57i − 9.687j − 17.25k,

and e2 = −0.6843i − 0.3570j + 0.6358k .

For I3 = 20.17, V(3) = 4.911i − 14.75j − 2.997k,

and e3 = +0.3102i − 0.9316j − 0.1893k.
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Problem 20.100 The disk is pinned to the horizontal
shaft and rotates relative to it with angular velocity ω0.
Relative to an earth-fixed reference frame, the vertical
shaft rotates with angular velocity ω0.

(a) Determine the disk’s angular velocity vector ω rel-
ative to the earth-fixed reference frame.

(b) What is the velocity of point A of the disk relative
to the earth-fixed reference frame?

θ

b

A

xR

z

y

ω0

ωd

Solution: From Problem 20.43, the inertia matrix is

[I ] =

 4.167 × 105 2.5 × 105 0

2.5 × 105 4.167 × 105 0
0 0 8.333 × 105


 kg-m2.

For rotation at a constant rate, the angular acceleration is zero,
α = 0. The body-fixed coordinate system rotates with angular velocity
Eq. (20.19) reduces to:



∑

MOx∑
MOy∑
MOz


 =


 0 0 0

0 0 −0.01047
0 0.01047 0




×

 4.167 × 105 2.5 × 105 0

2.5 × 105 4.167 × 105 0
0 0 8.333 × 105




×

 0.01047

0
0




=

 0 0 0

0 0 −8726.7
2618.0 4363.3 0




 0.01047

0
0




=

 0

0
27.42


 N-m, |M0| = 27.4 (N-m)
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Problem 20.101 The disk is pinned to the horizon-
tal shaft and rotates relative to it with constant angular
velocity ω0. Relative to an earth-fixed reference frame,
the vertical shaft rotates with constant angular veloc-
ity ω0. What is the acceleration of point A of the disk
relative to the earth-fixed reference frame?

Solution: (See Figure in solution to Problem 20.100.) The angular
acceleration of the disk is given by

dω

dt
= d

dt
(ωd i + ωO j) + ωO × ωd = 0 +


 i j k

0 ωO 0
ωd 0 0




= −ωOωdk.

The velocity of point A relative to O is

aA/O = α × rA/O + ω × (ω × rA/O)

= (−ωOωd)(k × rA/O) + ω × (ω × rA/O).

Term by term:

−ωOωd(k × rA/O) = −ωOωd


 i j k

0 0 1
b R sin θ −R cos θ




= ωOωdR sin θ i − ωOωdbj,

ω × (ω × rA/O) = ω ×

 i j k

ωd ωO 0
b R sin θ −R cos θ




=

 i j k

ωd ωO 0
−RωO cos θ Rωd cos θ Rωd sin θ − bωO




= (Rωd sin θ − bωO)(ωO i − ωd j) + (R cos θ)(ω2
d + ω2

O)k.

Collecting terms:

aA/O = (2RωOωd sin θ − bω2
O)i − (Rω2

d sin θ)j

+ (Rω2
d cos θ + Rω2

O cos θ)k.
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Problem 20.102 The cone is connected by a ball-and-
socket joint at its vertex to a 100-mm post. The radius
of its base is 100 mm, and the base rolls on the floor.
The velocity of the center of the base is vC = 2k (m/s).

(a) What is the cone’s angular velocity vector ω?
(b) What is the velocity of point A?

x

100 mm
A

y

z

C

60°

400 mm

Solution: Denote θ = 60◦, h = 0.1 m, L = 0.4 m, R = 0.1 m.

(a) The strategy is to express the velocity of the center of the base
of the cone, point C, in terms of the known (zero) velocities of
O and P to formulate simultaneous equations for the angular
velocity vector components.

The line OC is parallel to the vector rC/O = iL (m). The line
PC is parallel to the vector rC/P = Rj (m). The velocity of the
center of the cone is given by the two expressions: vC = vO +
ω × rC/O , and vC = vP + ω × rC/P , where vC = 2k (m/s), and
vO = vP = 0.

Expanding:

vC = ω × rC/O =

 i j k

ωx ωy ωz

L 0 0


 = ωzLj − ωyLk.

vC = ω × rC/P =

 i j k

ωx ωy ωz

0 R 0


 = −Rωzi + Rωxk.

