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Chapter Ten

Section 10.1

1.  The general solution of the ODE  is   Imposing the firstC B œ - -9= B  - =38 B Þa b " #

boundary condition, it is necessary that .  Therefore .  Taking its- œ ! C B œ - =38 B" #a b
derivative, .  Imposing the second boundary condition, we require thatC B œ - -9= Bwa b #

- -9= œ " - œ  "# #1 .  The latter equation is satisfied only if .  Hence the solution of
the boundary value problem is .C B œ  =38Ba b
4.  The general solution of the differential equation is   ItC B œ - -9= B  - =38 B Þa b " #

follows that   Imposing the first boundary condition, weC B œ  - =38 B  - -9= B Þwa b " #

find that .  Therefore   Imposing the second boundary- œ " C B œ - -9= B  =38 B Þ# "a b
condition, we require that .  If , that is, as long as- -9=P  =38P œ ! -9=P Á !"

P Á #5  " Î# 5 - œ  >+8Pa b1 , with  an integer, then .  The solution of the boundary"

value problem is

C B œ  >+8P -9= B  =38 B Þa b
If , the boundary condition results in .   The latter two equations-9=P œ ! =38P œ !
are inconsistent, which implies that the BVP has no solution.

5.  The general solution of the  differential equation ishomogeneous

C B œ - -9= B  - =38 B Þa b " #

Using any of a number of methods, including the , itmethod of undetermined coefficients
is easy to show that a  is .  Hence the general solution ofparticular solution ] B œ Ba b
the given differential equation is   The first boundaryC B œ - -9= B  - =38 B  B Þa b " #

condition requires that .  Imposing the second boundary condition, it is necessary- œ !"

that   The resulting equation has .  We conclude that the- =38  œ ! Þ# 1 1 no solution
boundary value problem has no solution.

6.  Using the , it is easy to show that the generalmethod of undetermined coefficients
solution of the ODE is   Imposing the firstC B œ - -9= # B  - =38 # B  BÎ# Þa b È È

" #

boundary condition, we find that .  The second boundary condition requires that- œ !"

- =38 #  Î# œ ! Þ - œ  Î#=38 # Þ# #
È È1 1 1 1  It follows that   Hence the solution of

the boundary value problem is

C B œ  =38 # B  Þ
#=38 #

B

#
a b È È1

1

8.  The general solution of the  differential equation ishomogeneous

C B œ - -9= #B  - =38 #B Þa b " #

Using the , a  is .method of undetermined coefficients particular solution ] B œ =38BÎ$a b
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Hence the general solution of the given differential equation is

C B œ - -9= #B  - =38 #B  =38 B Þ
"

$
a b " #

The first boundary condition requires that .  The second boundary requires that- œ !"

- =38 #  =38 œ ! Þ# 1 1"
$   The latter equation is valid for all values of .  Therefore the-#

solution of the boundary value problem is

C B œ - =38 #B  =38 B Þ
"

$
a b #

9.  Using the , it is easy to show that the generalmethod of undetermined coefficients
solution of the ODE is   It follows thatC B œ - -9= #B  - =38 #B  -9= BÎ$ Þa b " #

C B œ  #- =38 #B  #- -9= #B  =38 BÎ$wa b " # .  Imposing the first boundary condition,
we find that .  The second boundary condition requires that- œ !#

 #- =38 #  =38 œ ! Þ
"

$
" 1 1

The resulting equation is satisfied for all values of   Hence the solution is the family of- Þ"
functions

C B œ - -9= #B  -9= B Þ
"

$
a b "

10.  The general solution of the differential equation is

C B œ - -9= $ B  - =38 $ B  -9= B Þ
"

#
a b È È

" #

Its derivative is .  The firstC B œ  $ - =38 $ B  $ - -9= $ B  =38 BÎ#wa b È È È È
" #

boundary condition requires that .  Imposing the second boundary condition, we- œ !#

obtain .  It follows that .  Hence the solution of the BVP $ - =38 $ œ ! - œ !È È
" "1

is .C B œ -9= BÎ#a b
12.  Assuming that , we can set .  The general solution of the differential- - . ! œ #

equation is

C B œ - -9= B  - =38 Ba b " #. . ,

so that .   Imposing the first boundary condition, itC B œ  - =38 B  - -9= Bwa b . . . ." #

follows that .  Therefore .  The second boundary condition- œ ! C B œ - -9= B# "a b .
requires that .  For a nontrivial solution, it is necessary that ,- -9= œ ! -9= œ !" .1 .1
that is, , with .  Therefore the .1 1œ #8  " Î# 8 œ "ß #ßâa b eigenvalues are

-8

#

œ 8 œ "ß #ßâ Þ
#8  "

%

a b
, 
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The corresponding  are given byeigenfunctions

C œ -9= 8 œ "ß #ßâ Þ
#8  " B

#
8

a b
, 

Assuming that , we can set .  The general solution of the differential- - . ! œ  #

equation is

C B œ - -9=2 B  - =382 Ba b " #. . ,

so that .   Imposing the first boundary condition, itC B œ - =382 B  - -9=2 Bwa b . . . ." #

follows that .  Therefore .  The second boundary condition- œ ! C B œ - -9=2 B# "a b .
requires that , which results in .  Hence the only solution is the- -9=2 œ ! - œ !" ".1
trivial solution.  Finally, with ,  the general solution of the ODE is- œ !

C B œ - B  -a b " # .

It is easy to show that the boundary conditions require that .  Therefore all of- œ - œ !" #

the eigenvalues are positive.

13.  Assuming that , we can set .  The general solution of the differential- - . ! œ #

equation is

C B œ - -9= B  - =38 Ba b " #. . ,

so that .   Imposing the first boundary condition, itC B œ  - =38 B  - -9= Bwa b . . . ." #

follows that .  The second boundary condition requires that .  For a- œ ! - =38 œ !# " .1
nontrivial solution, we must have , .  It follows that the .1 1œ 8 8 œ "ß #ßâ eigenvalues
are

-8
#œ 8 8 œ "ß #ßâ, ,

and the corresponding  areeigenfunctions

C œ -9= 8B 8 œ "ß #ßâ Þ8 , 

Assuming that , we can set .  The general solution of the differential- - . ! œ  #

equation is

C B œ - -9=2 B  - =382 Ba b " #. . ,

so that .   Imposing the first boundary condition, itC B œ - =382 B  - -9=2 Bwa b . . . ." #

follows that .  The second boundary condition requires that .  The- œ ! - =382 œ !# " .1
latter equation is satisfied only for .- œ !"

Finally, for , the solution is - œ ! C B œ - B  -a b " # .  Imposing the boundary conditions,
we find that .  Therefore  is  an eigenvalue, with correspondingC B œ œ !a b -# - also
eigenfunction C B œ " Þ!a b



—————————————————————————— ——CHAPTER 10. 

________________________________________________________________________
            page 596

14.  It can be shown, as in Prob.  , that .  Setting , the general solution"#  ! œ- - .#

of the resulting ODE is

C B œ - -9= B  - =38 Ba b " #. . ,

with .   Imposing the first boundary condition, weC B œ  - =38 B  - -9= Bwa b . . . ." #

find that .  Therefore .  The second boundary condition requires- œ ! C B œ - -9= B# "a b .
that .  For a nontrivial solution, it is necessary that , that is,- -9= P œ ! -9= P œ !" . .
. 1œ #8  " Î #P 8 œ "ß #ßâa b a b , with .  Therefore the eigenvalues are

-
1

8

# #

#
œ 8 œ "ß #ßâ Þ

#8  "

%P

a b
, 

The corresponding  are given byeigenfunctions

C œ -9= 8 œ "ß #ßâ Þ
#8  " B

#P
8

a b1
, 

16.  Assuming that , we can set .  The general solution of the differential- - . ! œ #

equation is

C B œ - -9=2 B  - =382 Ba b " #. . .

The first boundary condition requires that .  Therefore  and- œ ! C B œ - =382 B" #a b .
C B œ - -9=2 B Þwa b # .   Imposing the second boundary condition, it is necessary that
- -9=2 P œ ! Þ - œ !# #.   The latter equation is valid only for .  The only solution is the
trivial solution.

Assuming that , we set .  The general solution of the resulting ODE is- - . ! œ  #

C B œ - -9= B  - =38 Ba b " #. . .

Imposing the first boundary condition, we find that .  Hence  and- œ ! C B œ - =38 B" #a b .
C B œ - -9= Bwa b # . .  In order to satisfy the second boundary condition, it is necessary that
- -9= P œ ! œ #8  " Î #P 8 œ "ß #ßâ# . . 1.  For a nontrivial solution, , with .a b a b
Therefore the eigenvalues are

-
1

8

# #

#
œ  8 œ "ß #ßâ Þ

#8  "

%P

a b
, 

The corresponding  are given byeigenfunctions

C œ =38 8 œ "ß #ßâ Þ
#8  " B

#P
8

a b1
, 

Finally, for , the general solution is .  Based on the boundary conditions, it- œ ! linear
follows that .  Therefore all of the eigenvalues are negative.C B œ !a b



—————————————————————————— ——CHAPTER 10. 

________________________________________________________________________
            page 597

17 .  Setting , write the general solution of the ODE  asa b+ œ C  C œ !- . .# ww #

C B œ 5 /  5 / Þa b " #
3 B  3 B. .

Imposing the boundary conditions , we obtain the system of equationsC ! œ C œ !a b a b1
5  5 œ !

5 /  5 / œ ! Þ

" #

" #
3  3.1 .1

The system has a  solution if and only if the coefficient matrix is .  Setnontrivial singular
the determinant equal to zero to obtain

/  / œ !3 3.1 .1 .

a b, œ  3 3 œ 3 .  Let .  Then , and the previous equation can be written. / 5 .1 /1 51
as

/ /  / / œ !51 /1 51 /13  3 .

Using Euler's relation, , we obtain/ œ -9=  3 =383/1 /1 /1

/ -9=  3 =38  / -9=  3 =38 œ !51 51a b a b/ / / / .

Equating the real and imaginary parts of the equation,

a ba b/  / -9= œ !

/  / =38 œ ! Þ

51 51

51 51





/1

/1

a b- œ 8 8 − -9= 8 Á !.  Based on the second equation, , .  Since , it follows that/ ˆ 1
/ œ / / œ " œ ! œ 8 8 −51 51 51 #, or .  Hence , and , .5 . ˆ
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Section 10.2

1.  The period of the function  is .  Therefore the function  has=38 B X œ # Î =38 &B! 1 !
period .X œ # Î&1

2.  The period of the function  is also .  Therefore the function -9= B X œ # Î -9=! 1 !
# B1
has period .X œ # Î# œ "1 1

4.  Based on Prob. , the period of the function  is ." =38 BÎP X œ # Î ÎP œ #P1 1 1a b
6.  Let  and consider the equation   It follows that X  ! B  X œ B Þ #XB  X œ !a b# # #

and .  Since the latter equation is #B  X œ ! not an identity, the function  cannot beB#

periodic with finite period.

8.  The function is defined on intervals of length .  On any twoa b a b#8  "  #8  " œ #
consecutive intervals,  is identically equal to  on one of the intervals and alternates0 B "a b
between  and  on the other.  It follows that the period is ."  " X œ %

9.  On the interval , a simple   results inP  B  #P shift to the right

0 B œ  B  #P œ #P  Ba b a b .

On the interval , a simple   results in $P  B   #P shift to the left

0 B œ  B  #P œ  #P  Ba b a b .

11.  The next fundamental period  is on the interval .  Hence theto the left  #P  B  !
interval  is the second half of a fundamental period.  A simple   P  B  ! shift to the
left results in

0 B œ P  B  #P œ  P Ba b a b .

12.  First note that

-9= -9= œ -9=  -9=
7 B 8 B " 7 8 B 7 8 B

P P # P P

1 1 1 1” •a b a b
and

-9= =38 œ =38  =38 Þ
7 B 8 B " 8 7 B 7 8 B

P P # P P

1 1 1 1” •a b a b
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It follows that

( ( ” •a b a b
œ c d c da b a b º

P P

P P

P

P

-9= -9= .B œ -9=  -9= .B
7 B 8 B " 7 8 B 7 8 B

P P # P P

œ 
" P =38 7 8 BÎP =38 7 8 BÎP

# 7 8 7 8

œ !

