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Chapter Eight

Section 8.1

2.  The Euler formula for this problem is

C œ C  2 & >  $ C8" 8 8 8ˆ ‰È ,

in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  &82  $2 C8" 8 8
# È ,

with .C œ #!

a b+ .  Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ&**)! "Þ#*#)) "Þ!(#%# !Þ*$!"(&
8

8

a b, 2 œ !Þ!#& À.  Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'""#% "Þ$"$'" "Þ"!!"# !Þ*'#&&#
8

8

The Euler formula isbackward 

C œ C  2 & >  $ C8" 8 8 8ˆ ‰È+1 +1 ,

in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  & 8  " 2  $2 C8" 8 8"
#a b È ,

with .  Solving for , and choosing the C œ # C! 8" positive root, we find that

C œ  2  #!8  #* 2  %C Þ
$ "

# #
8" 8

#

#” •Èa b
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a b- .  Backward Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'%$$( "Þ$("'% "Þ"(('$ "Þ!&$$%
8

8

a b. 2 œ !Þ!#& À.  Backward Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'$$!" "Þ$&#*& "Þ"&#'( "Þ!#%!(
8

8

3.  The Euler formula for this problem is

C œ C  2 # C  $ >8" 8 8 8a b,
in which   Since ,> œ >  82 Þ > œ !8 ! !

C œ C  #2C  $828" 8 8
# ,

with .C œ "!

a b+ .  Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!#& "Þ%"'!$ "Þ'%#)* "Þ))&*!
8

8

a b, 2 œ !Þ!#& À.  Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!$)) "Þ%"*$' "Þ'%)*' "Þ)*&(#
8

8

The Euler formula isbackward 

C œ C  2 # C  $ >8" 8 8 8"a b+1 ,

in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  #2 C  $ 8  " 28" 8 8"
#a b ,

with .  Solving for , C œ " C! 8" we find that

C œ Þ
C  $ 8  " 2

"  #2
8"

8
#a b
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a b- .  Backward Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!)'% "Þ%$"!% "Þ'(!%# "Þ*$!('
8

8

a b. 2 œ !Þ!#& À.  Backward Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!'*$ "Þ%#')$ "Þ''#'& "Þ*")!#
8

8

4.  The Euler formula is

C œ C  2 # >  /B:  > C Þ8" 8 8 8 8c da b
Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  #82  2 /B:  82 C8" 8 8
# a b,

with C œ " Þ!

a b+ .  Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"!#%% "Þ#"%#' "Þ$$%)% "Þ%'$**
8

8

a b, 2 œ !Þ!#& À.  Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"!$'& "Þ#"'&' "Þ$$)"( "Þ%')$#
8

8

The Euler formula isbackward 

C œ C  2 # >  /B:  > C Þ8" 8 8" 8" 8"c da b
Since  and , we can also write> œ ! > œ 8  " 2! 8" a b

C œ C  #2 8  "  2 /B:  8  " 2 C8" 8 8"
#a b c da b ,

with   This equation cannot be solved  for .  At each step, givenC œ " Þ C! explicitly 8"

the current value of , the equation must be solved C8 numerically for C Þ8"
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a b- .  Backward Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"!(#! "Þ##$$$ "Þ$%(*( "Þ%)""!
8

8

a b. 2 œ !Þ!#& À.  Backward Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"!'!$ "Þ##""! "Þ$%%($ "Þ%('))
8

8

6.  The Euler formula for this problem is

C œ C  2 >  C =38 C8" 8 88 8
# #ˆ ‰ .

Here  and .  So that> œ ! > œ 82! 8

C œ C  2 8 2  C =38 C8" 8 8
# # #

8
ˆ ‰ ,

with .C œ  "!

a b+ .  Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#!%*)  !Þ)&(&$)  !Þ)!)!$!  !Þ((!!$)
8

8

a b, 2 œ !Þ!#& À.  Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*##&(&  !Þ)'!*#$  !Þ)#$!!  !Þ((%*'&
8

8
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The Euler formula isbackward 

C œ C  2 >  C =38 C Þ8" 8 8"8" 8"
# #ˆ ‰

Since  and , we can also write> œ ! > œ 8  " 2! 8" a b
C œ C  2 8  " 2  C =38 C8" 8 8"

# # #
8"

 ‘a b ,

with .  Note that this equation cannot be solved  for .  Given ,C œ  " C C! explicitly 8" 8

the transcendental equation

C  2 C =38 C œ C  2 8  " 28" 8" 88"
# ##a b

must be solved numerically for C Þ8"

a b- .  Backward Euler method with 2 œ !Þ!& À

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#)!&*  !Þ)(!!&%  !Þ)#%!#"  !Þ())')'
8

8

a b. 2 œ !Þ!#& À.  Backward Euler method with 

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#'$%"  !Þ)'("'$  !Þ)#!#(*  !Þ()%#(&
8

8

8.  The Euler formula

C œ C  2 & >  $ C8" 8 8 8ˆ ‰È ,

in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  &82  $2 C8" 8 8
# È ,

with .C œ #!

a b+ .  Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ)*")$! "Þ#&##& #Þ$()") %Þ!(#&(
8

8
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a b, 2 œ !Þ!"#& À.  Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*!)*!# "Þ#')(# #Þ$*$$' %Þ!)(**
8

8

The Euler formula isbackward 

C œ C  2 & >  $ C8" 8 8 8ˆ ‰È+1 +1 ,

in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  & 8  " 2  $2 C8" 8 8"
#a b È ,

with .  Solving for , and choosing the C œ # C! 8" positive root, we find that

C œ  2  #!8  #* 2  %C Þ
$ "

# #
8" 8

#

#” •Èa b

a b- .  Backward Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*&)&'& "Þ$"()' #Þ%$*#% %Þ"$%(%
8

8

a b. 2 œ !Þ!"#& À.  Backward Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*%##'" "Þ$!"&$ #Þ#%$)* %Þ""*!)
8

8

9.  The Euler formula for this problem is

C œ C  2 >  C8" 8 8 8È .