Solve by inspection:

ωx = vC

R
= 20 rad/s, ωy = − vC

L
= −5 m/s,

ωz = 0. ω = 20i − 5j (rad/s)

(b) The line OA is parallel to the vector rA/O = iL + jR sin θ −
kR cos θ . The velocity of point A is given by: vA = vO + ω ×
rA/O , where vO = 0.

vA =

 i j k

20 −5 0
L R sin θ −R cos θ


 ,

vA = 0.25i + 1j + 3.73k (m/s)

x
z

P

A

y

O
0.4 m

0.1
m

60°
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Problem 20.103 The mechanism shown is a type of
universal joint called a yoke and spider. The axis L lies
in the x-z plane. Determine the angular velocity ωL and
the angular velocity vector ωS of the cross-shaped “spi-
der” in terms of the angular velocity ωR at the instant
shown.

2b

2b

y

z

L
x

φ

ω L ω R

Solution: Denote the center of mass of the spider by point O, and
denote the line coinciding with the vertical arms of the spider (the
y axis) by P ′P , and the line coinciding with the horizontal arms by
Q′Q. The line P ′P is parallel to the vector rP/O = bj. The angular
velocity of the right hand yoke is positive along the x axis, ωR = ωR i,
from which the angular velocity ωL is positive toward the right, so
that ωL = ωL(i cos φ + k sin φ). The velocity of the point P on the
extremities of the line P ′P is vP = vO + ωR × rP/O , where vO = 0,
from which

vP =

 i j k

ωR 0 0
0 b 0


 = bωRk.

The velocity vP is also given by

vP = vO + ωS × rP/O =

 i j k

ωSx ωSy ωSz

0 b 0




= −ibωSz + kbωSx,

from which ωSz = 0, ωSx = ωR . The line Q′Q is parallel to the vector
rQ/O = ib sin φ − kb cos φ. The velocity of the point Q is

vQ = vO + ωS × rQ/O = 0 +

 i j k

ωSx ωSy 0
b sin φ 0 −b cos φ


 ,

vQ = −i(ωSyb cos φ) + j(ωSxb cos φ) − k(ωSyb sin φ).

The velocity vQ is also given by vQ = vO + ωL × rQ/O , from which

vQ =

 i j k

ωL cos φ 0 ωL sin φ

b sin φ 0 −b cos φ


 = jbωL(cos2 φ + sin2 φ)

= jbωL,

from which ωSy = 0, from which

ωS = ωR,

ωS = ωR i , ωL = ωSx cos φ = ωR cos φ .

y

Q
O

P

Q'

P'

R
ω
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Problem 20.104 The inertia matrix of a rigid body in
terms of a body-fixed coordinate system with its origin
at the center of mass is

[I ] =
[

4 1 −1
1 2 0

−1 0 6

]
kg-m2.

If the rigid body’s angular velocity is ω = 10i − 5j +
10k (rad/s), what is its angular momentum about its cen-
ter of mass?

Solution: The angular momentum is


HOx

HOy

HOz


 =


 4 1 −1

1 2 0
−1 0 6




 10

−5
10


 =


 25

0
50


 kg-m2/s

In terms of the unit vectors i, j, k, H = 25i + 50k kg-m2/s

Problem 20.105 What is the moment of inertia of the
rigid body in Problem 20.104 about the axis that passes
through the origin and the point (4, −4, 7) m?

Strategy: Determine the components of a unit vector
parallel to the axis, and use Eq. (20.43).

Solution: The unit vector parallel to the line passing through
(0, 0, 0) and (4, −4, 7) is

e = 4i − 4j + 7k√
42 + 42 + 72

= 0.4444i − 0.4444j + 0.7778k.

The inertia matrix in Problem 20.104 is

[I ] =

 4 1 −1

1 2 0
−1 0 6


 =


 Ixx −Ixy −Ixz

−Ixy Iyy −Iyz

−Ixz −Iyz Izz


 ,

where advantage is taken of the symmetric property of the inertia
matrix. From Eq. (20.43), the new moment of inertia about the line
through (0, 0, 0) and (4, −4, 7) is

IO = 4e2
x + 2e2

y + 6e2
z + 2(1)(exey) + 2(−1)(exez) + 2(0)(eyez),

IO = 3.728 kg-m2
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Problem 20.106 Determine the inertia matrix of the
0.6 kg thin plate in terms of the coordinate system
shown.

y 

x 

0.5 m 0.125 m

0.25 m

Solution: The strategy is to determine the moments and products
for a solid thin plate about the origin, and then subtract the moments
and products of the cut-out. The mass density is

ρ = 0.6(
π(0.52) − π

(
3

24

)2
)

T

= 0.8149

T
3,

from which ρT = 0.8149 kg/m , where2 T is the (unknown) thickness
of the plate. From Appendix C and by inspection, the moments and
products of inertia for a thin plate of radius R are:

Ixx = Iyy = mR2

4
, Izz = mR2

2
, Ixy = Ixz = Iyz = 0.