1 1 1 1

1

1 1

,

as long as  and  are not zero.  For the case ,7 8 7 8 7 œ 8

( (Š ‹ ” •
œ a b º

P P

P P#

P

P

-9= .B œ "  -9= .B
8 B " #8 B

P # P

œ B 
" =38 #8 BÎP

# #8 ÎP

œ P

1 1

1

1

.

Likewise,

( ( ” •a b a b
œ c d c da b a b º

P P

P P

P

P

-9= =38 .B œ =38  =38 .B
7 B 8 B " 8 7 B 7 8 B

P P # P P

œ 
" P -9= 8 7 BÎP -9= 7 8 BÎP

# 7 8 7 8

œ !

1 1 1 1

1

1 1

,

as long as  and  are not zero.  For the case ,7 8 7 8 7 œ 8

( (
œ a b º

P P

P P

P

P

-9= =38 .B œ =38 .B
7 B 8 B " #8 B

P P # P

œ 
" -9= #8 BÎP

# #8 ÎP

œ !

1 1 1

1

1

.
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14 .  For ,a b+ P œ "

a b, .  The Fourier coefficients are calculated using the  formulas:Euler-Fourier

+ œ 0 B .B
"

P

œ .B
"

P

œ " Þ

! ( a b
(
P

P

P

!

For ,8  !

+ œ 0 B -9= .B
" 8 B

P P

œ -9= .B
" 8 B

P P

œ ! Þ

8
P

P

P

!

( a b
(

1

1

Likewise,

, œ 0 B =38 .B
" 8 B

P P

œ =38 .B
" 8 B

P P

œ Þ
 "   "

8

8
P

P

P

!

8

( a b
(

a b

1

1

1

It follows that  and , .  Therefore the, œ ! , œ  #Î #5  " 5 œ "ß #ß $ßâ#5 #5" c da b1
Fourier series for the given function is

0 B œ  =38 Þ
" # " #5  " B

# #5  " P
a b " a b

1

1

5 œ"

_
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16 .a b+

a b, .  The Fourier coefficients are calculated using the  formulas:Euler-Fourier

+ œ 0 B .B
"

P

œ B  " .B  "  B .B

œ " Þ

! ( a b
( (a b a b

P

P

" !

! "

For ,8  !

+ œ 0 B -9= .B
" 8 B

P P

œ B  " -9= 8 B .B  "  B -9= 8 B .B

œ  # Þ
 "   "

8

8
P

P

" !

! "

8

# #

( a b
( (a b a b

a b

1

1 1

1

It follows that  and , .   Likewise,+ œ ! + œ %Î #5  " 5 œ "ß #ß $ßâ#5 #5"  ‘a b# #1

, œ 0 B =38 .B
" 8 B

P P

œ B  " =388 B.B  "  B =388 B.B

œ ! Þ

8
P

P

" !

! "

( a b
( (a b a b

1

1 1

Therefore the Fourier series for the given function is

0 B œ  -9= #5  " B Þ
" % "

# #5  "
a b a b" a b1

1
#

5 œ"

_

#
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17 .  For ,a b+ P œ "

a b, .  The Fourier coefficients are calculated using the  formulas:Euler-Fourier

+ œ 0 B .B
"

P

œ B  P .B  P.B
" "

P P

œ $PÎ# Þ

! ( a b
( (a b
P

P

P !

! P

For ,8  !

+ œ 0 B -9= .B
" 8 B

P P

œ B  P -9= .B  P-9= .B
" 8 B " 8 B

P P P P

œ Þ
P "  -9= 8

8

8
P

P

P !

! P

# #

( a b
( (a b
a b

1

1 1

1

1

Likewise,

, œ 0 B =38 .B
" 8 B

P P

œ B  P =38 .B  P=38 .B
" 8 B " 8 B

P P P P

œ  Þ
P -9= 8

8

8
P

P

P !

! P

( a b
( (a b

1

1 1

1

1

Note that .  It follows that the Fourier series for the given function is-9= 8 œ  "1 a b8
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0 B œ  -9=  =38 Þ
$P P # #8  " B  " 8 B

% P 8 P#8  "
a b " – —a b

a b a b
1

1 1 1
#

8œ"

_

#

8

18 .a b+

a b, .  The Fourier coefficients are calculated using the  formulas:Euler-Fourier

+ œ 0 B .B
"

P

œ B.B
"

#

œ ! Þ

! ( a b
(

P

P

"

"

For ,8  !

+ œ 0 B -9= .B
" 8 B

P P

œ B -9= .B
" 8 B

# P

œ ! Þ

8
P

P

"

"

( a b
(

1

1

Likewise,

, œ 0 B =38 .B
" 8 B

P P

œ B=38 .B
" 8 B

# P

œ # =38  8 -9= Þ
# 8 8

8 # #

8
P

P

"

"

# #

( a b
(

Š ‹

1

1

1

1 1
1
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Therefore the Fourier series for the given function is

0 B œ =38  -9= =38 Þ
% 8 # 8 8 B

8 # 8 # #
a b " ” •

8œ"

_

# #1 1

1 1 1

19 .a b+

a b, .  The Fourier  coefficients are given bycosine

+ œ 0 B -9= .B
" 8 B

P P

œ  -9= .B  -9= .B
" 8 B " 8 B

# # # #

œ ! Þ

8
P

P

# !

! #

( a b
( (

1

1 1

The Fourier  coefficients are given bysine

, œ 0 B =38 .B
" 8 B

P P

œ  =38 .B  =38 .B
" 8 B " 8 B

# # # #

œ # Þ
"  -9= 8

8

8
P

P

# !

! #

( a b
( (

1

1 1

1

1

Therefore the Fourier series for the given function is

0 B œ =38 Þ
% " #8  " B

#8  " #
a b " a b

1

1

8œ"

_
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a b- .

20 .a b+

a b, .  The Fourier  coefficients are given bycosine

+ œ 0 B -9= .B
" 8 B

P P

œ B -9= 8 B.B

œ ! Þ

8
P

P

"

"

( a b
(

1

1

The Fourier  coefficients are given bysine
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, œ 0 B =38 .B
" 8 B

P P

œ B=388 B.B

œ  # Þ
-9= 8

8

8
P

P

"

"

( a b
(

1

1

1

1

Therefore the Fourier series for the given function is

0 B œ  =388 B Þ
#  "

8
a b " a b

1
1

8œ"

_ 8

a b- .
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22 .a b+

a b, .  The Fourier  coefficients are given bycosine

+ œ 0 B .B
"

P

œ B  # .B  #  #B .B
" "

# #

œ "

! ( a b
( (a b a b

P

P

# !

! #

,

and for ,8  !

+ œ 0 B -9= .B
" 8 B

P P

œ B  # -9= .B  #  #B -9= .B
" 8 B " 8 B

# # # #

œ ' Þ
"  -9= 8

8

8
P

P

# !

! #

# #

( a b
( (a b a b
a b

1

1 1

1

1

The Fourier  coefficients are given bysine

, œ 0 B =38 .B
" 8 B

P P

œ B  # =38 .B  #  #B =38 .B
" 8 B " 8 B

# # # #

œ # Þ
-9= 8

8

8
P

P

# !

! #

( a b
( (a b a b

1

1 1

1

1

Therefore the Fourier series for the given function is
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0 B œ  -9=  =38 Þ
" "# " #8  " B #  " 8 B

# # 8 ##8  "
a b " "a b

a b a b
1 1

1 1
#

8œ" 8œ"

_ _

#

8

a b- .

23 .a b+

a b, .  The Fourier  coefficients are given bycosine
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+ œ 0 B .B
"

P

œ  .B  #B  B .B
" B " "

# # # #

œ ""Î'

! ( a b
( (Š ‹ Œ 

P

P

# !

! #
#

,

and for ,8  !

+ œ 0 B -9= .B
" 8 B

P P

œ  -9= .B  #B  B -9= .B
" B 8 B " " 8 B

# # # # # #

œ  Þ
&  -9= 8

8

8
P

P

# !

! #
#

# #

( a b
( (Š ‹ Œ 
a b

1

1 1

1

1

The Fourier  coefficients are given bysine

, œ 0 B =38 .B
" 8 B

P P

œ  =38 .B  #B  B =38 .B
" B 8 B " " 8 B

# # # # # #

œ Þ
%  %  8 -9= 8

8

8
P

P

# !

! #
#

# #

$ $

( a b
( (Š ‹ Œ 

a b

1

1 1

1 1

1

Therefore the Fourier series for the given function is

0 B œ  -9= 
"" "  "  & 8 B

"# 8 #

 =38 Þ
" %  %  8  " 8 B

8 #

a b " c da b
" c da ba b
1

1

1

1 1

# #
8œ"

_ 8

$ $
8œ"

_ # # 8
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a b- .

24 .a b+

a b, .  The Fourier  coefficients are given bycosine

+ œ 0 B .B
"

P

œ B $  B .B
"

$

œ *Î%

! ( a b
( a b

P

P

!

$
#

,

and for ,8  !
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+ œ 0 B -9= .B
" 8 B

P P

œ B $  B -9= .B
" 8 B

$ $

œ  #( Þ
'  ' -9= 8  8 -9= 8

8

8
P

P

!

$
#

# #

% %

( a b
( a b

a b

1

1

1 1 1

1

The Fourier  coefficients are given bysine

, œ 0 B =38 .B
" 8 B

P P

œ B $  B =38 .B
" 8 B

$ $

œ  &% Þ
"  # -9= 8

8

8
P

P

!

$
#

$ $

( a b
( a b

1

1

1

1

Therefore the Fourier series for the given function is

0 B œ  #(  -9= 
* ' "   "  " 8 B

) 8 8 $

 =38 Þ
&% "  #  " 8 B

8 $

a b " ” •c d a ba b
" c da b8œ"

_ 8 8

% % # #

$ $
8œ"

_ 8

1 1

1

1

1

a b- Þ
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26.

    

It is evident that  is greatest at .  Increasing the number of terms in thek ka b/ B B œ „$7

partials sums, we find that if , then , for all .7   #( / B Ÿ !Þ" B −  $ ß $k k c da b7
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Graphing the partial sum , the convergence is as predicted:= B#(a b

28.  Let , for some .  First note that for any value of ,B œ X  + + − ! ß X 2c d
0 B  2  0 B œ 0 X  +  2  0 X  +

œ 0 +  2  0 + Þ

a b a b a b a ba b a b
Since  is ,0 differentiable

0 B œ
0 B  2  0 B

2

œ
0 +  2  0 +

2
œ 0 +

w

2Ä!

2Ä!
w

a b a b a b
a b a b

a b

lim

lim

.

That is, .  By induction, it follows that  for every0 +  X œ 0 + 0 +  X œ 0 +w w w wa b a b a b a b
value of .+

On the other hand, if , then the function0 B œ "  -9= Ba b
J B œ "  -9= > .>

œ B  =38B

a b c d(
!

B

is  periodic, unless its definition is restricted to a specific interval.not

29 .  Based on the hypothesis, the vectors ,  and  are a basis for .  Given anya b+ v v v" # $ ‘$

vector , it can be expressed as a linear combination .u u v v v− œ +  +  +‘$
" " # # $ $

Taking the inner product of both sides of this equation with , we havev3

u v v v v v
v v

† œ +  +  + †

œ + †
3 3

3 3

a b" " # # $ $

3 ,
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since the basis vectors are mutually orthogonal.  Hence

+ œ 3 œ "ß #ß $
†

†
3

u v
v v

3

3 3
,  .

Recall that , in which  is the angle between  and .  Thereforeu v u v† œ ? @ -9=3 33 ) )

+ œ Þ
? -9=

@
3

3

)

Here  is interpreted as the magnitude of the projection of  in the direction of .? -9= ) u v3

a b a b, 0 B.  Assuming that a Fourier series converges to a periodic function, ,

0 B œ B  + B  , B Þ
+

#
a b a b a b a b" "!

!9 9 <
7œ" 7œ"

_ _

7 7 7 7

Taking the inner product, defined by

a b a b a b(? ß @ œ ? B @ B .B
P

P

,

of both sides of the series expansion with the specified trigonometric functions, we have

a b a b a b a b" "0 ß œ ß  + ß  , ß
+

#
9 9 9 9 9 < 98 8 7 7 8 7 7 8

7œ" 7œ"

_ _
!