Here  and .  So that> œ ! > œ 82! 8

C œ C  2 82  C8" 8 8
È ,

with .C œ $!
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10.  The Euler formula is

C œ C  2 # >  /B:  > C Þ8" 8 8 8 8c da b
Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  #82  2 /B:  82 C8" 8 8
# a b,

with C œ " Þ!

a b+ .  Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'!(#* #Þ%')$! $Þ(#"'( &Þ%&*'$
8

8

a b, 2 œ !Þ!"#& À.  Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'!**' #Þ%(%'! $Þ($$&' &Þ%(((%
8

8

The Euler formula isbackward 

C œ C  2 # >  /B:  > C Þ8" 8 8" 8" 8"c da b
Since  and , we can also write> œ ! > œ 8  " 2! 8" a b

C œ C  #2 8  "  2 /B:  8  " 2 C8" 8 8"
#a b c da b ,

with   This equation cannot be solved  for .  At each step, givenC œ " Þ C! explicitly 8"

the current value of , the equation must be solved C8 numerically for C Þ8"

a b- .  Backward Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"(*# #Þ%*$&' $Þ('*%! &Þ&$##$
8

8
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a b. 2 œ !Þ!"#& À.  Backward Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"&#) #Þ%)(#$ $Þ(&(%# &Þ&"%!%
8

8

11.  The Euler formula is

C œ C  2 %  > C Î "  C Þ8" 8 8 8 8
#a b ˆ ‰

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  %2  82 C Î "  C8" 8 8
# #

8
ˆ ‰ ˆ ‰,

with C œ  # Þ!

a b+ .  Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%&)'&  !Þ#"(&%& "Þ!&("& "Þ%"%)(
8

8

a b, 2 œ !Þ!"#& À.  Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%&$##  !Þ")!)"$ "Þ!&*!$ "Þ%"#%%
8

8

The Euler formula isbackward 

C œ C  2 %  > C Î "  C Þ8" 8 8" 8" 8"
#a b ˆ ‰

Since  and , we can also write> œ ! > œ 8  " 2! 8" a b
C "  C œ C "  C  %2  8  " 2 C8" 8 8"8" 8"

# # #ˆ ‰ ˆ ‰  ‘a b ,

with   This equation cannot be solved  for .  At each step, givenC œ  # Þ C! explicitly 8"

the current value of , the equation must be solved C8 numerically for C Þ8"
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a b- .  Backward Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%$'!!  !Þ!')"'&( "Þ!'%)* "Þ%!&(&
8

8

a b. 2 œ !Þ!"#& À.  Backward Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%%"*!  !Þ"!&($( "Þ!'#*! "Þ%!()*
8

8

12.  The Euler formula is

C œ C  2 C  # > C Î $  > Þ8" 8 8 88 8
# #ˆ ‰ ˆ ‰

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2 C  #82 C Î $  8 28" 8 88
# # # #ˆ ‰ ˆ ‰,

with C œ !Þ& Þ!

a b+ .  Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&)(*)( !Þ(*"&)* "Þ"%(%$ "Þ(!*($
8

8

a b, 2 œ !Þ!"#& À.  Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&)*%%! !Þ(*&(&) "Þ"&'*$ "Þ(#*&&
8

8

The Euler formula isbackward 

C œ C  2 C  # > C Î $  > Þ8" 8 8" 8"8" 8"
# #ˆ ‰ ˆ ‰

Since  and , we can also write> œ ! > œ 8  " 2! 8" a b
C $  8  " 2  2 C œ C $  8  " 2  # 8  " 2 C8" 8 8"

# ## # # #
8"

 ‘  ‘a b a b a b ,

with   Note that although this equation can be solved  for , it isC œ !Þ& Þ C! explicitly 8"

also possible to use a numerical equation solver.  At each time step, given the current
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value of , the equation may be solved C8 numerically for C Þ8"

a b- .  Backward Euler method with 2 œ !Þ!#& À

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*$*!" !Þ)!)("' "Þ")')( "Þ(*#*"
8

8

a b. 2 œ !Þ!"#& À.  Backward Euler method with 

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*#$*' !Þ)!%$"* "Þ"(''% "Þ(("""
8

8

13.  The Euler formula for this problem is

C œ C  2 "  >  % C8" 8 8 8a b,
in which   Since , we can also write> œ >  82 Þ > œ !8 ! !

C œ C  2  82  %2 C8" 8 8
# ,

with .  With , a total number of  iterations is needed to reach C œ " 2 œ !Þ!" #!! > œ # Þ!

With , a total of  iterations are necessary.2 œ !Þ!!" #!!!

14.  The backward Euler formula is

C œ C  2 "  >  % C Þ8" 8 8" 8"a b
Since the equation is linear, we can solve for  in terms of C C À8" 8

C œ
C  2  2 >

"  %2
8"

8 8" .

Here  and   With , a total number of  iterations is needed to> œ ! C œ " Þ 2 œ !Þ!" #!!! !

reach   With , a total of  iterations are necessary.> œ # Þ 2 œ !Þ!!" #!!!

18.  Let  be a solution of the initial value problem.  The 9a b> local truncation error for the
Euler method, on the interval , is given by> Ÿ > Ÿ >8 8"

/ œ > 2
"

#
8" 8

ww #9 a b ,

where   Since , it follows that>  >  > Þ > œ >  >8 8 8"
w # #9 9a b c da b

9 9 9

9 9

ww w

# $

a b a b a ba b c da b> œ #>  # > >

œ #>  #> >  # > Þ
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Hence

k k  ‘/ Ÿ >  > Q Q 28" 8" 8"8" 8"
# $ #,

in which Q œ 7+B > l > Ÿ > Ÿ > Þ8" 8 8"e fa b9

20.  Given that  is a solution of the initial value problem, the 9a b> local truncation error
for the Euler method, on the interval , is> Ÿ > Ÿ >8 8"

/ œ > 2
"

#
8" 8

ww #9 a b ,

where   Based on the ODE, , and hence>  >  > Þ > œ >  >8 8 8"
w9 9a b a bÈ

9
9

9

9

ww
wa b a bÈ a b

È a b
> œ

"  >

# >  >

œ  Þ
" "

# >  > #

Therefore

k k – —È a b/ Ÿ "  2 Þ
" "

% >  >
8"

8 8

#

9

21.   truncation error for theLet  be a solution of the initial value problem.  The 9a b> local
Euler method, on the interval , is given by> Ÿ > Ÿ >8 8"

/ œ > 2
"

#
8" 8

ww #9 a b ,

where   Since , it follows that>  >  > Þ > œ #>  /B:  > >8 8 8"
w9 9a b c da b

9 9 9 9

9 9 9

ww w

#

a b c d c da b a b a b˜ ™a b c d c da b a b> œ #  # >  > > † /B:  > >

œ #  >  #>  > /B:  > > † /B:  > > Þ

Hence

/ œ 2  >  # >  > /B:  > > † /B:  > > Þ
2

#
8" 8 8 8 8 8 8

#
#

8
#š ›a b c d c da b a b9 9 9

22 .  Direct integration yields a b a b+ > œ =38 & >  " Þ9 1"
&1
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a b, Þ

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ# !Þ% !Þ'
C "Þ! "Þ# "Þ! "Þ#
8

8

a b- Þ

8 œ ! 8 œ # 8 œ % 8 œ '
> !Þ! !Þ# !Þ% !Þ'
C "Þ! "Þ" "Þ! "Þ"
8

8
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a b. .  Since he 9 1 1wwa b> œ  & =38 & > , t  truncation error for the Euler method, onlocal
the interval , is given by> Ÿ > Ÿ >8 8"

/ œ  =38 & > Þ
& 2

#
8" 8

#1
1

In order to satisfy

k k/ Ÿ  !Þ!&
& 2

#
8"

#1
,

it is necessary that

2  ¸ !Þ!) Þ
"