For a 6 in. radius solid thin plate, m = ρT π(0.52) = 0.64 kg..
Ixx = Iyy = 0.04 kg-m ,2 Izz = 0.08 kg-m ,2 Ixy = Ixz = Iyz = 0.
The coordinates of the 0.125 (dx, dy , dx) =
(3, 0, 0). The mass removed by the cut-out is mC = ρT πR2

C =
0.04 kg. The moments and products of inertia of the cut-out are

IC
xx = mCR2

C

4
= 1.563 × 10−4 2,

IC
yy = mCR2

C

4
+
(

3

12

)2

mC = 2.656 × 10−3 2,

IC
zz = mCR2

C

2
+ d2

xmC = 2.813 × 10−3 2,

IC
xy = 0, IC

xz = 0, IC
yz = 0.

The inertia matrix of the plate with the cut-out is

[I ]0 =

 0.04 0 0

0 0.04 0
0 0 0.08




−

 1.563 × 10−4 0 0

0 2.656 × 10−3 0
0 0 2.813 × 10−3


 ,

[I ]0 =

 0.0398 0 0

0 0.0373 0
0 0 0.0772


 2
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kg-m
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kg-m

c� 2008 Pearson Education  South Asia Pte Ltd. All rights reserved. This publication is protected by Copyright and permission should be obtained from the publisher  prior

 to any prohibited reproduction, storage in a retrieval system, or transmission in any form or by any means, electronic, mechanical, photocopying, recording or likewise.

Please purchase PDF Split-Merge on www.verypdf.com to remove this watermark.



Problem 20.107 At t = 0, the plate in Problem 20.106
has angular velocity ω = 10i + 10j (rad/s) and is sub-
jected to the force F = −10k (N) acting at the point
(0, 0.5, 0) m. No other forces or couples act on the plate.
What are the components of its angular acceleration at
that instant?

Solution: The coordinates of the center of mass are (−0.01667, 0,
0) m. The vector from the center of mass to the point of application of
the force is rF/G = 0.01667i + 0.5j (m). The moment about the center
of mass of the plate is

MG = rF/G × F =

 i j k

0.01667 0.5 0
0 0 −10




= −5i + 0.1667j ( - ).

Eq. (20.19) reduces to


−5

0.1667
0


 =


 0.03984 0 −0

0 0.03718 0
0 0 0.07702




αx

αy

αz




+

 0

0
−0.267


 .

Carry out the matrix multiplication to obtain the three equations:

0.03984αx = −5, 0.03718αy = 0.1667, 0.07702αz − 0.267 = 0.

Solve: α = −125.5i + 4.484j + 3.467k rad/s2

Problem 20.108 The inertia matrix of a rigid body in
terms of a body-fixed coordinate system with its origin
at the center of mass is

[I ] =
[

4 1 −1
1 2 0

−1 0 6

]
kg-m2.

If the rigid body’s angular velocity is ω = 10i − 5j +
10k (rad/s) and its angular acceleration is zero, what are
the components of the total moment about its center of
mass?

Solution: Use general motion, Eq. (20.19),



∑

Mφx∑
Mφy∑
Mφz


 =


 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




αx

αy

αz




+

 0 −�z �y

�z 0 −�x

−�y �x 0




 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




ωx

ωy

ωz




with α = dω

dt
= 0. The coordinate system is rotating with angular

velocity ω, from which ω = ω. Eq. (20.19) reduces to



∑

Mφx∑
Mφy∑
Mφz


 =


 0 −10 −5

10 0 −10
5 10 0




 4 1 −1

1 2 0
−1 0 6




 10

−5
10




=

−5 −20 −30

50 10 −70
30 25 −5




 10

−5
10


 N-m,

M = −250i − 250j + 125k (N-m)
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Problem 20.109 If the total moment about the center
of mass of the rigid body described in Problem 20.108
is zero, what are the components of its angular acceler-
ation?

Solution: Use general motion, Eq. (20.19), with the moment com-
ponents equated to zero,


 0

0
0


 =


 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




αx

αy

αz




+

 0 −�z �y

�z 0 −�x

−�y �x 0




 Ixx −Ixy −Ixz

−Iyx Iyy −Iyz

−Izx −Izy Izz




ωx

ωy

ωz




=

 4 1 −1

1 2 0
−1 0 6




αx

αy

αz


+

 0 −10 −5

10 0 −10
5 10 0




×

 4 1 −1

1 2 0
−1 0 6




 10

−5
10


 ,


 0

0
0


 =


 4 1 −1

1 2 0
−1 0 6




αx

αy

αz


+

−250

−250
125


 .