!

for .8 œ !ß "ß #ßâ

a b- .  It also follows that

a b a b a b a b" "0 ß œ ß  + ß  , ß
+

#
< 9 < 9 < < <8 8 7 7 8 7 7 8

7œ" 7œ"

_ _
!

!

for .  Based on the orthogonality conditions,8 œ "ß #ßâ

a b a b9 9 $ < < $7 8 78 7 8 78ß œ P ß œ P ,   ,

and .  Note that .  Thereforea b a b< 9 $ 9 97 8 78ß œ P ß œ #P! !

+ œ œ 0 B B .B
# 0 ß "

ß P
! !

!

! !

a ba b ( a b a b9

9 9
9

P

P

and

+ œ œ 0 B B .B 8 œ "ß #ßâ
0 ß "

ß P
8 8

8

8 8 P

Pa ba b ( a b a b9

9 9
9 ,   .
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Likewise,

, œ œ 0 B B .B 8 œ "ß #ßâ
0 ß "

ß P
8 8

8

8 8 P

Pa ba b ( a b a b<

< <
< ,   .
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Section 10.3

1 .  The given function is assumed to be periodic with .  a b+ #P œ # The Fourier cosine
coefficients are given by

+ œ 0 B .B
"

P

œ  " .B  " .B

œ !

! ( a b
( (a b a b

P

P

" !

! "

,

and for ,8  !

+ œ 0 B -9= .B
" 8 B

P P

œ  -9= 8 B .B  -9= 8 B .B

œ ! Þ

8
P

P

" !

! "

( a b
( (

1

1 1

The Fourier  coefficients are given bysine

, œ 0 B =38 .B
" 8 B

P P

œ  =38 8 B.B  =38 8 B.B

œ # Þ
"  -9= 8

8

8
P

P

" !

! "

( a b
( (

1

1 1

1

1

Therefore the Fourier series for the specified function is

0 B œ =38 #8  " B
% "

#8  "
a b a b"

1
1

8œ"

_

.
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a b, .

The function is piecewise continuous on each finite interval.  The points of discontinuity
are at  values of .  At these points, the series converges tointeger B

k ka b a b0 B   0 B  œ ! .

3 .  The Fourier a b+ The given function is assumed to be periodic with .  X œ #P cosine
coefficients are given by

+ œ 0 B .B
"

P

œ P B .B  P  B .B
" "

P P

œ P

! ( a b
( (a b a b
P

P

P !

! P

,

and for ,8  !

+ œ 0 B -9= .B
" 8 B

P P

œ P B -9= .B  P  B -9= .B
" 8 B " 8 B

P P P P

œ #P Þ
"  -9= 8

8

8
P

P

P !

! P

# #

( a b
( (a b a b

1

1 1

1

1

The Fourier  coefficients are given bysine

, œ 0 B =38 .B
" 8 B

P P

œ P B =38 .B  P  B =38 .B
" 8 B " 8 B

P P P P

œ ! Þ

8
P

P

P !

! P

( a b
( (a b a b

1

1 1
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Therefore the Fourier series of the specified function is

0 B œ  -9=
P %P " #8  " B

# P#8  "
a b " a b

a b
1

1
#

8œ"

_

# .

a b, P œ ".  For ,

Note that  is .  Based on Theorem , the series converges to the0 B "!Þ$Þ"a b continuous
continuous function .0 Ba b
5 .  The Fourier a b+ The given function is assumed to be periodic with .  #P œ #1 cosine
coefficients are given by

+ œ 0 B .B
"

P

œ " .B
"

œ "

!

Î#

Î#

( a b
( a b
P

P

1 1

1

,

and for ,8  !

+ œ 0 B -9= .B
" 8 B

P P

œ " -9= 8B .B
"

œ =38 Þ
# 8

8 #

8
P

P



( a b
( a b

Š ‹

1

1

1

1
1

1

Î#

Î#

The Fourier  coefficients are given bysine
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, œ 0 B =38 .B
" 8 B

P P

œ " =38 8B.B
"

œ ! Þ

8
P

P



( a b
( a b

1

1 1

1

Î#

Î#

Observe that

=38 œ 5 œ "ß #ßâ
8

#

! 8 œ #5

 " 8 œ #5  "
Š ‹ œ a b1 ,  

 ,  
, .5+1

Therefore the Fourier series of the specified function is

0 B œ  -9= #8  " B
" #  "

# #8  "
a b a b" a b

1
8œ"

_ 8

.

a b, .

The given function is piecewise continuous, with discontinuities at  multiples of .odd 1Î#
At , , the series converges toB œ #5  " Î# 5 œ !ß "ß #ßâ. a b1

k ka b a b0 B   0 B  œ "Î#. . .

6 .  The Fourier a b+ The given function is assumed to be periodic with .  #P œ # cosine
coefficients are given by

+ œ 0 B .B
"

P

œ B .B

œ "Î$

! ( a b
(

P

P

!

"
#

,

and for ,8  !
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+ œ 0 B -9= .B
" 8 B

P P

œ B -9= 8 B .B

œ Þ
# -9= 8

8

8
P

P

!

"
#

# #

( a b
(

1

1

1

1

The Fourier  coefficients are given bysine

, œ 0 B =38 .B
" 8 B

P P

œ B =38 8 B.B

œ  Þ
#  # -9= 8  8 -9= 8

8

8
P

P

!

"
#

# #

$ $

( a b
(

1

1

1 1 1

1

Therefore the Fourier series for the specified function is

0 B œ  -9= 8 B 
" #  "

' 8

  =388 B
# "   "  "

8 8

a b "a b
" ” •c d a ba b
1

1

1 1
1

# #
8œ"

_ 8

8œ"

_ 8 8

$ $
.

a b, .

The given function is piecewise continuous, with discontinuities at the  integers .odd
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At , , the series converges toB œ #5  " 5 œ !ß "ß #ßâ.

k ka b a b0 B   0 B  œ "Î#. . .

8 .  As shown in Problem of Section ,a b+ "' "!Þ#

0 B œ  -9= #8  " B Þ
" % "

# #8  "
a b a b" a b1

1
#

8œ"

_

#

a b, .
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a b- .

9 .  As shown in Problem of Section ,a b+ #! "!Þ#

0 B œ  =388 B Þ
#  "

8
a b " a b

1
1

8œ"

_ 8

a b, .
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a b- Þ B œ „"  The given function is discontinuous at .  At these points, the series will
converge to a value of .  The error can never be made arbitrarily small.zero

10 .  As shown in Problem of Section ,a b+ ## "!Þ#

0 B œ  -9=  =38 Þ
" "# " #8  " B #  " 8 B

# # 8 ##8  "
a b " "a b

a b a b
1 1

1 1
#

8œ" 8œ"

_ _

#

8

a b, .
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a b- B œ „#.  The given function is discontinuous at .  At these points, the series will
converge to a value of .  The error can never be made arbitrarily small. "

11 .  As shown in Problem , above ,a b+ '

0 B œ  -9= 8 B 
" #  "

' 8

  =388 B
# "   "  "

8 8

a b "a b
" ” •c d a ba b
1

1

1 1
1

# #
8œ"

_ 8

8œ"

_ 8 8

$ $
.

a b, Þ
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a b- .  The given function is piecewise continuous, with discontinuities at the  integers .odd
At , , the series converges toB œ #5  " 5 œ !ß "ß #ßâ.

k ka b a b0 B   0 B  œ "Î#. . .

At these points the error can never be made arbitrarily small.

13.  The solution of the  differential equation ishomogenous

C > œ - -9= >  - =38 > Þ- " #a b = =

Given that , we can use the  to find a=# #Á 8 method of undetermined coefficients
particular solution

] > œ =388>
"

 8
a b

=# #
.

Hence the general solution of the ODE is

C > œ - -9= >  - =38 >  =388>
"

 8
a b " #= =

=# #
.

Imposing the initial conditions, we obtain the equations

- œ !

-  œ !
8

 8

"

#=
=# #

.

It follows that   The solution of the IVP is- œ  8Î  8 Þ# c da b= =# #

C > œ =388>  =38 >
" 8

 8  8
a b a b= = =

=
# # # #

.

If , then the forcing function is also one of the fundamental solutions of the=# #œ 8
ODE.
The method of undetermined coefficients may still be used, with a more elaborate trial
solution.  Using the , we obtainmethod of variation of parameters
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] > œ  -9= 8> .>  =388> .>
=38 8> -9= 8> =388>

8 8

œ Þ
=388>  8> -9= 8>

#8

a b ( (#

#

In this case, the general solution is

C > œ - -9= 8>  - =388>  -9= 8>
>

#8
a b " # .

Invoking the initial conditions, we obtain  and .  Therefore the- œ ! - œ "Î#8" #
#

solution
of the IVP is

C > œ =388>  -9= 8>
" >

#8 #8
a b

#
.

16.  Note that the function  and the function given in Problem  have the same0 > )a b
Fourier
series.  Therefore

0 > œ  -9= #8  " > Þ
" % "

# #8  "
a b a b" a b1

1
#

8œ"

_

#

The solution of the homogeneous problem is

C > œ - -9= >  - =38 > Þ- " #a b = =

Using the method of undetermined coefficients, we assume a particular solution of the
form

] > œ E  E -9= 8 >a b "!

8œ"

_

8 1 .

Substitution into the ODE and equating like terms results in  andE œ "Î#! =#

E œ
+

 8
8

8

# # #= 1
.

It follows that the general solution is

C > œ - -9= >  - =38 >   Þ
" % -9= #8  " >

# #8  "  #8  "
a b " a b

a b a b ‘" #= =
= 1

1

= 1# #
8œ"

_

# ## #

Setting , we find thatC ! œ "a b
- œ "   Þ

" % -9= #8  " >

# #8  "  #8  "
"

= 1

1

= 1# #
8œ"

_

# ## #
" a b

a b a b ‘



—————————————————————————— ——CHAPTER 10. 

________________________________________________________________________
            page 627

Invoking the initial condition , we obtain .  Hence the solution of theC ! œ ! - œ !wa b #

initial value problem is

C > œ -9= >  -9= >   Þ
" " % -9= #8  " >  -9= >

# # #8  "  #8  "
a b " a b

a b a b ‘= =
= = 1

1 =

= 1# # #
8œ"

_

# ## #

17.  Let

0 B œ  + -9=  , =38 Þ
+ 8 B 8 B

# P P
a b "’ “!

8œ"

_

8 8
1 1

Squaring both sides of the equation, we  haveformally

k ka b
"’ “

0 B œ

 - -9= =38 Þ
7 B 8 B

P P

#

7Á8

78

+

% P P P P
 + -9=  , =38  + + -9=  , =38 

8 B 8 B 8 B 8 B! # # # #
#

8œ" 8œ"

_ _

8 8 ! 8 8" "’ “ ’ “1 1 1 1

1 1

Integrating both sides of the last equation, and using the ,orthogonality conditions

( (k ka b "
" ‘

P P

P P
# !

#

8œ"

_

!
#

8œ"

_

8 8
# #

0 B .B œ .B 
+

%

œ P  + P  , P Þ
+

#

– —( (
P P

P P

8 8
# # # #+ -9= .B  , =38 .B

8 B 8 B

P P

1 1

Therefore,

" +

P #
0 B .B œ  +  , Þ( k ka b "ˆ ‰

P

P
# !