&!È 1

25 .  The Euler formula isa b+
C œ C  2 "  >  % C8" 8 8 8a b.
8 œ # 8 œ % 8 œ ' 8 œ )

> !Þ" !Þ# !Þ$ !Þ%
C "Þ&& #Þ$% $Þ%' &Þ!(
8

8

a b, .  The Euler formula for this problem is

C œ C  2 $  >  C8" 8 8 8a b.
8 œ # 8 œ % 8 œ ' 8 œ )

> !Þ" !Þ# !Þ$ !Þ%
C "Þ#! "Þ$* "Þ&( "Þ(%
8

8

a b- .  The Euler formula is
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C œ C  2 # C  $ >8" 8 8 8a b.
8 œ # 8 œ % 8 œ ' 8 œ )

> !Þ" !Þ# !Þ$ !Þ%
C "Þ#! "Þ%# "Þ'& "Þ*!
8

8

26 .a b+
"!!! † œ "!!! † ! œ ! Þ

'Þ! ")
#Þ! 'Þ!º º a b

a b, .

"!!! † œ "!!! !Þ!' œ '! Þ
'Þ!" ")Þ!
#Þ!! 'Þ!!º º a b

a b- .

"!!! † œ "!!!  !Þ!*#"' œ  *# Þ"' Þ
'Þ!"! ")Þ!%
#Þ!!% 'Þ!!!º º a b

27.  Rounding to to three three digits, .  Likewise,  digits, + ,  - ¸ !Þ##% +, ¸ !Þ(!#a b
and   It follows that +- ¸ !Þ%(( Þ +,  +- ¸ !Þ##& Þ
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Section 8.2

1.  The improved Euler formula for this problem is

C œ C  2 $  >  >  C  $  >  C Þ
" " 2

# # #
8" 8 8 8" 8 8 8

#Œ  a b
Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2 $  C  C  #  #8 
2 82

# #
8" 8 8 8

# $a b a b ,

with .C œ "!

a b+ 2 œ !Þ!& À.  

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"*&"# "Þ$)"#! "Þ&&*!* "Þ(#*&'
8

8

a b, 2 œ !Þ!#& À.  

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"*&"& "Þ$)"#& "Þ&&*"' "Þ(#*'&
8

8

a b- 2 œ !Þ!"#& À.  

8 œ ) 8 œ "' 8 œ #% 8 œ $#
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"*&"' "Þ$)"#' "Þ&&*") "Þ(#*'(
8

8

2.  The improved Euler formula is

C œ C  & >  $ C  & >  $ O
2 2

# #
8" 8 8 8 8" 8ˆ ‰È Š ‹È ,

in which .  Since  and , we can alsoO œ C  2 & >  $ C > œ >  82 > œ !8 8 8 8 8ˆ ‰È ! !

write

C œ C  &82  $ C  & 8  " 2  $ O
2 2

# #
8" 8 8 8ˆ ‰È ’ “a b È ,

with .C œ #!

a b+ 2 œ !Þ!& À.  
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8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'##)$ "Þ$$%'! "Þ"#)#! !Þ**&%%&
8

8

a b, 2 œ !Þ!#& À.  

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'##%$ "Þ$$$)' "Þ"#(") !Þ**%#"&
8

8

a b- 2 œ !Þ!"#& À.  

8 œ ) 8 œ "' 8 œ #% 8 œ $#
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'##$% "Þ$$$') "Þ"#'*$ !Þ**$*#"
8

8

3.  The improved Euler formula for this problem is

C œ C  % C  $ >  $ >  2 # C  $ > Þ
2

#
8" 8 8 8 8" 8 8

#a b a b
Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  #2 C  % C  $  '8  $82
2

#
8" 8 8 8

#
$a b ,

with .C œ "!

a b+ 2 œ !Þ!& À.  

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!&#' "Þ%##($ "Þ'&&"" "Þ*!&(!
8

8

a b, 2 œ !Þ!#& À.  

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!&$$ "Þ%##*! "Þ'&&%# "Þ*!'#"
8

8

a b- 2 œ !Þ!"#& À.  
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8 œ ) 8 œ "' 8 œ #% 8 œ $#
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!&$% "Þ%##*% "Þ'&&&! "Þ*!'$%
8

8

5.  The improved Euler formula is

C œ C  2  2
C  # > C O  # > O

# $  > # $  >
8" 8

8 8
# #

8 8 8" 8

8
#

8"
#a b ˆ ‰ ,

in which

O œ C  2
C  # > C

$  >
8 8

8
#

8 8

8
#

.

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2  2
C  #82 C O  # 8  " 2O

# $  8 2 # $  8  " 2
8" 8

8 8
# #

8 8

# # # #a b a b ‘a b ,

with .C œ !Þ&!

a b+ 2 œ !Þ!& À.  

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C !Þ&"!"'% !Þ&#%"#' !Þ&%!)$ !Þ&'%#&"
8

8

a b, 2 œ !Þ!#& À.  

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C !Þ&"!"') !Þ&#%"$& !Þ&%#"!! !Þ&'%#((
8

8

a b- 2 œ !Þ!"#& À.  

8 œ ) 8 œ "' 8 œ #% 8 œ $#
> !Þ" !Þ# !Þ$ !Þ%
C !Þ&"!'* !Þ&#%"$( !Þ&%#"!% !Þ&'%#)%
8

8

6.  The improved Euler formula for this problem is

C œ C  >  C =38 C  > O =38O
2 2

# #
8" 8 8 88 8 8" 8

# # # #ˆ ‰ ˆ ‰ ,
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in which

O œ C  2 >  C =38 C8 8 88 8
# #ˆ ‰  .

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  8 2  C =38 C  8  " 2 O =38O
2 2

# #
8" 8 8 8

# # # # #
8 8

#ˆ ‰  ‘a b ,

with .C œ  "!

a b+ 2 œ !Þ!& À.  

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#%'&!  !Þ)'%$$)  !Þ)"''%#  !Þ()!!!)
8

8

a b, 2 œ !Þ!#& À.  

8 œ % 8 œ ) 8 œ "# 8 œ "'
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#%&&!  !Þ)'%"((  !Þ)"'%%#  !Þ((*()"
8

8

a b- 2 œ !Þ!"#& À.  

8 œ ) 8 œ "' 8 œ #% 8 œ $#
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#%&#&  !Þ)'%"$)  !Þ)"'$*$  !Þ((*(#&
8

8

7.  The improved Euler formula for this problem is

C œ C  % C  >  >  "  2 # C  >  !Þ& Þ
2

#
8" 8 8 8 8" 8 8

#a b a b
Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2 # C  !Þ&  2 # C  8  828" 8 8 8
# $a b a b ,

with .C œ "!

a b+ 2 œ !Þ!#& À.  

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C #Þ*'("* (Þ))$"$ #!Þ)""% &&Þ&"!'
8

8
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a b, 2 œ !Þ!"#& À.  