Carry out the matrix multiplication to obtain the three simultane-
ous equations in the unknowns: 4αx + αy − αz = 250, αx + 2αy +
0 = 250, −αx + 0 + 6αz = −125.

Solve: α = 31.25i + 109.4j − 15.63k (rad/s2)
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Problem 20.110 The slender bar of length l and
mass m is pinned to the L-shaped bar at O. The L-
shaped bar rotates about the vertical axis with a constant
angular velocity ω0. Determine the value of ω0 necessary
for the bar to remain at a constant angle β relative to
the vertical.

β

O
ω0
ω

b
l

Solution: Since the point O is not fixed, this is general motion, in
which Eq. (20.19) applies. Choose a coordinate system with the origin
at O and the x axis parallel to the slender bar.

The moment exerted by the bar. Since axis of rotation is fixed, the
acceleration must be taken into account in determining the moment.
The vector distance from the axis of rotation in the coordinates system
shown is

r0 = b(i cos(90◦ − β) + j sin(90◦ − β)) = b(i sin β + j cos β).

The vector distance to the center of mass of the slender bar is rG/O =
i
(

L
2

)
. The angular velocity is a constant and the coordinate system

is rotating with an angular velocity ω = ω0(−i cos β + j sin β). The
acceleration of the center of mass relative to O is

aG = ω × (ω × (r0 + rG/O))

= ω ×




i j k
−ω0 cos β ω0 sin β 0

b sin β + L

2
b cos β 0


 ,

aG =




i j k
−ω0 cos β ω0 sin β 0

0 0 −ω0b − ω0L sin β

2




= aGx i + aGy j

aG = −ω2
0

(
+b sin β + L

2
sin2 β

)
i

− ω2
0

(
b cos β + L

2
sin β cos β

)
j.

From Newton’s second law, maG = A + W, from which A = maG −
W. The weight is W = mg(i cos β − j sin β). The moment about the
center of mass is

MG = rO/G × A = rO/G × (maG − W)

=




i j k

−L

2
0 0

maGx − mg cos β maGy + mg sin β 0


 .

MG = +
(

mω2
obL

2
cos β − mgL

2
sin β + mω2

0L
2

4
sin β cos β

)
k

= Mzk

b

W
x

A

y

β

0ω

The Euler Equations: The moments of inertia of the bar about the

center of mass are Ixx = 0, Iyy = Izz = mL2

12
, Ixy = Ixz = Iyz = 0.

Eq. (20.19) becomes:


Mx

My

Mz


 = ω2

o


 0 0 + sin β

0 0 cos β

− sin β − cos β 0






0 0 0

0
mL2

12
0

0 0
mL2

12




×

− cos β

sin β

0


 .

Carry out the matrix multiplication:


Mx

My

Mz


 =




0
0

−ω2
0mL2

12
cos β sin β


 .

Substitute:

mω2
0bL

2
cos β − mgL

2
sin β + mω2

0L
2

4
sin β cos β

= −ω2
0
mL2

12
sin β cos β.

Solve :
ω0 =

√√√√√ g sin β(
2

3

)
L sin β cos β + b cos β
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Problem 20.111 A slender bar of length l and mass m
is rigidly attached to the center of a thin circular disk of
radius R and mass m. The composite object undergoes
a motion in which the bar rotates in the horizontal plane
with constant angular velocity ω0 about the center of
mass of the composite object and the disk rolls on the
floor. Show that ω0 = 2

√
g/R.

R

l

0ω 0ω

Solution: Measuring from the left end of the slender bar, the dis-
tance to the center of mass is

dG =

(
L

2

)
m + mL

2m
= 3L

4
.

Choose an X, Y , Z coordinate system with the origin at the center
of mass, the Z axis parallel to the vertical axis of rotation and the
X axis parallel to the slender bar. Choose an x, y, z coordinate system
with the origin at the center of mass, the z axis parallel to the slender
bar, and the y axis parallel to the Z axis. By definition, the nutation
angle is the angle between Z and z, θ = 90◦. The precession rate
is the rotation about the Z axis, ψ̇ = ω0 rad/s. The velocity of the
center of mass of the disk is vG = (L/4)ψ̇ , from which the spin rate is

φ̇ = v

R
=
(

L

4R

)
ψ̇ . From Eq. (20.29), the moment about the x-axis is

Mx = (Izz − Ixx)ψ̇2 sin θ cos θ + Izzψ̇φ̇ sin θ = Izzφ̇ψ̇ = ω2
0L

4R
Izz.

The moment of inertia is Izz = mR2

2
, from which

Mx =
(

mRL

8

)
ω2

0.

The normal force acting at the point of contact is N = 2mg.
The moment exerted about the center of mass

MG = N
L

4
= mg

(
L

2

)
.