#

8œ"

_

8 8
# #

19 .  As shown in the Example, the Fourier series of the functiona b+
0 B œ

!  P  B  !
P !  B  P

a b œ ,
, ,

is given by

0 B œ  =38 Þ
P #P " #8  " B

# #8  " P
a b " a b

1

1

8œ"

_

Setting ,P œ "

0 B œ  =38 #8  " B Þ
" # "

# #8  "
a b a b"

1
1

8œ"

_
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It follows that

" a b a b a b” •
8œ"

_ " "

#8  " # #
=38 #8  " B œ 0 B  331

1
.

a b, .  Given that

1 B œ =38 #8  " B 3
#8  "

"  #8  "
a b a b a b" a b8œ"

_

#
1 ,

and subtracting Eq.  from Eq. , we find thata b a b33 3

1 B  0 B  œ =38 #8  " B 
# #

" #8  "

"  #8  "

 =38 #8  " B Þ
"

#8  "

a b a b a b” • " a b
" a b

1
1

1

8œ"

_

#

8œ"

_

Based on the fact that

#8  " " "

"  #8  " #8  " "  #8  "
 œ 

#8  "a b a b a b ‘# # ,

and the fact that we can combine the two series, it follows that

1 B œ 0 B  
# #

" =38 #8  " B

#8  " "  #8  "
a b a b” • " a b

a b a b ‘1 1

8œ"

_

#
.
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Section 10.4

1.  Since the function contains only odd powers of , the function is B odd.

2.  Since the function contains both odd and even powers of , the function is B neither
even nor odd.

4.  We have .  Since the  of two even functions is even, the=/- B œ "Î-9= B quotient
function is .even

5.  We can write .  Since both factors are even, it follows thatk k k k k k k kB œ B † B œ B † B$ # #

the function is .even

8.  .P œ #
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9.  .P œ #

11.  .P œ #
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12.  .P œ "

16.  .  For an  extension of the function, the cosine coefficients are .  TheP œ # odd zero
sine coefficients are given by
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, œ 0 B =38 .B
# 8 B

P P

œ B=38 .B  =38 .B
8 B 8 B

# #

œ # Þ
# =38  8 -9= 8

8

8
!

P

! "

" #

8
#

# #

( a b
( (

1

1 1

1 1

1

1

Observe that

=38 œ 5 œ "ß #ßâ
8

#

! 8 œ #5

 " 8 œ #5  "
Š ‹ œ a b1 ,  

 ,  
, .5+1

Likewise,

-9= 8 œ 5 œ "ß #ßâ
" 8 œ #5

 " 8 œ #5  "
1 œ ,  

 ,  , .

Therefore the Fourier sine series of the specified function is

0 B œ  =388 B  =38
" " # #  "  #8  " #8  " B

8 ##8  "
a b " " a b a b a b

a b1 1
1

1 1

8œ" 8œ"

_ _

#

8"

# .

17.  .  For an  extension of the function, the sine coefficients are .P œ 1 even zero
The cosine coefficients are given by

+ œ 0 B .B
#

P

œ " .B
#

œ #

! ( a b
( a b
!

P

!1

1

,
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and for ,8  !

+ œ 0 B -9= .B
# 8 B

P P

œ " -9= 8B .B
#

œ ! Þ

8
!

P

!

( a b
( a b

1

1

1

The even extension of the given function is a  function.  As expected, the Fourierconstant
cosine series is

0 B œ œ "
+

#
a b ! .

19.  .  For an  extension of the function, the cosine coefficients are .  TheP œ $1 odd zero
sine coefficients are given by

, œ 0 B =38 .B
# 8 B

P P

œ =38 .B  # =38 .B
# 8B # 8B

$ $ $ $

œ  # Þ
# -9= 8  -9=  -9=

8

8
!

P

# $

#
8 #8
$ $

( a b
( (

1

1 1

1

1

1 1

1 1

1 1

Therefore the Fourier sine series of the specified function is

0 B œ -9=  -9=  # -9= 8 =38
# " 8 #8 8B

8 $ $ $
a b " ” •

1

1 1
1

8œ"

_

.
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21.  Extend the function over the interval  asc d P ßP

0 B œ
B  P  P Ÿ B  !
P  B ! Ÿ B Ÿ P

a b œ ,
, .

Since the extended function is , the sine coefficients are .  The cosineeven zero
coefficients
are given by

+ œ 0 B .B
#

P

œ P B .B
#

P

œ P

! ( a b
( a b
!

P

!

P

,

and for ,8  !

+ œ 0 B -9= .B
# 8 B

P P

œ P B -9= .B
# 8 B

P P

œ #P Þ
"  -9= 8

8

8
!

P

!

P

# #

( a b
( a b

1

1

1

1

Therefore the Fourier cosine series of the extended function is

0 B œ  -9=
P %P " #8  " B

# P#8  "
a b " a b

a b
1

1
#

8œ"

_

# .

In order to compare the result with Example  of Section , set .  The cosine" "!Þ# P œ #
series converges to the function graphed below:

This function is a  of the function in Example  of Section shift " "!Þ# Þ
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22.  Extend the function over the interval  asc d P ßP

0 B œ
 B  P  P Ÿ B  !
P  B !  B Ÿ P

a b œ ,
, ,

with .  Since the extended function is , the cosine coefficients are .  The0 ! œ !a b odd zero
sine coefficients are given by

, œ 0 B =38 .B
# 8 B

P P

œ P B =38 .B
# 8 B

P P

œ Þ
#P

8

8
!

P

!

P

( a b
( a b

1

1

1

Therefore the Fourier cosine series of the extended function is

0 B œ =38
#P " 8 B

8 P
a b "

1

1

8œ"

_

.
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Setting , for example, the series converges to the function graphed below:P œ #

23 .  .  For an  extension of the function, the sine coefficients are .a b+ P œ #1 even zero
The cosine coefficients are given by

+ œ 0 B .B
#

P

œ B.B
"

œ Î#

! ( a b
(
!

P

!1

1

1

,

and for ,8  !

+ œ 0 B -9= .B
# 8 B

P P

œ B -9= .B
" 8B

#

œ # Þ
# -9=  8 =38  #

8

8
!

P

!
8 8
# #

#

( a b
(

ˆ ‰ ˆ ‰

1

1

1

1

1

1 1

Therefore the Fourier cosine series of the given function is

0 B œ  =38  -9=  " -9=
% 8 # 8 # #

# 8 # 8 8Ba b " ” •Š ‹1 1 1 1

1
8œ"

_

#
.

Observe that

=38 œ 5 œ "ß #ßâ
8

#

! 8 œ #5

 " 8 œ #5  "
Š ‹ œ a b1 ,  

 ,  
, .5+1

Likewise,
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-9= œ 5 œ "ß #ßâ
8

#
 " 8 œ #5

! 8 œ #5  "
Š ‹ œ a b1 5 ,  

 ,  
, .

a b, .

a b- .

    

24 .  .  For an  extension of the function, the cosine coefficients are .a b+ P œ 1 odd zero
Note that  on .  The sine coefficients are given by0 B œ  B ! Ÿ B a b 1

, œ 0 B =38 .B
# 8 B

P P

œ  B=388B.B
#

œ Þ
# -9= 8

8

8
!

P

!

( a b
(

1

1
1

1

Therefore the Fourier sine series of the given function is
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0 B œ # =388B
 "

8
a b " a b

8œ"

_ 8

.

a b, .

a b- .

    

26 .  .  For an  extension of the function, the sine coefficients are .  Thea b+ P œ % even zero
cosine coefficients are given by

+ œ 0 B .B
#

P

œ B  #B .B
"

#

œ )Î$

! ( a b
( ˆ ‰

!

P

!

%
#

,

and for ,8  !
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+ œ 0 B -9= .B
# 8 B

P P

œ B  #B -9= .B
" 8 B

# %

œ "' Þ
"  $ -9= 8

8

8
!

P

!

%
#

# #

( a b
( ˆ ‰

1

1

1

1

Therefore the Fourier cosine series of the given function is

0 B œ  -9=
% "' "  $  " 8 B

$ 8 %
a b " a b

1

1
# #

8œ"

_ 8

.

a b, .

a b- .
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27 .a b+

    

a b, P œ $.  .  For an  extension of the function, the cosine coefficients are given byeven

+ œ 0 B .B
#

P

œ $  B .B
#

$

œ $

! ( a b
( a b

!

P

!

$

,

and for ,8  !

+ œ 0 B -9= .B
# 8 B

P P

œ $  B -9= .B
# 8 B

$ $

œ ' Þ
"  -9= 8

8

8
!

P

!

$

# #

( a b
( a b

1

1

1

1

Therefore the Fourier cosine series of the given function is

1 B œ  -9=
$ ' "   " 8 B

# 8 $
a b " a b

1

1
# #

8œ"

_ 8

.

For an  extension of the function, the sine coefficients are given byodd

, œ 0 B =38 .B
# 8 B

P P

œ $  B =38 .B
# 8 B

$ $

œ Þ
'

8

8
!

P

!

$

( a b
( a b

1

1

1

Therefore the Fourier sine series of the given function is
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2 B œ =38
' " 8 B

8 $
a b "

1

1

8œ"

_

.

a b- .  For the  extension:even

    

For the  extension:odd

    

a b. .  Since the  extension is , the series converges uniformly.  On theeven continuous
other
hand, the  extension is .  Gibbs' phenomenon results in a finite error forodd discontinuous
all values of .8
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29 .a b+

    

a b, P œ #.  .  For an  extension of the function, the cosine coefficients are given byeven

+ œ 0 B .B
#

P

œ .B
%B  %B  $

%

œ  &Î'

! ( a b
( ” •

!

P

!

# #

,

and for ,8  !

+ œ 0 B -9= .B
# 8 B

P P

œ -9= .B
%B  %B  $ 8 B

% #

œ % Þ
"  $ -9= 8

8

8
!

P

!

# #

# #

( a b
( ” •

1

1

1

1

Therefore the Fourier cosine series of the given function is

1 B œ   -9=
& % "  $  " 8 B

"# 8 #
a b " a b

1

1
# #

8œ"

_ 8

.

For an  extension of the function, the sine coefficients are given byodd

, œ 0 B =38 .B
# 8 B

P P

œ =38 .B
%B  %B  $ 8 B

% #

œ  Þ
$#  $8  &8 -9= 8  $# -9= 8

#8

8
!

P

!

# #

# # # #

$ $

( a b
( ” •

1

1

1 1 1 1

1

Therefore the Fourier sine series of the given function is
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2 B œ  =38
" $# "  -9= 8  8 $  & -9= 8 8 B

# 8 #
a b " a b a b

1

1 1 1 1
$ $

8œ"

_ # #

.

a b- .  For the  extension:even

    

For the  extension:9..

    

a b. .  Since the  extension is , the series converges uniformly.  On theeven continuous
other
hand, the  extension is .  Gibbs' phenomenon results in a finite error forodd discontinuous
all values of .8
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30 .a b+

    

a b, P œ $.  .  For an  extension of the function, the cosine coefficients are given byeven

+ œ 0 B .B
#

P

œ B  &B  &B  " .B
#

$

œ "Î#

! ( a b
( ˆ ‰

!

P

!

$
$ #

,

and for ,8  !

+ œ 0 B -9= .B
# 8 B

P P

œ B  &B  &B  " -9= .B
# 8 B

$ $

œ # Þ
"'#  "&8  '8 -9= 8  "'# -9= 8

8

8
!

P

!

$
$ #

# # # #

% %

( a b
( ˆ ‰

1

1

1 1 1 1

1

Therefore the Fourier cosine series of the given function is

1 B œ  -9=
" # "'# "  -9= 8  $8 &  # -9= 8 8 B

% 8 $
a b " a b a b

1

1 1 1 1
% %

8œ"

_ # #

.

For an  extension of the function, the sine coefficients are given byodd

, œ 0 B =38 .B
# 8 B

P P

œ B  &B  &B  " =38 .B
# 8 B

$ $

œ # Þ
*!  8  #8 -9= 8  (# -9= 8

8

8
!

P

!

$
$ #

# # # #

$ $

( a b
( ˆ ‰

1

1

1 1 1 1

1

Therefore the Fourier sine series of the given function is



—————————————————————————— ——CHAPTER 10. 

________________________________________________________________________
            page 645

2 B œ =38
# ") &  % -9= 8  8 "  # -9= 8 8 B

8 $
a b " a b a b

1

1 1 1 1
$ $

8œ"

_ # #

.

a b- .  For the  extension:even

   

For the  extension:odd

    

a b. .  Since the  extension is , the series converges uniformly.  On theeven continuous
other
hand, the  extension is .  Gibbs' phenomenon results in a finite error forodd discontinuous
all values of ; particularly at .8 B œ „$

33.  Let  be a differentiable  function.  For any in its domain,0 B Ba b even

0  B  2  0  B œ 0 B  2  0 Ba b a b a b a b .

It follows that
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0  B œ
0  B  2  0  B

2

œ
0 B  2  0 B

2

œ 
0 B  2  0 B

 2

w

2Ä!