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C #Þ*')!! (Þ))(&& #!Þ)#*% &&Þ&(&)
8

8

8.  The improved Euler formula is

C œ C  & >  $ C  & >  $ O
2 2

# #
8" 8 8 8 8" 8ˆ ‰È Š ‹È ,

in which .  Since  and , we can alsoO œ C  2 & >  $ C > œ >  82 > œ !8 8 8 8 8ˆ ‰È ! !

write

C œ C  &82  $ C  & 8  " 2  $ O
2 2

# #
8" 8 8 8ˆ ‰È ’ “a b È ,

with .C œ #!

a b+ 2 œ !Þ!#& À.  

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#'"$* "Þ#)&&) #Þ%!)*) %Þ"!$)'
8

8

a b, 2 œ !Þ!"#& À.  

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#&)"& "Þ#)&#& #Þ%!)'* %Þ"!$&*
8

8

9.  The improved Euler formula for this problem is

C œ C  >  C  > O
2 2

# #
8" 8 8 8 8" 8È È ,

in which .  Since  and , we can also writeO œ C  2 >  C > œ >  82 > œ !8 8 8 8 8È ! !

C œ C  82  C  8  " 2 O
2 2

# #
8" 8 8 8

È Èa b ,

with .C œ $!

a b+ 2 œ !Þ!#& À.  
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8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#"( &Þ"!))( 'Þ%$"$% (Þ*#$$#
8

8

a b, 2 œ !Þ!"#& À.  

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#") &Þ"!))* 'Þ%$"$) (Þ*#$$(
8

8

10.  The improved Euler formula is

C œ C  # >  /B:  > C  # >  /B:  > O
2 2

# #
8" 8 8 8 8 8" 8" 8c d c da b a b ,

in which .  Since  and , we canO œ C  2 # >  /B:  > C > œ >  82 > œ !8 8 8 8 8 8c da b ! !

also write

C œ C  #82  /B:  82 C  # 8  " 2  /B:  8  " 2O
2 2

# #
8" 8 8 8c d e fa b a b c da b ,

with .C œ "!

a b+ 2 œ !Þ!#& À.  

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'$ #Þ%)!*( $Þ(%&&' &Þ%*&*&
8

8

a b, 2 œ !Þ!"#& À.  

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'$ #Þ%)!*# $Þ(%&&! &Þ%*&)*
8

8

12.  The improved Euler formula is

C œ C  2  2
C  # > C O  # > O

# $  > # $  >
8" 8

8 8
# #

8 8 8" 8

8
#

8"
#a b ˆ ‰ ,

in which

O œ C  2
C  # > C

$  >
8 8

8
#

8 8

8
#

.



—————————————————————————— ——CHAPTER 8. 

________________________________________________________________________
            page 458

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2  2
C  #82 C O  # 8  " 2O

# $  8 2 # $  8  " 2
8" 8

8 8
# #

8 8

# # # #a b a b ‘a b ,

with .C œ !Þ&!

a b+ 2 œ !Þ!#& À.  

8 œ #! 8 œ %! 8 œ '! 8 œ )!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!)*( !Þ(***&! "Þ"''&$ "Þ(%*'*
8

8

a b, 2 œ !Þ!"#& À.  

8 œ %! 8 œ )! 8 œ "#! 8 œ "'!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!*!' !Þ(***)) "Þ"'''$ "Þ(%**#
8

8

16.  The exact solution of the initial value problem is   Based on the9a b> œ  / Þ" "
# #

#>

result in Prob. , the local truncation error for a "% -a b linear differential equation is

/ œ > 2
"

'
8" 8

www $9 a b ,

where   Since >  >  > Þ8 8 8" 9 www #>a b> œ % / , the local truncation error is

/ œ /B: # > 2
#

$
8" 8

$a b .

Furthermore, with ,! Ÿ > Ÿ "8

k k/ Ÿ / 2
#

$
8"

# $.

It also follows that for ,2 œ !Þ"

k k a b/ Ÿ / !Þ" œ /
# "

$ "&!!
"

!Þ# !Þ#$ .

Using the improved Euler method, with , we have .  The exact2 œ !Þ" C ¸ "Þ""!!!"

value is given by 9a b!Þ" œ "Þ""!(!"% Þ

17.  The exact solution of the initial value problem is given by   Using9a b> œ >  / Þ"
#

#>

the modified Euler method, the local truncation error for a linear differential equation is

/ œ > 2
"

'
8" 8

www $9 a b ,
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where   Since >  >  > Þ8 8 8" 9 www #>a b> œ ) / , the local truncation error is

/ œ /B: # > 2
%

$
8" 8

$a b .

Furthermore, with , the  error is bounded by! Ÿ > Ÿ "8 local

k k/ Ÿ / 2
%

$
8"

# $.

It also follows that for ,2 œ !Þ"

k k a b/ Ÿ / !Þ" œ /
% "

$ (&!
"

!Þ# !Þ#$ .

Using the improved Euler method, with , we have .  The exact2 œ !Þ" C ¸ "Þ#(!!!"

value is given by 9a b!Þ" œ "Þ#("%!$ Þ

18.  Using the ,Euler method

C œ "  !Þ" !Þ&  !  # † "

œ "Þ#& Þ
" a b

Using the ,improved Euler method

C œ "  !Þ!& !Þ&  !  # † "  !Þ!& !Þ&  !Þ"  # † "Þ#&

œ "Þ#( Þ
" a b a b

The estimated error is   The step size should be adjusted by/ ¸ "Þ#(  "Þ#& œ !Þ!# Þ"

a factor of .  Hence the required step size is estimated asÈ!Þ!!#&Î!Þ!# ¸ !Þ$&%

2 ¸ !Þ" !Þ$' œ !Þ!$' Þa ba b



—————————————————————————— ——CHAPTER 8. 

________________________________________________________________________
            page 460

20.  Using the ,Euler method

C œ $  !Þ" !  $

œ $Þ"($#!& Þ
"

È
Using the ,improved Euler method

C œ $  !Þ!& !  $  !Þ!& !Þ"  $Þ"($#!&

œ $Þ"((!'$ Þ
"

È È
The estimated error is   The step size should/ ¸ $Þ"((!'$  $Þ"($#!& œ !Þ!!$)&) Þ"

be adjusted by a factor of .  Hence the required step sizeÈ!Þ!!#&Î!Þ!!$)&) ¸ !Þ)!&
is estimated as

2 ¸ !Þ" !Þ)!& œ !Þ!)!& Þa ba b
21.  Using the ,Euler method

C œ !Þ&  !Þ"
!Þ&  !