Equate the moments: mg

(
L

2

)
= m

(
RL

8

)
ω2

0, from which

ω0 = 2

√
g

R
.

N

R

X,

y, Z

W

3L
4

L
4
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Problem 20.112* The thin plate of mass m spins
about a vertical axis with the plane of the plate
perpendicular to the floor. The corner of the plate at
O rests in an indentation, so that it remains at the same
point on the floor. The plate rotates with constant angular
velocity ω0 and the angle β is constant.

(a) Show that the angular velocity ω0 is related to the
angle β by

hω2
0

g
= 2 cos β − sin β

sin2 β − 2 sin β cos β − cos2 β

(b) The equation you obtained in (a) indicates that
ω0 = 0 when 2 cos β − sin β = 0. What is the
interpretation of this result?

2h

O

h

β

ω0

Solution:

Choose a body-fixed coordinate system with its origin at the fixed
point O and the axes aligned with the plate’s edges. Using the
moments of intertia for a rectangular area,

Ixx = mh2

3
, Iyy = 4mh2

3
, Izz = Ixx + Iyy = 5mh2

3
,

Ixy = mh2

2
, Ixz = Iyz = 0.

The plate’s angular velocity is ω = ω0 sin βi + ω0 cos βj, and
the moment about O due to the plate’s weight is

∑
Mx = 0,∑

My = 0,
∑

Mz = h

2
mg sin β − hmg cos β.

Choose a coordinate system with the x axis parallel to the right
lower edge of the plate and the y axis parallel to the left lower
edge of the plate, as shown. The body fixed coordinate sys-
tem rotates with angular velocity ω = ω0(j sin β + k cos β). From
Eq. (20.13),


 0

0
Mz


 =


 0 0 ω0 cos β

0 0 −ω0 sin β

−ω0 cos β ω0 sin β 0




×




mh2

3
−mh2

2
0

−mh2

2

4mh2

3
0

0 0
5m2

3




ω0 cos β

ω0 cos β

0


 .

Expand, Mz = hmg

(
sin β

2
− cos β

)

= mh2ω2
a

(
− sin β cos β

3
+ cos2 β

2
− sin2 β

2

+ 4 sin β cos β

3

)

Solve:
ω2

0h

g
= 2 cos β − sin β

sin2 β − 2 sin β cos β − cos2 β

O

mg

y

x
0

β

ω

(b) The perpendicular distance from the axis of rotation to the center
of mass of the plate is

d =
∣∣∣∣rO/G × ω

|ω|
∣∣∣∣ =
∣∣∣∣∣∣∣∣




i j k

0 −h

2
−h

0 cos β sin β



∣∣∣∣∣∣∣∣

= h

(
cos β − sin β

2

)
.

If this distance is zero, β = tan−1(2) = 63.43◦, the accelerations
of the center of mass and the external moments are zero (see

equations above, where for convenience the term cos β − sin β

2
has been kept as a factor) and the plate is balanced.

The angular velocity of rotation is zero (the plate is stationary) if
β = tan−1(2) = 63.435◦ , since the numerator of the right hand
term in the boxed expression vanishes (the balance at this point
would be very unstable, since an infinitesimally small change in
β would induce a destabilizing moment.).
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Problem 20.113* In Problem 20.112, determine the
range of values of the angle β for which the plate will
remain in the steady motion described.

Solution: From the solution to Problem 20.112

ω2
0h

g
= 2 cos β − sin β

sin2 β − 2 sin β cos β − cos2 β
.

The angular velocity is a real number, from which ω2
0 ≥ 0, from which

f (β) = 2 cos β − sin β

sin2 β − 2 cos β sin β − cos2 β
≥ 0.

A graph of f (β) for values of 0 ≤ β ≤ 90◦ is shown. The function
is positive over the half-open interval 63.4348◦ ≤ β < 67.50◦ . The
angular velocity is zero at the lower end of the interval, and “blows
up” (becomes infinite) when the denominator vanishes, which occurs

at exactly β = 3π

8
= 67.50◦ .

f(
   

)
β

f (   ) vs

, deg

β β

0

0 10 

β
20 30 40 50 60 70 80 90 

–1
–2
–3
–4
–5

1
2
3
4
5
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Problem 20.114* Arm BC has a mass of 12 kg, and
its moments and products of inertia, in terms of the coor-
dinate system shown, are Ixx = 0.03 kg-m2, Iyy = Izz =
4 kg-m2, and Ixy = Iyz = Ixz = 0. At the instant shown,
arm AB is rotating in the horizontal plane with a con-
stant angular velocity of 1 rad/s in the counterclockwise
direction viewed from above. Relative to arm AB, arm
BC is rotating about the z axis with a constant angu-
lar velocity of 2 rad/s. Determine the force and couple
exerted on arm BC at B.