2Ä!

2Ä!

a b a b a b
a b a b

a b a ba b

lim

lim

lim .

Setting , we have2 œ  $

0  B œ 
0 B   0 B

œ 
0 B   0 B

œ  0 B

w

2Ä!

 Ä!
w

a b a b a b
a b a b

a b

lim

lim

$

$
$

$
 

.
$

Therefore .0  B œ  0 Bw wa b a b
If  is a differentiable  function, for any in its domain,0 B Ba b odd

0  B  2  0  B œ  0 B  2  0 Ba b a b a b a b .

It follows that

0  B œ
0  B  2  0  B

2

œ
 0 B  2  0 B

2

œ
0 B  2  0 B

 2

w

2Ä!

2Ä!

2Ä!

a b a b a b
a b a b

a b a ba b

lim

lim

lim .

Setting , we have2 œ  $

0  B œ
0 B   0 B

œ
0 B   0 B

œ 0 B

w

2Ä!

 Ä!
w

a b a b a b
a b a b

a b

lim

lim

$

$
$

$
 

.
$

Therefore .0  B œ 0 Bw wa b a b
36.  From Example  of Section , the function" "!Þ#

0 B œ
 B  # Ÿ B  !

B ! Ÿ B  #
a b œ ,

, ,

a bP œ #  has a convergent Fourier series
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0 B œ "  -9=
) " #8  " B

#8  " #
a b " a b

a b
1

1
#

8œ"

_

# .

Since  is continuous, the series converges everywhere.  In particular, at ,0 B B œ !a b
we have

! œ 0 ! œ " 
) "

#8  "
a b " a b1#

8œ"

_

# .

It follows immediately that

1#

8œ"

_

#) $ & (
œ œ "    â

" " " "

#8  "
" a b # # #

.

40.  Since one objective is to obtain a Fourier series containing only  terms, anycosine
extension of  should be an  function.  Another objective is to derive a series0 Ba b even
containing only the terms

-9= 8 œ "ß #ßâ
#8  " B

#P

a b1
,  .

First note that the functions

-9= 8 œ "ß #ßâ
8 B

P

1
,  

are  about .  Indeed,symmetric B œ P
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-9= œ -9= #8 
8 #P  B 8 B

P P

œ -9= 
8 B

P

œ -9=
8 B

P

1 1
1

1

1

a b Š ‹
Š ‹

.

It follows that if  is extended into  as an  function about0 B P ß #Pa b a b antisymmetric
B œ P,
that is,  for , then0 #P  B œ  0 B ! Ÿ B Ÿ #Pa b a b

( a b
!

#P

0 B -9= .B œ !
8 B

P

1
.

This follows from the fact that the integrand is  function about .antisymmetric B œ P
Now
extend the function  to obtain0 Ba b

0 B œ
0 B ! Ÿ B  P

 0 #P  B P  B  #P

µ a b œ a ba b,, .

Finally, extend the resulting function into  as an  function, and then as aa b #P ß ! even
periodic function of period .%P

By construction, the Fourier series will contain only terms.  We first note thatcosine 

+ œ 0 B .B
#

#P

œ 0 B .B  0 #P  B .B
" "

P P

œ 0 B .B  0 ? .?
" "

P P

œ !

! ( a b
( (a b a b
( (a b a b

!

#P

! P

P #P

! !

P P

µ

.

For ,8  !

+ œ 0 B -9= .B
# 8 B

#P #P

œ 0 B -9= .B  0 #P  B -9= .B
" 8 B " 8 B

P #P P #P

8
!

#P

! P

P #P

( a b
( (a b a b

µ 1

1 1
.

For the second integral, let .  Then? œ #P  B

-9= œ -9= œ  " -9=
8 B 8 #P  ? 8 ?

#P #P #P

1 1 1a b a b8
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and therefore

( (a b a b a b
P !

#P P
80 #P  B -9= .B œ  " 0 ? -9= .?

8 B 8 ?

#P #P

1 1
.

Hence

+ œ 0 B -9= .B
"   " 8 B

P #P
8

8

!

Pa b ( a b 1
.

It immediately follows that  for , , and+ œ ! 8 œ #5 5 œ !ß "ß #ßâ8

+ œ 0 B -9= .B 5 œ "ß #ßâ
# #5  " B

P #P
#5"

!

P( a b a b1
, for .

The associated Fourier series representation

0 B œ + -9=
#8  " B

#P
a b " a b

8œ!

_

#8"
1

converges almost everywhere on  and hence on .a b a b #P ß #P ! ß P

For example, if  for , the graph of the extended function is:0 B œ B ! Ÿ B Ÿ P œ "a b
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Section 10.5

1.  We consider solutions of the form .  Substitution into the partial? B ß > œ \ B X >a b a b a b
differential equation results in

B\ X \X œ !ww w .

Divide both sides of the differential equation by the product  to obtain\X

B  œ ! ß
\ X

\ X

ww w

 

so that

B œ 
\ X

\ X

ww w

 .

Since both sides of the resulting equation are functions of different variables, each must
be equal to a constant, say .  We obtain the ordinary differential equations-

B\  \ œ ! X  X œ !ww w- - and .

2.  In order to apply the method of separation of variables, we consider solutions of the
form .  Substituting the assumed form of the solution into the partial? B ß > œ \ B X >a b a b a b
differential equation, we obtain

>\ X  B\X œ !ww w .

Divide both sides of the differential equation by the product  to obtainB>\X

\ X

B\ >X
 œ ! ß

ww w

 

so that

\ X

B\ >X
œ 

ww w

 .

Since both sides of the resulting equation are functions of different variables, it follows
that

\ X

B\ >X
œ  œ

ww w

 .-

Therefore  and  are solutions of the ordinary differential equations\ B X >a b a b
\  B\ œ ! X  >X œ !ww w- - and .
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4.  Assume that the solution of the PDE has the form .  Substitution? B ß > œ \ B X >a b a b a b
into the partial differential equation results in

c d a ba b: B \ X  < B \ X œ !w www .

Divide both sides of the differential equation by the product  to obtain< B \Xa b
c da ba b: B \ X

< B \ X
 œ ! ß

w www

 

that is,

c da ba b: B \ X

< B \ X
œ

w www

.

Since both sides of the resulting equation are functions of different variables, each must
be equal to a constant, say .  We obtain the ordinary differential equations -

c d a ba b: B \  < B \ œ ! X  X œ !w www
- - and .

6.  We consider solutions of the form .  Substitution into the partial? B ß C œ \ B ] Ca b a b a b
differential equation results in

\ ] \]  B\] œ !ww ww .

Divide both sides of the differential equation by the product  to obtain\]

\ ]

\ ]
  B œ ! ß

ww ww

 

that is,

\ ]

\ ]
 B œ  Þ

ww ww

Since both sides of the resulting equation are functions of different variables, it follows
that

\ ]

\ ]
 B œ  œ 

ww ww

 .-

We obtain the ordinary differential equations

\  B \ œ ! ]  ] œ !ww wwa b- - and .

7.  The heat conduction equation, , and the given boundary conditions are"!! ? œ ?BB >

homogeneous.  We consider solutions of the form .  Substitution? B ß > œ \ B X >a b a b a b
into
the partial differential equation results in
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"!!\ X œ \Xww w.

Divide both sides of the differential equation by the product  to obtain\X

\ X

\ "!!X
œ Þ

ww w

Since both sides of the resulting equation are functions of different variables, it follows
that

\ X

\ "!!X
œ œ 

ww w

 .-

Therefore  and  are solutions of the ordinary differential equations\ B X >a b a b
\  \ œ ! X  "!! X œ !ww w- - and .

The general solution of the spatial equation is .  In order\ œ - -9= B  - =38 B" #
"Î# "Î#- -

to satisfy the homogeneous boundary conditions, we require that , and- œ !"

- 1"Î# œ 8 .

Hence the eigenfunctions are , with associated eigenvalues .\ œ =388 B œ 88
# #1 - 18

We thus obtain the family of equations X  "!! X œ !w -8 .  Solution are given by

X œ / Þ8
"!!-8>

Hence the fundamental solutions of the PDE are

? B ß > œ /8a b "!!8 ># #1 =388 B1 ,

which yield the general solution

? B ß > œ - /a b "
8œ"

_
"!!

8
8 ># #1 =388 B Þ1

Finally, the initial condition  must be satisfied.  Therefore? B ß ! œ =38 # B  =38 & Ba b 1 1
is it necessary that

"
8œ"

_

- œ =38 # B  =38 & B8 =388 B1 1 1 .

It follows from the othogonality conditions that , with all other  .- œ  - œ " - œ !# & 8

Therefore the solution of the given heat conduction problem is

? B ß > œ / =38 # B  / =38 & Ba b %!! #&!!1 1# #> >1 1 .
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9.  The heat conduction problem is formulated as

? œ ? !  B  %! >  ! à

? ! ß > œ ! ? %! ß > œ ! >  ! à

? B ß ! œ &! !  B  %!

BB > ,           ,  
,            ,  
 ,          .

a b a ba b
Assume a solution of the form .  Following the procedure in this? B ß > œ \ B X >a b a b a b
section, we obtain the eigenfunctions \ œ =388 BÎ%!8 1 , with associated eigenvalues
- 18 œ 8 "'!!# #/ .  The solutions of the  equations aretemporal

X œ / Þ8
-8>

Hence the general solution of the given problem is

? B ß > œ - /a b "
8œ"

_


8
8 >Î"'!!# #1 =38 Þ

8 B

%!

1

The coefficients  are the .  That is,- ? B ß ! œ &!8 Fourier sine coefficients of a b
- œ 0 B =38 .B

# 8 B

P P

œ =38 .B
& 8 B

# %!

œ "!! Þ
"  -9= 8

8

8
!

P

!

%!

( a b
(

1

1

1

1

The sine series of the initial condition is

&! œ =38
"!! "  -9= 8 8 B

8 %!1

1 1"
8œ"

_

.

Therefore the solution of the given heat conduction problem is

? B ß > œ /a b ""!! "  -9= 8 8 B

8 %!
=38 Þ

1

1 1
  
8œ"

_
8 >Î"'!!# #1

11.  Refer to Prob.  for the formulation of the problem.  In this case, the initial condition*
is given by

? B ß ! œ
! ß ! Ÿ B  "! ß

&! ß "! Ÿ B Ÿ $! ß
! ß $!  B Ÿ %!

a b
Ú
ÛÜ .

All other data being the same, the solution of the given problem is
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? B ß > œ - /a b "
8œ"

_


8
8 >Î"'!!# #1 =38 Þ

8 B

%!

1

The coefficients  are the .  That is,- ? B ß !8 Fourier sine coefficients of a b
- œ 0 B =38 .B

# 8 B

P P

œ =38 .B
& 8 B

# %!

œ "!! Þ
-9=  -9=

8

8
!

P

"!

$!

8 $8
% %

( a b
(

1

1

1

1 1

Therefore the solution of the given heat conduction problem is

? B ß > œ /a b ""!! 8 B-9=  -9=

8 %!
=38 Þ

1

1
  
8œ"

_


8 $8
% % 8 >Î"'!!
1 1

1# #

12.  Refer to Prob.  for the formulation of the problem.  In this case, the initial condition*
is given by

? B ß ! œ B !  B  %!a b ,    .

All other data being the same, the solution of the given problem is

? B ß > œ - /a b "
8œ"

_


8
8 >Î"'!!# #1 =38 Þ

8 B

%!

1

The coefficients  are the .  That is,- ? B ß ! œ B8 Fourier sine coefficients of a b
- œ 0 B =38 .B

# 8 B

P P

œ B=38 .B
" 8 B

#! %!

œ  )! Þ
-9= 8

8

8
!

P

!

%!

( a b
(

1

1

1

1

Therefore the solution of the given heat conduction problem is

? B ß > œ /a b ")!  " 8 B

8 %!
=38 Þ

1

1
  
8œ"

_
a b8"
8 >Î"'!!# #1
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13.  Substituting , into the solution, we haveB œ #!