$  !
œ !Þ&!)$$%

"

a b#

Using the ,improved Euler method

C œ !Þ&  !Þ!&  !Þ!&
!Þ&  ! !Þ&!)$$%  # !Þ" !Þ&!)$$%

$  ! $  !Þ"

œ !Þ&"!"%) Þ

"

a b a b a ba b
a b

# #

#

The estimated error is   The local truncation error/ ¸ !Þ&"!"%)  !Þ&!)$$% œ !Þ!!") Þ"

is  than the given tolerance.  The step size can be adjusted by a factor oflessÈ!Þ!!#&Î!Þ!!") ¸ "Þ"()& .  Hence it is possible to use a step size of

2 ¸ !Þ" "Þ"()& ¸ !Þ""( Þa ba b
22.  Assuming that the solution has continuous derivatives at least to the third order,

9 9 9
9 9a b a b a b a b a b

> œ >  > 2  2  2
> >

#x $x
8" 8 8

w # $
ww www

8 8 ,

where   Suppose that >  >  > Þ C œ > Þ8 8 8" 8 89a b
a b+ .  The local truncation error is given by

/ œ >  C Þ8" 8" 8"9a b
The  is defined asmodified Euler formula
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C œ C  2 0 >  2 ß C  2 0 > ß C Þ
" "

# #
8" 8 8 8 8 8” •a b

Observe that .  It follows that9 9w
8 8 8 8 8a b a b a ba b> œ 0 > ß > œ 0 > ß C

/ œ >  C

œ 2 0 > ß C  2  2 
> >

#x $x

 2 0 >  2 ß C  2 0 > ß C Þ
" "

# #

8" 8" 8"

8 8

ww www
8 8# $

8 8 8 8

9

9 9

a b
a b a b a b
” •a b

a b a b, "% ,.  As shown in Prob. ,

9 ww
8 > 8 8 C 8 8 8 8a b a b a b a b> œ 0 > ß C  0 > ß C 0 > ß C .

Furthermore,

0 œ 0 > ß C  0 > ß C  0 > ß C 5 
2

#

 0  25 0  5 0
" 2

#x %

” •a b>  2 ß C  2 0 > ß C
" "

# #
8 8 8 8 a b a b a b

” •
8 8 > 8 8 C 8 8

#

>> >C CC
#

>œ ß Cœ0 (

,

in which  and ,  .  Therefore5 œ 2 0 > ß C >   >  2Î# C   C  5"
# 8 8 8 8 8 8a b 0 (

/ œ 2  0  25 0  5 0 Þ
> 2 2

$x #x %
8" >> >C CC

www #
8 $ #

>œ ß Cœ

9 a b ” •
0 (

Note that each term in the brackets has a factor of .  Hence the local truncation error2#

is  to  .proportional 2$

a b a b- 0 >ß C 0 œ 0 œ 0 œ !.  If  is , then , andlinear >> >C CC

/ œ 2 Þ
>

$x
8"

www
8 $9 a b

23.  The  Euler formula for this problem ismodified

C œ C  2 $  >  2  C  2 $  >  C
" "

# #

œ C  2 $  >  C  C  >  # Þ
2

#

8" 8 8 8 8 8

8 8 8 8 8

#

œ ” •a b
a b a b

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2 $  82  C  C  82  #
2

#
8" 8 8 8

#a b a b ,

with .  Setting , we obtain the following valuesC œ " 2 œ !Þ" À!
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8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"*&!! "Þ$)!*) "Þ&&)() "Þ(#*#!
8

8

25.  The  Euler formula ismodified

C œ C  2 #C  $>  2  2 #C  $>
$

#

œ C  2 #C  $>  %C  '>  $ Þ
2

#

8" 8 8 8 8 8

8 8 8 8 8

#

” •a b
a b a b

Since  and , we can also write> œ >  82 > œ !8 ! !

C œ C  2 #C  $82  %C  '82  $
2

#
8" 8 8 8

#a b a b ,

with .  Setting , we obtainC œ " 2 œ !Þ" À!

8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!&!! "Þ%##"! "Þ'&$*' "Þ*!$)$
8

8

26.  The  Euler formula for this problem ismodified

C œ C  2 #>  2  /B:  >  O
2

#
8" 8 8 8 8œ ” •Œ  ,

in which   Now , with andO œ C  #>  /B:  > C Þ > œ >  82 > œ !8 8 8 8 8 8
2
# c da b ! !

C œ " 2 œ !Þ" À! .  Setting , we obtain the following values 

8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"!%))& "Þ#")*# "Þ$%"&( "Þ%(#(#%
8

8
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27.  Let  be 0 >ß Ca b linear improved in both variables.  The  Euler formula is

C œ C  2 0 > ß C  0 >  2ß C  20 > ß C
"

#

œ C  20 > ß C  20 > ß C  20 2ß 20 > ß C
" " "

# # #

œ 20 2ß C  20 2ß 20 > ß C Þ
"

#

8" 8 8 8 8 8 8 8

8 8 8 8 8 8 8

8 8 8

c da b a ba b
a b a b c da b

a b c da b
The  Euler formula ismodified

C œ C  20 >  2ß C  20 > ß C
" "

# #

œ C  20 > ß C  20 2ß 20 > ß C Þ
" "

# #

8" 8 8 8 8 8

8 8 8 8 8

” •a b
a b a b” •

Since  in both variables,0 >ß Ca b is linear

0 2ß 20 > ß C œ 0 2ß 20 > ß C Þ
" " "

# # #
” •a b c da b8 8 8 8
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Section 8.3

1.  The ODE is linear, with .  The Runge-Kutta algorithm requires0 >ß C œ $  >  Ca b
the evaluations

5 œ 0 > ß C

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25

8 8 8

8 8 8 8

8 8 8 8

8 8 8 8

"

# "

$ #

% $

a b
Œ 
Œ 
a b.

The next estimate is given as the weighted average

C œ C  5  #5  #5  5 Þ
2

'
8 8 8 8 8 8" " # $ %a b

a b+ Þ 2 œ !Þ" À  For 

8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"*&"' "Þ$)"#( "Þ&&*") "Þ(#*')
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ"*&"' "Þ$)"#( "Þ&&*") "Þ(#*')
8

8

The exact solution of the IVP is C > œ #  >  / Þa b >

2.  In this problem, .  At each time step, the Runge-Kutta algorithm0 >ß C œ &>  $ Ca b È
requires the evaluations

5 œ 0 > ß C

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25

8 8 8

8 8 8 8

8 8 8 8

8 8 8 8

"

# "

$ #

% $

a b
Œ 
Œ 
a b.

The next estimate is given as the weighted average

C œ C  5  #5  #5  5 Þ
2

'
8 8 8 8 8 8" " # $ %a b
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a b+ Þ 2 œ !Þ" À  For 

8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'##$" "Þ$$$'# "Þ"#')' !Þ**$)$*
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ'##$! "Þ$$$'# "Þ"#')& !Þ**$)#'
8

8

The exact solution of the IVP is given implicitly as

" #

# C  &> >  C
œ Þ

&"#ˆ ‰ ˆ ‰È È
È

& #

3.  The ODE is linear, with .  The Runge-Kutta algorithm requires0 >ß C œ #C  $>a b
the evaluations

5 œ 0 > ß C

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25

8 8 8

8 8 8 8

8 8 8 8

8 8 8 8

"

# "

$ #

% $

a b
Œ 
Œ 
a b.