2 rad/s
C

BA

x

y

1 rad/s

40°

700 mm

300 m
m

Solution: In terms of the body-fixed coordinate system shown, the
moments and products of inertia are

Ixx = 0.03 kg-m2,

Iyy = Izz = 4 − (0.3)2(12) = 2.92 kg-m2,

Ixy = Iyz = Izx = 0.

In terms of the angle θ , the angular velocity of the coordinate system is

ω = (1) sin θ i + (1) cos θj + (2)k (rad/s),

so its angular acceleration is Eq. (20.4)

α = dω

dt
= cos θ

dθ

dt
i − sin θ

dθ

dt
j.

Setting θ = 40◦ and dθ/dt = 2 rad/s, we obtain

ω = 0.643i + 0.766j + 2k (rad/s), (1)

α = 1.532i − 1.286j (rad/s2). (2)

Equation (20.19) is


 MBx

MBy + 0.3FBz

MBz − 0.3FBy


 =


 0.03 0 0

0 2.92 0
0 0 2.92




αx

αy

αz




+

 0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0




 0.03 0 0

0 2.92 0
0 0 2.92




ωx

ωy

ωz


 .

Using Eqs. (1) and (2), this gives the equations

MBx = 0.046,

MBy + 0.3FBz = −7.469,

MBz − 0.3FBy = 1.423,

From which

MB = 0.046i − 10.25j + 30.63k (N-m).

B B

FB

MB

0.3 m

mg

G
G

y

y

x x

θ

The acceleration of B toward A is (1 rad/s)2(0.7 m) = 0.7 m/s2, so

aB = −0.7 cos 40◦i + 0.7 sin 40◦j

= −0.536i + 0.450j (m/s2).

The acceleration of the center of mass is

aG = aB + α × rG/B + ω × (ω × rG/B)

= −1.912i + 0.598j + 0.771k (m/s2).

From Newton’s second law (see free-body diagram),

FBx − mg sin 40◦ = m(−1.912),

FBy − mg cos 40◦ = m(0.598),

FBz = m(0.771).

Solving, FB = 52.72i + 97.35j + 9.26k (N). The moment about the
center of mass is

∑
M = MB + (−0.3i) × FB

= MB + 0.3FBzj − 0.3FByk.
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Problem 20.115 Suppose that you throw a football in a
wobbly spiral with a nutation angle of 25◦. The football’s
moments of inertia are Ixx = Iyy = 0.0041 kg-m2 and
Izz = 0.00136 kg-m . If the spin rate is2 ˙φ = 4 revolutions
per second, what is the magnitude of the precession rate
(the rate at which the football wobbles)?

Z

z

25°

Solution: This is modeled as moment-free, steady precession of an
axisymmetric object. From Eq. (20.33), (Izz − Ixx)ψ̇ cos θ + Izzφ̇ =
0, from which

ψ̇ = − Izzφ̇

(Izz − Ixx) cos θ
.

Substitute ψ̇ = − (0.00136 kg-m2 )(4)

( − 0.0041 ) cos 25◦ = 2 .21 rev/s.

|ψ̇ | = 2.21 rev/s

Problem 20.116 Sketch the body and space cones for
the motion of the football in Problem 20.115.

Solution: The angle β is given by tan β =
(

Izz

Ixx

)
tan θ , from

which β = 8.8◦. β < θ , and the body cone revolves outside the space
cone. The sketch is shown. The angle θ = 25◦.

Z

Y

x

X

z

Body
cone

Space
cone

θ

β

φ

ψ
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Problem 20.117 The mass of the homogeneous thin
plate is 1 kg. For a coordinate system with its origin at
O, determine the plate’s principal moments of inertia
and the directions of unit vectors parallel to the corre-
sponding principal axes.

x'

y'

z'

160 
mm

160 
mm

160 
mm

O

400 mm

Solution: The moment of inertia is determined by the strategy of
determining the moments and products of a larger plate, and then sub-
tracting the moments and products of inertia of a cutout, as shown in
the sketch. Denote h = 0.32 m, b = 0.4 m, c = 0.16 m, d = b − c =
0.24 m. The area of the plate is A = hb − cd = 0.0896 m2. Denote
the mass density by ρ kg/m3. The mass is ρAT = 1 kg, from which
ρT = 1

A
= 11.16 kg/m2, where T is the (unknown) thickness. The

moments and products of inertia of the large plate: The moments and
products of inertia about O are (See Appendix C)

I
(p)
xx = ρT bh3

3
, I

(p)
yy = ρT hb3

3
,

I
(p)
zz = I

(p)
yy + I

(p)
xx = ρT bh(h2 + b2)

3
,

I
(p)
xy = ρT h2b2

4
, I

(p)
xz = I

(p)
yz = 0.