? #! ß > œ /a b ""!! "  -9= 8 8

8 #
=38 Þ

1

1 1
  
8œ"

_
8 >Î"'!!# #1

We can also write

? #! ß > œ /a b "#!!  "

#5  "
Þ

1
  
5 œ"

_
 #5"a b5"

>Î"'!!a b# #1

Therefore,

? #! ß & œ /a b "#!!  "

#5  "
Þ

1
  
5 œ"

_
 #5"a b5"

Î$#!a b# #1

Let

E œ / Þ5
 #5"a ba b " #!!

#5  "

8"
Î$#!

1
a b# #1

It follows that  for .  So for , the summation isk kE  !Þ!!& 5   * 8 œ #5  "   "(5

unaffected by additional terms.

For ,> œ #!

? #! ß #! œ /a b "#!!  "

#5  "
Þ

1
  
5 œ"

_
 #5"a b5"

Î)!a b# #1

Let

E œ / Þ5
 #5"a ba b " #!!

#5  "

8"
Î)!

1
a b# #1

It follows that  for .  So for , the summation isk kE  !Þ!!$ 5   & 8 œ #5  "   *5

unaffected by additional terms.

For ,> œ )!

? #! ß )! œ /a b "#!!  "

#5  "
Þ

1
  
5 œ"

_
 #5"a b5"

Î#!a b# #1

Let

E œ / Þ5
 #5"a ba b " #!!

#5  "

8"
Î#!

1
a b# #1

It follows that  for .  So for , the summation isk kE  !Þ!!!!& 5   $ 8 œ #5  "   &5

unaffected by additional terms.
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The series solution converges faster as  increases.>

14 .  a b+ The solution of the given heat conduction problem is

? B ß > œ /a b ""!! "  -9= 8 8 B

8 %!
=38 Þ

1

1 1
  
8œ"

_
8 >Î"'!!# #1

Setting > œ &ß "!ß #!ß %!ß "!!ß #!! À

a b, B œ &ß "!ß "&ß #! À.  Setting 
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a b a b- ? B ß > À.  Surface plot of 

a b a b. ! Ÿ ? B ß > Ÿ " >   '(& =/-.   for .

16 .  Ta b+ he solution of the given heat conduction problem is

? B ß > œ /a b ""!! 8 B-9=  -9=

8 %!
=38 Þ

1

1
  
8œ"

_


8 $8
% % 8 >Î"'!!
1 1

1# #
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Setting > œ &ß "!ß #!ß %!ß "!!ß #!! À

a b, Þ B œ &ß "!ß "&ß #! À  Setting 

a b a b- ? B ß > À.  Surface plot of 
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a b a b. ! Ÿ ? B ß > Ÿ " >   '"& =/-.   for .

17 .  Ta b+ he solution of the given heat conduction problem is

? B ß > œ /a b ")!  " 8 B

8 %!
=38 Þ

1

1
  
8œ"

_
a b8"
8 >Î"'!!# #1

Setting > œ &ß "!ß #!ß %!ß "!!ß #!! À

a b, .  Analyzing the individual plots, we find that the 'hot spot' varies with time:

> & "! #! %! "!! #!!
B $$ $" #* #' ## #"2
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Location of the 'hot spot', , versus B2 time À

Evidently, the location of the greatest temperature migrates to the center of the rod.

a b- Þ Setting B œ &ß "!ß "&ß #! À

a b a b. ? B ß > À.  Surface plot of 
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a b a b/ ! Ÿ ? B ß > Ÿ " >   &#& =/-.   for .

19.  The solution of the given heat conduction problem is

? B ß > œ /a b "#!! "  -9= 8 8 B

8 #!
=38 Þ

1

1 1
  
8œ"

_
8 >Î%!!# # #1 !

Setting ,B œ "! -7

? "! ß > œ /a b "#!! "  -9= 8 8

8 #
=38 Þ

1

1 1
  
8œ"

_
8 >Î%!!# # #1 !

A two-term approximation is given by

? "! ß > ¸ /  /a b %!!

$
$ Þ

1
’ “ *1 ! 1 !# # # #>Î%!! >Î%!!

From Table "!Þ&Þ" À

!#

silver
aluminum
cast iron

"Þ("
!Þ)'
!Þ"#
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a b+ œ "Þ(" À.  !#

a b, œ !Þ)' À.  !#

a b- œ !Þ"# À.  !#
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21 .  Given the partial differential equationa b+
+ ?  , ?  - ? œ !BB > ,

in which , , and  are constants, set .  Substitution into the PDE+ , - ? B ß > œ / A B ß >a b a b$>

results in

+ / A  , / A  / A  - / A œ !$ $ $ $> > > >
BB >ˆ ‰$ .

Dividing both sides of the equation by , we obtain/$>

+ A  ,A  -  , A œ !BB > a b$ .

As long as , choosing  yields, Á ! œ -Î,$

+

,
A  A œ !BB > ,

which is the  with dependent variable .heat conduction equation A

23.  The heat conduction equation in  is given bypolar coordinates

!#
<< < >#” •?  ?  ? œ ?

" "

< <
)) .

We consider solutions of the form .  Substitution into the? < ß ß > œ V < X >a b a b a b a b) @ )
PDE
results in

! @ @ @ @# ww w ww w
#” •V X  V X  V X œ V X

" "

< <
.

Dividing both sides of the equation by the factor , we obtainV X@

V " V " X

V < V < X
  œ

ww w ww w

# #

@

@ !
.

Since both sides of the resulting differential equation depend on  variables, eachdifferent
side must be equal to a constant, say .  That is, -

V " V " X

V < V < X
  œ œ 

ww w ww w

# #
#@

@ !
- .

It follows that , andX  X œ !w # #! -

V " V "

V < V <
  œ 

ww w ww

#
#@

@
- .

Multiplying both sides of this differential equation by , we find that<#

<  <  œ  <
V V

V V
# # #

ww w ww@

@
- ,
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which can be written as

<  <  < œ 
V V

V V
# # #

ww w ww

-
@

@
.

Once again, since both sides of the resulting differential equation depend on different
variables, each side must be equal to a constant.  Hence

<  <  < œ  œ
V V

V V
# # # # #

ww w ww

- . .
@

@
 and  .

The resulting ordinary equations are

< V  <V  <  V œ !

 œ !

X  X œ ! Þ

# ww w # # #

ww #

w # #

ˆ ‰- .

@ . @

! -
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Section 10.6

1.  The steady-state solution, , satisfies the boundary value problem@ Ba b
@ B œ ! !  B  &! @ ! œ "! @ &! œ %!wwa b a b a b,  ,   , .

The general solution of the ODE is .  Imposing the boundary conditions,@ B œ EB  Fa b
we have

@ B œ B  "! œ  "! Þ
%!  "! $B

&! &
a b

2.  The steady-state solution, , satisfies the boundary value problem@ Ba b
@ B œ ! !  B  %! @ ! œ $! @ %! œ  #!wwa b a b a b,  ,   , .

The solution of the ODE is Imposing the boundary conditions, we havelinear.  

@ B œ B  $! œ   $! Þ
 #!  $! &B

%! %
a b

4.  The steady-state solution is also a solution of the boundary value problem given by
@ B œ ! !  B  P @ ! œ ! @ P œ Xww wa b a b a b,   , and the conditions , .  The solution of the
ODE is .  The boundary condition  requires that .  The@ B œ EB  F @ ! œ ! E œ !a b a bw

other condition requires that   Hence F œ X Þ @ B œ X Þa b
5.  As in Prob. , the steady-state solution has the form .  The boundary% @ B œ EB  Fa b
condition  requires that .  The boundary condition  requires@ ! œ ! F œ ! @ P œ !a b a bw

that .  Hence E œ ! @ B œ ! Þa b
6.  The steady-state solution has the form .  The first boundary@ B œ EB  Fa b
condition, , requires that .  The other boundary condition, ,@ ! œ X F œ X @ P œ !a b a bw

requires that .  Hence E œ ! @ B œ X Þa b
8.  The steady-state solution, , satisfies the differential equation , along@ B @ B œ !a b a bww

with the boundary conditions

@ ! œ X @ P  @ P œ !a b a b a b , .w

The general solution of the ODE is .  The boundary condition @ B œ EB  F @ ! œ !a b a bw

requires that .  It follows that , andF œ X @ B œ EB  Xa b
@ P  @ P œ EEP Xwa b a b .

The second boundary condition requires that .  ThereforeE œ  XÎ "  Pa b
@ B œ   X

XB

"  P
a b .
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10 .  Based on the a b+ symmetry left of the problem, consider only  half of the bar.  The
steady-state solution satisfies the ODE @ B œ !wwa b , along with the boundary conditions
@ ! œ ! @ &! œ "!! @ B œ #Ba b a b a b and .  The solution of this boundary value problem is .
It follows that the steady-state temperature is the entire rod is given by

0 B œ
#B ! Ÿ B Ÿ &!

#!!  #B &! Ÿ B Ÿ "!! Þ
a b œ ,

,

a b, .  The heat conduction problem is formulated as

!#
BB >? œ ? !  B  "!! >  ! à

? ! ß > œ #! ? "!! ß > œ ! >  ! à

? B ß ! œ 0 B !  B  "!!

,           ,  
,            ,  

 ,          .
a b a ba b a b

First express the solution as , where  and? B ß > œ 1 B  A B ß > 1 B œ  BÎ&  #!a b a b a b a b
A satisfies the heat conduction problem

!#
BB >A œ A !  B  "!! >  ! à

A ! ß > œ ! A "!! ß > œ ! >  ! à

A B ß ! œ 0 B  1 B !  B  "!!

,           ,  
,            ,  

 ,          .
a b a ba b a b a b

Based on the results in Section ,"!Þ&

A B ß > œ - /a b "
8œ"

_


8
8 >Î"!!!!# # #1 ! =38

8 B

"!!

1
,

in which the coefficients  are the Fourier sine coefficients of .  That is,- 0 B  1 B8 a b a b
- œ =38 .B

# 8 B

P P

œ =38 .B
" 8 B

&! "!!

œ %! Þ
#! =38  8

8

8
!

P

!

"!!

8
#
# #

( c d
( c d

0 B  1 B

0 B  1 B

a b a b
a b a b

1

1

1

1

1

Finally, the  of copper is .  Therefore the temperaturethermal diffusivity "Þ"% -7 Î=/-#

distribution in the rod is

? B ß > œ #!   /
B

&
a b "%! 8 B#! =38  8

8 "!!
=38 Þ

1

1 1
# #

8
# 8 >Î"!!!!  

8œ"

_
"Þ"%

1
1# #



—————————————————————————— ——CHAPTER 10. 

________________________________________________________________________
            page 667

a b- > œ & ß "!ß #!ß %! =/- À.  

> œ "!!ß #!!ß $!!ß &!! =/- À
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a b a b. 1 &! œ "! G.  The steady-state temperature of the center of the rod will be ° .

Using a one-term approximation,

? B ß > ¸ "!  /a b )!!  %!
Þ

1

1#
>Î"!!!! "Þ"%1#

Numerical investigation shows that  for ."!  ? &! ß >  "" >   $(&& =/-a b
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11   The heat conduction problem is formulated asa b+ Þ

? œ ? !  B  $! >  ! à

? ! ß > œ $! ? $! ß > œ ! >  ! à

? B ß ! œ 0 B !  B  $!

BB > ,           ,  
,            ,  

 ,          ,
a b a ba b a b

in which the initial condition is given by .  Express the solution as0 B œ B '!  B Î$!a b a b
? B ß > œ @ B  A B ß > @ B œ $!  B Aa b a b a b a b, where  and  satisfies the heat conduction
problem

A œ A !  B  $! >  ! à

A ! ß > œ ! A $! ß > œ ! >  ! à

A B ß ! œ 0 B  @ B !  B  $!

BB > ,           ,  
,            ,  

 ,          .
a b a ba b a b a b

As shown in Section ,"!Þ&

A B ß > œ - /a b "
8œ"

_


8
8 >Î*!!# #1 =38

8 B

$!

1
,

in which the coefficients  are the Fourier sine coefficients of .  That is,- 0 B  @ B8 a b a b
- œ =38 .B

# 8 B

P P

œ =38 .B
" 8 B

"& $!

œ '! Þ
# "  -9= 8  8 "  -9= 8

8

8
!

P

!

$!