The next estimate is given as the weighted average

C œ C  5  #5  #5  5 Þ
2

'
8 8 8 8 8 8" " # $ %a b

a b+ Þ 2 œ !Þ" À  For 

8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!&$& "Þ%##*& "Þ'&&&$ "Þ*!'$)
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C "Þ#!&$& "Þ%##*' "Þ'&&&$ "Þ*!'$)
8

8

The exact solution of the IVP is C > œ / Î%  $>Î#  $Î% Þa b #>

5.  In this problem, .  The Runge-Kutta algorithm0 >ß C œ C  #>C Î $  >a b a b a b# #
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requires the evaluations

5 œ 0 > ß C

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25

8 8 8

8 8 8 8

8 8 8 8

8 8 8 8

"

# "

$ #

% $

a b
Œ 
Œ 
a b.

The next estimate is given as the weighted average

C œ C  5  #5  #5  5 Þ
2

'
8 8 8 8 8 8" " # $ %a b

a b+ Þ 2 œ !Þ" À  For 

8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C !Þ&"!"(! !Þ&#%"$) !Þ&%#"!& !Þ&'%#)'
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C !Þ&#!"'* !Þ&#%"$) !Þ&%#"!& !Þ&'%#)'
8

8

The exact solution of the IVP is C > œ $  > Î '  > Þa b a b a b#

6.  In this problem, .  At each time step, the Runge-Kutta0 >ß C œ =38 Ca b a b>  C# #

algorithm requires the evaluations

5 œ 0 > ß C

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25

8 8 8

8 8 8 8

8 8 8 8

8 8 8 8

"

# "

$ #

% $

a b
Œ 
Œ 
a b.

The next estimate is given as the weighted average

C œ C  5  #5  #5  5 Þ
2

'
8 8 8 8 8 8" " # $ %a b
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a b+ Þ 2 œ !Þ" À  For 

8 œ " 8 œ # 8 œ $ 8 œ %
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#%&"(  !Þ)'%"#&  !Þ)"'$((  !Þ((*(!'
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ # 8 œ % 8 œ ' 8 œ )
> !Þ" !Þ# !Þ$ !Þ%
C  !Þ*#%&"(  !Þ)'%"#&  !Þ)"'$((  !Þ((*(!'
8

8

7.    For a b+ Þ 2 œ !Þ" À

8 œ & 8 œ "! 8 œ "& 8 œ #!
> !Þ& "Þ! "Þ& #Þ!
C #Þ*')#& (Þ))))* #!Þ)$%* &&Þ&*&(
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C #Þ*')#) (Þ))*!% #!Þ)$&& &&Þ&*)!
8

8

The exact solution of the IVP is C > œ /  >Î# Þa b #>

8.  See Prob. . for the  solution.# exact

a b+ Þ 2 œ !Þ" À  For 

8 œ & 8 œ "! 8 œ "& 8 œ #!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#&(#& "Þ#)&"' #Þ%!)'! %Þ"!$&!
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#&("" "Þ#)&"& #Þ%!)'! %Þ"!$&!
8

8
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9   For a b+ Þ 2 œ !Þ" À

8 œ & 8 œ "! 8 œ "& 8 œ #!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#"* &Þ"!)*! 'Þ%$"$* (Þ*#$$)
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#"* &Þ"!)*! 'Þ%$"$* (Þ*#$$)
8

8

The exact solution is given implicitly as

68  # >  C  #+<->+82 >  C œ >  # $  #+<->+82 $ Þ
#

C  >  "
” • È È È È

10.  See Prob. .%

a b+ Þ 2 œ !Þ" À  For 

8 œ & 8 œ "! 8 œ "& 8 œ #!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'# #Þ%)!*" $Þ(%&%) &Þ%*&)(
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'# #Þ%)!*" $Þ(%&%) &Þ%*&)(
8

8

12.  See Prob. . for the  solution.& exact

a b+ Þ 2 œ !Þ" À  For 

8 œ & 8 œ "! 8 œ "& 8 œ #!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!*!* !Þ)!!!!! "Þ"''''( "Þ(&!!!
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!*!* !Þ)!!!!! "Þ"''''( "Þ(&!!!
8

8

13.  The ODE is linear, with .  The Runge-Kutta algorithm requires0 >ß C œ "  >  %Ca b
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the evaluations

5 œ 0 > ß C

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25
" "

# #

5 œ 0 >  2 ß C  25

8 8 8

8 8 8 8

8 8 8 8

8 8 8 8

"

# "

$ #

% $

a b
Œ 
Œ 
a b.

The next estimate is given as the weighted average

C œ C  5  #5  #5  5 Þ
2

'
8 8 8 8 8 8" " # $ %a b

The exact solution of the IVP is C > œ /  >  Þa b "* " $
"' % "'

%>

a b+ Þ 2 œ !Þ" À  For 

8 œ & 8 œ "! 8 œ "& 8 œ #!
> !Þ& "Þ! "Þ& #Þ!
C )Þ(!*$"(& '%Þ)&)"!( %()Þ)"*#) $&$&Þ)''(
8

8

a b, Þ 2 œ !Þ!& À  For 

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C )Þ("")!'! '%Þ)*%)(& %(*Þ##'(% $&$*Þ))!%
8

8

15 .a b+
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a b a b, !ß !.  For the integral curve starting at , the slope becomes infinite near > ¸ "Þ& ÞQ

Note that the exact solution of the IVP is defined implicitly as

C  %C œ > Þ$ $

Using the classic Runge-Kutta algorithm, with , we obtain the values2 œ !Þ!"