The moments and products of inertia for the cutout : The moments and
products of inertia about the center of mass of the cutout are:

I
(c)
xx = ρT dc3

12
, I

(c)
yy = ρT cd3

12
, I

(c)
zz = ρT cd(c2 + d2)

12
,

I
(c)
xy = I

(c)
xz = I

(c)
yz = 0.

The distance from O to the center of mass of the cutout is (dx, dy, 0) =
(0.28, 0.24, 0) m. The moments and products of inertia about the
point O are

I
(0)
xx = I

(c)
xx + ρT cd(d2

y ), I
(0)
yy = I

(c)
yy + ρT cd(d2

x ),

I
(0)
zz = I

(c)
zz + ρT cd(d2

x + d2
y ),

I
(0)
xy = I

(c)
xy + ρT cd(dxdy), I

(0)
xz = I

(0)
yz = 0.

The moments and products of inertia of the object : The moments and
products of inertia about O are

Ixx = I
(p)
xx − I

(0)
xx = 0.02316 kg-m2,

Iyy = I
(p)
yy − I

(0)
yy = 0.04053 kg-m2,

Izz = I
(p)
zz − I

(0)
zz = 0.06370 kg-m2,

Ixy = I
(p)
xy − I

(0)
xy = 0.01691 kg-m2,

Ixz = Iyz = 0.

0.4 m

0.16 m

0.24 m

0.32 m

O

–.000015

–.00001

–.000005

0

0 .02 .04

I, kg-m2

f (I ) vs I

f (I )

.06 .08

.000005

.00001

.000015

.00002
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The principal moments of inertia. The principal values are given by
the roots of the cubic equation AI3 + BI 2 + CI + D = 0, where

A = 1, B = −(Ixx + Iyy + Izz) = −0.1274,

C = IxxIyy + IyyIzz + IxxIzz − I 2
xy − I 2

xz − I 2
yz = 4.71 × 10−3,

D = −(IxxIyyIzz − IxxI 2
yz − IyyI 2

xz − IzzI
2
xy − 2IxyIyzIxz)

= −4.158 × 10−5.

The function f (I) = AI3 + BI 2 + CI + D is graphed to get an
estimate of the roots, and these estimates are refined by iteration.
The graph is shown. The refined values of the roots are I1 =
0.01283 kg-m2, I2 = 0.05086 kg-m2, I3 = 0.06370 kg-m2.

The principal axes. The principal axes are obtained from a solution of
the equations

Vx = (Iyy − I )(Izz − I ) − I 2
yz

Vy = Ixy(Izz − I ) + IxzIyz

Vz = Ixz(Iyy − I ) + IxzIyz.

Since Ixz = Iyz = 0, Vz = 0, and the solution fails for this axis, and the
vector is to be determined from the orthogonality condition. Solving
for Vx , Vy , the unit vectors are: for I = I1, V

(1)
x = 0.00141, V

(1)
y =

8.6 × 10−4, from which the unit vectors are e1 = 0.8535i + 0.5212j .

For I = I2, V (2)
x = −1.325 × 10−4, V (2)

y = 2.170 × 10−4, from which

e2 = −0.5212i + 0.8535j . The third unit vector is determined from

orthogonality conditions: e3 = k .
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Problem 20.118 The airplane’s principal moments of
inertia, in kg-m , are2 Ixx = Iyy = 062, and
Izz = .

(a) The airplane begins in the reference position shown
and maneuvers into the orientation ψ = θ = φ =
45◦. Draw a sketch showing the plane’s orientation
relative to the XYZ system.

(b) If the airplane is in the orientation described in (a),
the rates of change of the Euler angles are ψ̇ = 0,
θ̇ = 0.2 rad/s, and φ̇ = 0.2 rad/s, and the second
derivatives of the angles with respect to time are
zero, what are the components of the total moment
about the airplane’s center of mass?

Z, z

X, x

Y, y

Solution:

(a)
(b) The Eqs. (20.36) apply.