# #

$ $

( c d
( c d
a b a b

0 B  1 B

0 B  1 B

a b a b
a b a b

1

1

1 1 1

1

Therefore the temperature distribution in the rod is

? B ß > œ $!  B  /a b "'! 8 B
=38 Þ

$!1

1
$

8 >Î*!!  
8œ"

_
# "  -9= 8  8 "  -9= 8

8

a b a b1 1 1# #

$

# #1

a b, > œ & ß "!ß #!ß %! =/- À.  
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> œ &!ß (&ß "!!ß #!! =/- À
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a b- .

Based on the , the rate of change of the temperature at any givenheat conduction equation
point is proportional to the  of the graph of  versus , that is, .  Evidently,concavity ? B ?BB

near , the concavity of   changes.> œ '! ? B ß >a b
13 .  a b+ The heat conduction problem is formulated as

? œ %? !  B  %! >  ! à

? ! ß > œ ! ? %! ß > œ ! >  ! à

? B ß ! œ 0 B !  B  %!

BB >

B B

,           ,  
,            ,  

 ,          ,
a b a ba b a b

in which the initial condition is given by .0 B œ B '!  B Î$!a b a b
As shown in the discussion on rods with insulated ends, the solution is given by

? B ß > œ  - / -9
-

#
a b "!

8 ,
8œ"

_
8 >Î"'!!# # #1 ! =

8 B

%!

1

where  are the Fourier cosine coefficients.  In this problem,-8
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- œ 0 B .B
#

P

œ .B
"

#! $!

œ %!!Î*

! ( a b
(
!

P

!

%! B '!  Ba b
,

and for ,8   "

- œ 0 B -9= .B
# 8 B

P P

œ -9= .B
" 8 B

#! $! %!

œ  Þ
"'! $  -9= 8

$8

8
!

P

!

%!

# #

( a b
(

a b

1

1

1

1

B '!  Ba b

Therefore the temperature distribution in the rod is

? B ß > œ  / -9
#!! "'!

* $
a b "

1

1 1
# #

8 >Î'%!! .
8œ"

_
a b$  -9= 8 8 B

8 %!
=

# #1

a b, .  > œ &!ß "!!ß "&!ß #!! =/- À
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> œ %!ß '!!ß )!!ß "!!! =/- À

    

    

a b- .  Since

lim
>Ä_

8 >Î'%!!/ -9 # #1 = œ !
8 B

%!

1

for each , it follows that the steady-state temperature is .B ? œ #!!Î*_
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a b. .  We first note that

? %! ß > œ  /
#!! "'!

* $
a b "

1

1
# #

8
8 >Î'%!! .

8œ"

_
a b a b " $  -9= 8

8

# #1

For large values of , an approximation is given by>

? %! ß > ¸  /
#!! $#!

* $
a b

1#
>Î'%!! .1#

Numerical investigation shows that  for .##Þ##  ? %! ß >  #$Þ## >   "&&! =/-a b
16 .  The heat conduction problem is formulated asa b+

? œ ? !  B  $! >  ! à

? ! ß > œ ! ? $! ß > œ ! >  ! à

? B ß ! œ 0 B !  B  $!

BB >

B

,           ,  
,            ,  

 ,          ,
a b a ba b a b

in which the initial condition is given by .  Based on the results of Prob.0 B œ $!  Ba b
"&,
the solution is given by

? B ß > œ - /a b " ,
8œ"

_
 #8"

8
a b# #1 >Î$'!!=38

8 B

'!

1

in which

- œ 0 B =38 .B
# #8  " B

P '!

œ =38 .B
" #8  " B

"& '!

œ "#! Þ
# -9= 8  #8  "

#8  "

8
!

P

!

$!

# #

( a b a b
( a b a b

a b
a b

1

1

1 1

1

$!  B
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Therefore the solution of the heat conduction problem is

? B ß > œ "#! /a b " .
8œ"

_
 #8"# -9= 8  #8  " 8 B

#8  "
=38

'!

1 1 1

1

a b
a b# #

>Î$'!!a b# #1

a b, .  > œ "!ß #!ß $!ß %! =/- À

> œ %!ß '!ß )!ß "!! =/- À
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> œ "!!ß "&!ß #!!ß #&! =/- À
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a b- .

The location of  moves from  to .B B œ ! B œ $!2

a b. .

17 .  a b+ The heat conduction problem is formulated as

? œ ? !  B  $! >  ! à

? ! ß > œ %! ? $! ß > œ ! >  ! à

? B ß ! œ $!  B !  B  $!

BB >

B

,           ,  
,            ,  

 ,          ,
a b a ba b

The steady-state temperature satisfies the boundary value problem

@ œ ! @ ! œ %! @ $! œ !ww w,  and .a b a b
It easy to see we must have .  Express the solution as@ B œ %!a b

? B ß > œ %!  A B ß >a b a b ,
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in which  satisfies the heat conduction problemA

A œ A !  B  $! >  ! à

A ! ß > œ ! A $! ß > œ ! >  ! à

A B ß ! œ  "!  B !  B  $!

BB >

B

,           ,  
,            ,  

 ,          .
a b a ba b

As shown in Prob. , the solution is given by"&

A B ß > œ - /a b " ,
8œ"

_
 #8"

8
a b# #1 >Î$'!!=38

8 B

'!

1

in which

- œ 0 B =38 .B
# #8  " B

P '!

œ  " =38 .B
" #8  " B

"& '!

œ %! Þ
' -9= 8  #8  "

#8  "

8
!

P

!

$!

# #

( a b a b
( a b a b

a b
a b

1

1

1 1

1

!  B

Therefore the solution of the  heat conduction problem isoriginal

? B ß > œ %!  %! /a b " .
8œ"

_
 #8"' -9= 8  #8  " 8 B

#8  "
=38

'!

1 1 1

1

a b
a b# #

>Î$'!!a b# #1

a b, .  > œ "!ß $!ß &!ß (! =/- À
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> œ "!!ß #!!ß $!!ß %!! =/- À

a b- .  Observe the concavity of the curves.  Note also that the temperature at the insulated
end tends to the value of the fixed temperature at the boundary .B œ !

18.  Setting , the general solution of the ODE  is- . .œ \  \ œ !# ww #

\ B œ 5 /  5 / Þa b " #
3 B  3 B. .

The boundary conditions  lead to the system of equationsC ! œ C P œ !w wa b a b
. .

. .

5  5 œ ! ‡

5 /  5 / œ ! Þ

" #

" #
3 P  3 P. .

a b
If , then the solution of the ODE is .  The boundary conditions. œ ! \ œ EB  F
require that .\ œ F

If , then the system algebraic equations has a  solution if and only if the. Á ! nontrivial
coefficient matrix is .  Set the determinant equal to zero to obtainsingular

/  / œ !3 P 3 P. . .
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Let .  Then , and the previous equation can be written. / 5 . / 5œ  3 3 P œ 3 P  P
as

/ /  / / œ !5 / 5 /P  3 P  P 3 P .

Using Euler's relation, , we obtain/ œ -9= P  3 =38 P3 P/ / /

/ -9=  3 =38  / -9=  3 =38 œ !5 5P  Pa b a b/ / / / .

Equating the real and imaginary parts of the equation,

ˆ ‰
ˆ ‰/  / -9= P œ !

/  / =38 P œ ! Þ

5 5

5 5

P  P

P  P

/

/

Based on the second equation, , .  Since , it follows that/ 1 ˆP œ 8 8 − -9= 8P Á !
/ œ / / œ " œ ! œ 8 ÎP 8 −5 5 5P  P # P, or .  Hence , and , .5 . 1 ˆ

Note that if , then the last two equations have no solution.  It follows that the5 Á !
system
of equations  has .a b‡ no nontrivial solutions

20 .  Considera b+  solutions of the form .  Substitution into the partial? B ß > œ \ B X >a b a b a b
differential equation results in

!# ww w\ X œ X .

Divide both sides of the differential equation by the product  to obtain\X

\ X

\ X
œ

ww w

#!
.

Since both sides of the resulting equation are functions of different variables, each must
be equal to a constant, say .  We obtain the ordinary differential equations -

\  \ œ ! X  X œ !ww w #- -! and .

Invoking the first boundary condition,

? ! ß > œ \ ! X > œ !a b a b a b .

At the other boundary,

? P ß >  ? P ß > œ \ P  \ P X > œ !B
wa b a b c d a ba b a b# # .

Since these conditions are valid for all , it follows that>  !

\ ! œ ! \ P  \ P œ !a b a b a b and  .w #
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a b, Þ  We consider the boundary value problem

\  \ œ ! !  B  P à ‡

\ ! œ ! \ P  \ P œ !

ww

w

-

#

,  
,  .a b a b a b a b

Assume that  is real, with .  The general solution of the ODE is- - .œ  #

\ B œ - -9=2 B  - =382 Ba b a b a b" #. . .

The first boundary condition requires that   Imposing the second boundary- œ !Þ"

condition,

- -9=2 P  - =382 P œ !# # .. . # .a b a b
If , then , which can also be written as- Á ! -9=2 P  =382 P œ !# . . # .a b a b

a b a b. # . # /   / œ !. .P  P .

If , then it follows that , and hence .  If ,# . . . . # .œ  -9=2 P œ =382 P œ ! Á a b a b
then   again implies that .  For the case , the general solution is/ œ / œ ! œ !. .P  P . .
\ B œ EB  F F œ !a b .  Imposing the boundary conditions, we have  and

E EP œ !# .

If , then  is a solution of .  Otherwise .# œ  "ÎP \ B œ EB ‡ E œ !a b a b
a b a b- œ  ! ‡.  Let , with .  The general solution of  is- . .#

\ B œ - -9= B  - =38 Ba b a b a b" #. . .

The first boundary condition requires that   From the second boundary condition,- œ !Þ"

- -9= P  - =38 P œ !# #. . # .a b a b .

For a nontrivial solution, we must have

. . # .-9= P  =38 P œ !a b a b .

a b. .  The last equation can also be written as

>+8 P œ  Þ ‡‡.
.

#
a b

The eigenvalues  obtained from the solutions of , which are - a b‡‡ infinite in number.
In the graph below, we assume .#P œ "
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For #P œ  " À

Denote the nonzero solutions of  by , , , .a b‡‡ â. . ." # $

a b/ œ.  We can in principle calculate the eigenvalues .  Hence the associated- .8 8
#

eigenfunctions are .  Furthermore, the solutions of the temporal equations\ œ =38 B8 .8

are   The fundamental solutions of the heat conduction problemX œ /B:  > Þ8
# #

8a b! .
are given as

? B ß > œ / =38 B8
 >a b ! .# #

8 .8 ,

which lead to the general solution

? B ß > œ - / =38 Ba b "
8œ"

_
 >

8 8
! .# #

8 . .
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Section 10.7

2 .  T Therefore the solution, as given by Eq. , isa b a b+ #!he initial velocity is zero.  

? B ß > œ - =38 -9=
8 B 8 + >

P P
a b "

8œ"

_

8

1 1
,

in which the coefficients are the Fourier  coefficients of .  That is,sine 0 Ba b
- œ 0 B =38 .B

# 8 B

P P

œ =38 .B  =38 .B  =38 .B
# %B 8 B 8 B %P  %B 8 B

P P P P P P

œ ) Þ
=388 Î%  =38 $8 Î%

8

8
!

P

! PÎ% $PÎ%

PÎ% $PÎ% P

# #

( a b
– —( ( (

1

1 1 1

1 1

1

Therefore the displacement of the string is given by

? B ß > œ =38  =38 =38 -9=
) 8 $8 8 B 8 + >

% % P P
a b "” •

1

1 1 1 1
#
8œ"

_

.

a b, + œ " P œ "!.  With  and ,

? B ß > œ =38  =38 =38 -9=
) 8 $8 8 B 8 >

% % "! "!
a b "” •

1

1 1 1 1
#
8œ"

_

.
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a b. .

3 .  T As given by Eq. , the solution isa b a b+ #!he initial velocity is zero.  

? B ß > œ - =38 -9=
8 B 8 + >

P P
a b "

8œ"

_

8

1 1
,

in which the coefficients are the Fourier  coefficients of .  That is,sine 0 Ba b
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- œ 0 B =38 .B
# 8 B

P P

œ =38 .B
# )B P  B 8 B

P P P

œ $# Þ
#  -9= 8

8

8
!