8 œ (! 8 œ )! 8 œ *! 8 œ *&
> !Þ( !Þ) !Þ* !Þ*&
C  !Þ!)&*"  !Þ"#)&$  !Þ")$)!  !Þ#"')*
8

8

a b- .  Based on the direction field, the solution should decrease monotonically to the
limiting value   In the following table, the value of  corresponds toC œ  #Î $ Þ >È

Q

the approximate time in the iteration process that the calculated values begin to .increase

2 >
!Þ" "Þ*
!Þ!& "Þ'&
!Þ!#& "Þ&&
!Þ!" "Þ%&&

Q

a b. .  Numerical values will continue to be generated, although they will not be associated
with the integral curve starting at .  These values are approximations to nearbya b!ß !
integral curves.

a b a b/ C ! œ ".  We consider the solution associated with the initial condition .  The exact
solution is given by

C  %C œ >  $ Þ$ $
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For the integral curve starting at , the slope becomes a b! ß " infinite near   In> ¸ #Þ! ÞQ

the following table, the values of  corresponds to the approximate time in the iteration>Q
process that the calculated values begin to .increase

2 >
!Þ" "Þ)&
!Þ!& "Þ)&
!Þ!#& "Þ)'
!Þ!" "Þ)$&

Q
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Section 8.4

1 .  Using the notation he a b+ 0 œ 0 > ß C8 8 8a b , t  formula ispredictor

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ" !Þ# !Þ$
C "Þ! "Þ"*&"' "Þ$)"#( "Þ&&*")
8

8

8 œ % :</ 8 œ % -9< 8 œ & :</ 8 œ & -9<
> !Þ% !Þ% !Þ& !Þ&
C "Þ(#*'('*! "Þ(#*)')!" "Þ)*$%'%$' "Þ)*$%'*($

a b a b a b a b
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,   Since the ODE is , we can solve for0 œ $  >  C Þ8 8 8" " " linear

C œ #% C  #(2  *2 >  2 "* 0  & 0  0 Þ
"

#%  *2
8 8 8 8 8 8" " " #c da b  

8 œ % 8 œ &
> !Þ% !Þ&
C "Þ(#*')!! "Þ)*$%'*&
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

In this problem,   Since the ODE is , we can solve for0 œ $  >  C Þ8 8 8" " " linear

C œ $'2  "#2 >  %) C  $' C  "' C  $ C Þ
"

#&  "#2
8 8 8 8 8 8" " " # $c d 
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8 œ % 8 œ &
> !Þ% !Þ&
C "Þ(#*')!& "Þ)*$%(""
8

8

The exact solution of the IVP is C > œ #  >  / Þa b >

2 .  Using the notation he a b+ 0 œ 0 > ß C8 8 8a b , t  formula ispredictor

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ" !Þ# !Þ$
C #Þ! "Þ'##$" "Þ$$$'# "Þ"#')'
8

8

8 œ % :</ 8 œ % -9< 8 œ & :</ 8 œ & -9<
> !Þ% !Þ% !Þ& !Þ&
C !Þ**$(&" !Þ**$)&# !Þ*#&%'* !Þ*#&('%

a b a b a b a b
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,   Since the ODE is , an equation0 œ &>  $ C Þ8 8 8" " "È 898linear
solver is needed to approximate the solution of

C œ C  %&>  #( C  "* 0  & 0  0
2

#%
8 8 8 8 8 8 8" " " " # ‘È  

at each time step.  We obtain the approximate values:

8 œ % 8 œ &
> !Þ% !Þ&
C !Þ**$)%( !Þ*#&(%'
8

8

a b- .  The fourth order formula isbackward differentiation 
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C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , an equation solver is used to approximate the solution of898linear

C œ %) C  $' C  "' C  $ C  "#2 &>  $ C
"

#&
8 8 8 8 8 8 8" " # $ " " ‘ˆ ‰È

at each time step.

8 œ % 8 œ &
> !Þ% !Þ&
C !Þ**$)'* !Þ*#&)$(
8

8

The exact solution of the IVP is given implicitly by

" #

# C  &> >  C
œ Þ

&"#ˆ ‰ ˆ ‰È È
È

& #

3 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

Using the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ" !Þ# !Þ$
C "Þ! "Þ#!&$&! "Þ%##*&% "Þ'&&&#(
8

8

8 œ % :</ 8 œ % -9< 8 œ & :</ 8 œ & -9<
> !Þ% !Þ% !Þ& !Þ&
C "Þ*!'$%! "Þ*!'$)# #Þ"(*%&& #Þ"(*&'(

a b a b a b a b
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,   Since the ODE is , we can solve for0 œ # C  $ > Þ8 8 8" " " linear
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C œ #% C  #(2 >  2 "* 0  & 0  0 Þ
"

#%  ")2
8 8 8 8 8 8" " " #c da b  

8 œ % 8 œ &
> !Þ% !Þ&
C "Þ*!'$)& #Þ"(*&('
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

In this problem,   Since the ODE is , we can solve for0 œ # C  $ > Þ8 8 8" " " linear

C œ %) C  $' C  "' C  $ C  $'2 > Þ
"

#&  #%2
8 8 8 8 8 8" " # $ "c d 

8 œ % 8 œ &
> !Þ% !Þ&
C "Þ*!'$*& #Þ"(*'""
8

8

The exact solution of the IVP is C > œ / Î%  $>Î#  $Î% Þa b #>

5 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 
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Using the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ" !Þ# !Þ$
C !Þ& !Þ&"!"'*&! !Þ&#%"$(*& !Þ&%#"!&#*
8

8

8 œ % :</ 8 œ % -9< 8 œ & :</ 8 œ & -9<
> !Þ% !Þ% !Þ& !Þ&
C !Þ&'%#)&$# !Þ&'%#)&(( !Þ&*!*!)"' !Þ&*!*!*")

a b a b a b a b
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,

0 œ Þ
C  # > C

$  >
8

8
#

8 8

8
#"

" " "

"

Since the ODE is , an equation solver is needed to approximate the solution of898linear

C œ C  *  "* 0  & 0  0
2

#%

C  # > C

$  >
8 8 8 8 8

8
#

8 8

8
#" " #

" " "

"

” • 

at each time step.

8 œ % 8 œ &
> !Þ% !Þ&
C !Þ&'%#)&() !Þ&*!*!*#!
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , an equation solver is needed to approximate the solution of898linear

C œ %) C  $' C  "' C  $ C  "#2
"

#&

C  # > C

$  >
8 8 8 8 8

8
#

8 8

8
#" " # $

" " "

"

” •
at each time step.  We obtain the approximate values:

8 œ % 8 œ &
> !Þ% !Þ&
C !Þ&'%#)&)) !Þ&*!*!*&#
8

8
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The exact solution of the IVP is C > œ $  > Î '  > Þa b a b a b#

6 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ" !Þ# !Þ$
C  "Þ!  !Þ*#%&"(  !Þ)'%"#&  !Þ)"'$((
8

8

8 œ % :</ 8 œ % -9< 8 œ & :</ 8 œ & -9<
> !Þ% !Þ% !Þ& !Þ&
C  !Þ((*)$#  !Þ((*'*$  !Þ(&$$""  !Þ(&$"$&

a b a b a b a b
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,   Since the ODE is , we obtain0 œ =38 C Þ8 8" "8" 8"
# #a b>  C 898linear

the  equationimplicit

C œ C  * >  C =38 C  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 88" 8"

# #
" " " # ‘ˆ ‰  

8 œ % 8 œ &
> !Þ% !Þ&
C  !Þ((*(!!  !Þ(&$"%%
8

8
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a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , we obtain the  equation898linear implicit

C œ %) C  $' C  "' C  $ C  "#2 >  C =38 C Þ
"

#&
8 8 8 8 8 88" 8"