Mx = Ixx(ψ̈ sin θ sin φ + θ̈ cos φ + ψ̇ θ̇ cos θ sin φ

+ ψ̇φ̇ sin θ cos φ − θ̇ φ̇ sin φ) − (Iyy − Izz)

× (ψ̇ sin θ cos φ − θ̇ sin φ)(ψ̇ cos θ + φ),

My = Iyy(ψ̈ sin θ cos φ − θ̈ sin φ + ψ̇ θ̇ cos θ cos φ

− ψ̇φ̇ sin θ sin φ − θ̇ φ̇ cos φ) − (Izz − Ixx)

× (ψ̇ sin θ sin φ + θ̇ cos φ)(ψ̇ cos θ + φ̇),

Mz = Izz(ψ̈ cos θ + φ̈ − ψ̇ θ̇ sin θ) − (Ixx − Iyy)(ψ̇ sin θ sin φ

+ θ̇ cos φ)(ψ̇ sin θ cos φ − θ̇ sin φ).

Substitute Ixx = Iyy = and Izz = , in kg-m ,2

and ψ̇ = 0, θ̇ = 0.2 rad/s, and φ̇ = 0.2 rad/s, and ψ̈ = θ̈ = φ̈ = 0. The
moments:

Mx = − . , My = − . ,

Mz = −

X

Y

x

yZ

= 45°

z

ψ

= 45°θ

= 45°φ
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Problem 20.119 What are the x, y, and z components
of the angular acceleration of the airplane described in
Problem 20.118?

Solution: The angular accelerations are given by Eq. (20.35):

dωx

dt
= ψ̈ sin θ sin φ + ψ̇ θ̇ cos θ sin φ + ψ̇φ̇ sin θ cos φ

+ θ̈ cos φ − θ̇ φ̇ sin φ,

dωy

dt
= ψ̈ sin θ cos φ + ψ̇ θ̇ cos θ cos φ − ψ̇φ̇ sin θ sin φ

− θ̈ sin φ − θ̇ φ̇ cos φ,

dωz

dt
= ψ̈ cos θ − ψ̇ θ̇ sin θ + φ̈.

Substitute Ixx = Iyy = Izz = , in kg-m ,2

and ψ̇ = 0, θ̇ = 0.2 rad/s, and φ̇ = 0.2 rad/s, and ψ̈ = θ̈ = φ̈ = 0, to
obtain

αx = −0.0283 rad/s2 , αy = −0.0283 rad/s , αz = 0

Problem 20.120 If the orientation of the airplane in
Problem 20.118 is ψ = 45◦, θ = 60◦, and φ = 45◦, the
rates of change of the Euler angles are ψ̇ = 0, θ̇ =
0.2 rad/s, and φ̇ = 0.1 rad/s, and the components of the
total moment about the center of mass of the plane
are �Mx = �My = 1627 N- , and �Mz=
0, what are the x, y, and z components of the airplane’s
angular acceleration?

Solution: The strategy is to solve Eqs. (20.36) for θ̈ , φ̈, and ψ̈ ,
and then to use Eqs. (20.35) to determine the angular accelerations.

Mx = Ixx(ψ̈ sin θ sin φ + θ̈ cos φ + ψ̇ θ̇ cos θ sin φ

+ ψ̇φ̇ sin θ cos φ − θ̇ φ̇ sin φ) − (Iyy − Izz)

× (ψ̇ sin θ cos φ − θ̇ sin φ)(ψ̇ cos θ + φ̇),

My = Iyy(ψ̈ sin θ cos φ − θ̈ sin φ + ψ̇ θ̇ cos θ cos φ

− ψ̇φ̇ sin θ sin φ − θ̇ φ̇ cos φ) − (Izz − Ixx)

× (ψ̇ sin θ sin φ + θ̇ cos φ)(ψ̇ cos θ + φ̇),

Mz = Izz(ψ̈ cos θ + φ̈ − ψ̇ θ̇ sin θ) − (Ixx − Iyy)(ψ̇ sin θ sin φ

+ θ̇ cos φ)(ψ̇ sin θ cos φ − θ sin φ).

Substitute numerical values and solve to obtain φ̈ = −0.03266 rad/s2,
θ̈ = 0.01143 rad/s2, ψ̈ = 0.09732 rad/s2. These are to be used (with
the other data) in Eqs. (20.35),

dωx

dt
= ψ̈ sin θ sin φ + ψ̇ θ̇ cos θ sin φ + ψ̇φ̇ sin θ cos φ

+ θ̈ cos φ − θ̇ φ̇ sin φ,

dωy

dt
= ψ̈ sin θ cos φ + ψ̇ θ̇ cos θ cos φ − ψ̇φ̇ sin θ sin φ

− θ̈ sin φ − θ̇ φ̇ cos φ,

dωz

dt
= ψ̈ cos θ − ψ̇ θ̇ sin θ + φ̈.

Substitute, to obtain:

αx = 0.05354 rad/s2 , αy = 0.03737 rad/s2 ,

αz = 0.016 rad/s2
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