P

!

P #

$

$ $

( a b
( a b

1

1

1

1

Therefore the displacement of the string is given by

? B ß > œ =38 -9=
$# #  -9= 8 8 B 8 + >

8 P P
a b "

1

1 1 1
$ $
8œ"

_

.

a b, + œ " P œ "!.  With  and ,

? B ß > œ =38 -9=
$# #  -9= 8 8 B 8 >

8 "! "!
a b "

1

1 1 1
$ $
8œ"

_

.
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4 .  As given by Eq. , the solution isa b a b+ #!

? B ß > œ - =38 -9=
8 B 8 + >

P P
a b "

8œ"

_

8

1 1
,

in which the coefficients are the Fourier  coefficients of .  That is,sine 0 Ba b
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- œ 0 B =38 .B
# 8 B

P P

œ =38 .B
# 8 B

P P

œ % Þ
=38 =38

8

8
!

P

PÎ#"

PÎ#"

8 8
# P

( a b
(

1

1

1

1 1

Therefore the displacement of the string is given by

? B ß > œ =38 =38 =38 -9=
% " 8 8 8 B 8 + >

8 # P P P
a b " ’ “

1

1 1 1 1

8œ"

_

.

a b, + œ " P œ "!.  With  and ,

? B ß > œ =38 =38 =38 -9=
% " 8 8 8 B 8 >

8 # "! "! "!
a b " ’ “

1

1 1 1 1

8œ"

_

.
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5 .  T Therefore the solution, as given by Eq. , isa b a b+ $%he initial displacement is zero.  

? B ß > œ 5 =38 =38
8 B 8 + >

P P
a b "

8œ"

_

8
1 1

,

in which the coefficients are the Fourier  coefficients of .  It followssine ? B ß ! œ 1 B>a b a b
that
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5 œ 1 B =38 .B
# 8 B

8 + P

œ =38 .B  =38 .B
# #B 8 B # P  B 8 B

8 + P P P P

œ )P Þ
=388 Î#

8 +

8
!

P

! PÎ#

PÎ# P

$ $

1

1

1

1 1

1

1

( a b
– —( ( a b

Therefore the displacement of the string is given by

? B ß > œ =38 =38 =38
)P " 8 8 B 8 + >

+ 8 # P P
a b "

1

1 1 1
$ $

8œ"

_

.

a b, + œ " P œ "!.  With  and ,

? B ß > œ =38 =38 =38
)! " 8 8 B 8 >

8 # "! "!
a b "

1

1 1 1
$ $

8œ"

_

.
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7 .  T As given by Eq. , the solution isa b a b+ $%he initial displacement is zero.  

? B ß > œ 5 =38 =38
8 B 8 + >

P P
a b "

8œ"

_

8
1 1

,

in which the coefficients are the Fourier  coefficients of .  It followssine ? B ß ! œ 1 B>a b a b
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that

5 œ 1 B =38 .B
# 8 B

8 + P

œ =38 .B
# )B P  B 8 B

8 + P P

œ $#P Þ
#  -9= 8

8 +

8
!

P

!

P #

$

% %

1

1

1

1

1

1

( a b
( a b

Therefore the displacement of the string is given by

? B ß > œ =38 =38
$#P #  -9= 8 8 B 8 + >

+ 8 P P
a b "

1

1 1 1
% %

8œ"

_

.

a b, + œ " P œ "!.  With  and ,

? B ß > œ =38 =38
$#! #  -9= 8 8 B 8 >

8 "! "!
a b "

1

1 1 1
% %

8œ"

_

.
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8 .  As given by Eq. , the solution isa b a b+ $%

? B ß > œ 5 =38 =38
8 B 8 + >

P P
a b "

8œ"

_

8
1 1

,

in which the coefficients are the Fourier  coefficients of .  It followssine ? B ß ! œ 1 B>a b a b
that
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5 œ 1 B =38 .B
# 8 B

8 + P

œ =38 .B
# 8 B

8 + P

œ %P Þ
=38 =38

8 +

8
!

P

PÎ#"

PÎ#"

8 8
# P
# #

1

1

1

1

1

( a b
(

1 1

Therefore the displacement of the string is given by

? B ß > œ =38 =38 =38 =38
%P " 8 8 8 B 8 + >

+ 8 # P P P
a b " ’ “

1

1 1 1 1
# #
8œ"

_

.

a b, + œ " P œ "!.  With  and ,

? B ß > œ =38 =38 =38 =38
%! " 8 8 8 B 8 >

8 # "! "! "!
a b " ’ “

1

1 1 1 1
# #
8œ"

_

.
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11 .  As shown in Prob. , the solution isa b+ *

? B ß > œ - =38 -9=
#8  " B #8  " + >

#P #P
a b " a b a b

8œ"

_

8
1 1

,

in which the coefficients are the Fourier  coefficients of .  It followssine 0 Ba b
that
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- œ 0 B =38 .B
# #8  " B

P #P

œ =38 .B
# )B P  B #8  " B

P P #P

œ &"# Þ
$-9= 8  #8  "

#8  "

8
!

P

!

P #

$

% %

( a b a b
( a b a b

a b
a b

1

1

1 1

1

Therefore the displacement of the string is given by

? B ß > œ =38 -9=
&"# $-9= 8  #8  " #8  " B #8  " + >

#8  " #P #P
a b " a b a b a b

a b1

1 1 1 1
%

8œ"

_

%
.

Note that the period is .X œ %PÎ+

a b, + œ " P œ "!.  With  and ,

? B ß > œ =38 -9=
&"# $-9= 8  #8  " #8  " B #8  " >

#8  " #! #!
a b " a b a b a b

a b1

1 1 1 1
%

8œ"

_

%
.
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12.  The  is given bywave equation

+ œ
` ? ` ?

`B `>
#

# #

# #
.

Setting , we have= œ BÎP

`? `? .= " `?

`B `= .B P `=
œ œ .

It follows that
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` ? " ` ?

`B P `=
œ

# #

# # #
.

Likewise, with ,7 œ +>ÎP

`? + `? ` ? + ` ?

`> P ` `> P `
œ œ

7 7
  and   .

# # #

# # #

Substitution into the original equation results in

` ? ` ?

`= `
œ

# #

# #7
.

15.  The given specifications are , , and  per unit lengthP œ & X œ &!ft lb weight
# 3 #œ !Þ!#' œ Î$#Þ# œ )!Þ(& ‚ "! .  It follows that .lb/ft slugs/ft&

a b È+ + œ XÎ œ #%).  The transverse waves propagate with a speed of .3 ft/sec

a b, œ 8 +ÎP œ %*Þ) 8 Þ.  The  are natural frequencies rad/sec= 1 18

a b a bÈ- + œ X  X Î.  The new wave speed is .  For a string with fixed ends, the? 3

natural modes are proportional to the functions

Q B œ =38
8 B

P
8a b 1

,

which are independent of .+

19.  The solution of the wave equation

+ @ œ @#
BB >>

in an infinite one-dimensional medium subject to the initial conditions

@ B ß ! œ 0 B @ B ß ! œ ! _  B  _a b a b a b,   ,   >

is given by

@ B ß > œ 0 B  +>  0 B  +>
"

#
a b c da b a b .

The solution of the wave equation

+ A œ A#
BB >> ,

on the same domain, subject to the initial conditions

A B ß ! œ ! A B ß ! œ 1 B _  B  _a b a b a b,   ,   >

is given by
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A B ß > œ 1 .
"

#+
a b a b(

B+>

B+>

0 0 .

Let .  Since the PDE is , it is easy to see that ? B ß > œ @ B ß >  A B ß > ? B ß >a b a b a b a blinear
is a solution of the wave equation .  Furthermore, we have+ ? œ ?#

BB >>

? B ß ! œ @ B ß !  A B ß ! œ 0 Ba b a b a b a b
and

? B ß ! œ @ B ß !  A B ß ! œ 1 B> > >a b a b a b a b .

Hence  is a solution of the general wave propagation problem.? B ß >a b
20.  The solution of the specified wave propagation problem is

? B ß > œ - =38 -9=
8 B 8 + >

P P
a b "

8œ"

_

8

1 1
.

Using a standard trigonometric identity,

=38 -9= œ =38   =38 
8 B 8 + > " 8 B 8 + > 8 B 8 + >

P P # P P P P

œ =38 B  +>  =38 B  +> Þ
" 8 8

# P P

1 1 1 1 1 1

1 1

” •Œ  Œ 
’ “a b a b

We can therefore also write the solution as

? B ß > œ - =38 B  +>  =38 B  +>
" 8 8

# P P
a b a b a b" ’ “

8œ"

_

8

1 1
.

Assuming that the series can be split up,

? B ß > œ - =38 B  +>  - =38 B  +>
" 8 8

# P P
a b a b a b– —" "

8œ" 8œ"

_ _

8 8  .
1 1

Comparing the solution to the one given by Eq. , we can infer thata b#)

2 B œ - =38
8 B

P
a b "

8œ"

_

8 .
1

21.  Let  be a -periodic function defined by2 #Pa b0
2 œ

0 ! Ÿ Ÿ P à
 0   P Ÿ Ÿ !

a b œ a ba b0
0 0
0 0

,
, .

Set .  Assuming the appropriate differentiability? B ß > œ 2 B  +>  2 B  +>a b c da b a b"
#



—————————————————————————— ——CHAPTER 10. 

________________________________________________________________________
            page 706

conditions on ,2

`? "

`B #
œ 2 B  +>  2 B  +>c da b a bw w

and

` ? "

`B #
œ 2 B  +>  2 B  +>

#

#
ww wwc da b a b .

Likewise,

` ? +

`> #
œ 2 B  +>  2 B  +>

# #

#
ww wwc da b a b .

It follows immediately that

+ œ
` ? ` ?

`B `>
#

# #

# #
.

Let .  Checking the first boundary condition,>   !

? ! ß > œ 2  +>  2 +> œ  2 +>  2 +> œ !
" "

# #
a b c d c da b a b a b a b .

Checking the other boundary condition,

? P ß > œ 2 P  +>  2 P  +>
"

#

œ  2 +>  P  2 +>  P Þ
"

#

a b c da b a b
c da b a b

Since  is -periodic, .  Therefore .2 #P 2 +>  P œ 2 +>  P  #P ? P ß > œ !a b a b a b
Furthermore, for ,! Ÿ B Ÿ P

? B ß ! œ 2 B  2 B œ 2 B œ 0 B Þ
"

#
a b c d a b a ba b a b

Hence  is a solution of the problem.? B ß >a b
23.  Assuming that we can differentiate term-by-term,

`? - 8 8 B 8 + >

`> P P P
œ  + =38 =381

1 1"
8œ"

_
8

and

`? - 8 8 B 8 + >

`B P P P
œ -9= -9= Þ1

1 1"
8œ"

_
8

Formally,
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Œ  "Š ‹
" a b

`? - 8 8 B 8 + >

`> P P P
œ + =38 =38 

 + J Bß >

#
# # # #

8œ"

_ #

# #

8Á7

_

87

1
1 1

1

8

and

Œ  "Š ‹
" a b

`? - 8 8 B 8 + >

`B P P P
œ -9= -9= 

 K Bß >

#
# # #

8œ"

_ #

#

8Á7

_

87

1
1 1

1

8

,

in which  and  contain  of the natural modes and theirJ Bß > K Bß >87 87a b a b products
derivatives.  Based on the  of the natural modes,orthogonality

( Œ  "Š ‹
!

P #
# # #

8œ"

_ #`? P - 8 8 + >

`> # P P
.B œ + =381

18

and

( Œ  "Š ‹
!

P #
# #

8œ"

_ #`? P - 8 8 + >

`B # P P
.B œ -9= Þ1

18

Recall that .  It follows that+ œ XÎ# 3

( – —Œ  Œ  "Š ‹
"Š ‹

!

P # #
# #

8œ"

_ #

# #

8œ"

_ #

3 1
1

1
1

`? `? XP - 8 8 + >

`> `B # P P
 X .B œ =38 

 -9=
XP - 8 8 + >

# P P

8

8 .

Therefore,

( – —Œ  Œ  "
!

P # #
# # #

8œ"

_" `? " `? X

# `> # `B %P
 X .B œ 8 -3 1 8 .