# #
" " # $ " ‘ˆ ‰

8 œ % 8 œ &
> !Þ% !Þ&
C  !Þ((*')!  !Þ(&$!)*
8

8

8 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ!& !Þ" !Þ"&
C #Þ! "Þ(**'#*' "Þ'##$!%# "Þ%'(#&!$
8

8

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#&("$$ "Þ#)&"%) #Þ%!)&*& %Þ"!$%*&
8

8

a b, .  Since the ODE is , an equation solver is needed to approximate the898linear
solution of

C œ C  %&>  #( C  "* 0  & 0  0
2

#%
8 8 8 8 8 8 8" " " " # ‘È  

at each time step.  We obtain the approximate values:

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#&("#& "Þ#)&"%) #Þ%!)&*& %Þ"!$%*&
8

8
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a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , an equation solver is needed to approximate the solution of898linear

C œ %) C  $' C  "' C  $ C  "#2 &>  $ C
"

#&
8 8 8 8 8 8 8" " # $ " " ‘ˆ ‰È

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ*#&(#%) "Þ#)&"&) #Þ%!)&*% %Þ"!$%*$
8

8

The exact solution of the IVP is given implicitly by

" #

# C  &> >  C
œ Þ

&"#ˆ ‰ ˆ ‰È È
È

& #

9 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

Using the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ!& !Þ" !Þ"&
C $Þ! $Þ!)(&)' $Þ"(("#( $Þ#')'!*
8

8

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#")' &Þ"!)*!$ 'Þ%$"$*! (Þ*#$$)&
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 
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In this problem,   Since the ODE is , an equation0 œ >  C Þ8 8 8" " "È 898linear
solver must be implemented in order to approximate the solution of

C œ C  * >  C  "* 0  & 0  0
2

#%
8 8 8 8 8 8 8" " " " # ‘È  

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#")' &Þ"!)*!$ 'Þ%$"$*! (Þ*#$$)&
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , an equation solver is needed to approximate the solution of898linear

C œ %) C  $' C  "' C  $ C  "#2 >  C
"

#&
8 8 8 8 8 8 8" " # $ " " ‘È  

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C $Þ*'#")' &Þ"!)*!$ 'Þ%$"$*! (Þ*#$$)&
8

8

The exact solution is given implicitly by

68  # >  C  #+<->+82 >  C œ >  # $  #+<->+82 $ Þ
#

C  >  "
” • È È È È
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10 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ!& !Þ" !Þ"&
C "Þ! "Þ!&"#$! "Þ"!%)%$ "Þ"'!(%!
8

8

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'## #Þ%)!*!* $Þ(%&"%(* &Þ%*&)(#
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,   Since the ODE is , an0 œ # >  /B: Þ8 8" " 8" 8"a b > C 898linear
equation solver must be implemented in order to approximate the solution of

C œ C  * # >  /B:  > C  "* 0  & 0  0
2

#%
8 8 8 8" 8" 8 8 8" " " #e fc da b  

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'## #Þ%)!*!* $Þ(%&"%(* &Þ%*&)(#
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , we obtain the  equation898linear implicit

C œ %) C  $' C  "' C  $ C  "#2 Þ
"

#&
8 8 8 8 8" " # $ 8" 8" 8"e fc da b# >  /B:  > C
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8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C "Þ'"#'#$ #Þ%)!*!& $Þ(%&"%($ &Þ%*&)'*
8

8

11 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

Using the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ!& !Þ" !Þ"&
C  #Þ!  "Þ*&))$$  "Þ*"&##"  "Þ)')*(&
8

8

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%%('$*  !Þ"%$'#)" "Þ!'!*%' "Þ%"!"##
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,

0 œ Þ
%  > C

"  C
8

8 8

8
#"
" "

"

Since the differential equation is , an equation solver is used to approximate898linear
the solution of

C œ C  *  "* 0  & 0  0
2 %  > C

#% "  C
8 8 8 8 8

8 8

8
#" " #
" "

"

” • 

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%%('$)  !Þ"%$'('( "Þ!'!*"$ "Þ%"!"!$
8

8
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a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , an equation solver must be implemented in order to898linear
approximate the solution of

C œ %) C  $' C  "' C  $ C  "#2
" %  > C

#& "  C
8 8 8 8 8

8 8

8
#" " # $
" "

"

” •
at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C  "Þ%%('#"  !Þ"%%('"* "Þ!'!("( "Þ%"!!#(
8

8

12 .  The a b+ predictor formula is

C œ C  && 0  &* 0  $( 0  * 0 Þ
2

#%
8 8 8 8 8 8" " # $a b

With , the formula is0 œ 0 > ß C8 8 8" " "a b corrector 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

We use the starting values generated by the Runge-Kutta method À

8 œ ! 8 œ " 8 œ # 8 œ $
> !Þ! !Þ!& !Þ" !Þ"&
C !Þ& !Þ&!%'#") !Þ&"!"'*& !Þ&"'''''
8

8

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!*!*" !Þ)!!!!!! "Þ"''''( "Þ(&!!!!
8

8

a b, .  With , the fourth order formula is0 œ 0 > ß C8 8 8" " "a b Adams-Moulton 

C œ C  * 0  "* 0  & 0  0 Þ
2

#%
8 8 8 8 8 8" " " #a b 

In this problem,
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0 œ Þ
C  # > C

$  >
8

8
#

8 8

8
#"

" " "

"

Since the ODE is , an equation solver is needed to approximate the solution of898linear

C œ C  *  "* 0  & 0  0
2

#%

C  # > C

$  >
8 8 8 8 8

8
#

8 8

8
#" " #

" " "

"

” • 

at each time step.

8 œ "! 8 œ #! 8 œ $! 8 œ %!
> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!*!*" !Þ)!!!!!! "Þ"''''( "Þ(&!!!!
8

8

a b- .  The fourth order formula isbackward differentiation 

C œ %) C  $' C  "' C  $ C  "#20 Þ
"

#&
8 8 8 8 8 8" " # $ "c d

Since the ODE is , we obtain the  equation898linear implicit

C œ %) C  $' C  "' C  $ C  "#2 Þ
"

#&

C  # > C

$  >
8 8 8 8 8

8
#

8 8

8
#" " # $

" " "

"

” •
8 œ "! 8 œ #! 8 œ $! 8 œ %!

> !Þ& "Þ! "Þ& #Þ!
C !Þ&*!*!*# !Þ)!!!!!# "Þ"''''( "Þ(&!!!"
8

8

The exact solution of the IVP is C > œ $  > Î '  > Þa b a b a b#

13.  Both Adams methods entail the approximation of , on the interval ,0 > ß C > ßa b c d8 >8"

by a polynomial.   polynomial,Approximating , which is a 9 wa b a b> œ T > ´ E" constant
we  have

9 9a b a b (
a b

>  > œ E.>

œ E >  > œ E2 Þ

8 8
>

>

8 8

"

"

8

8"

Setting , where , we obtain the approximationE œ 0  "  0 ! Ÿ Ÿ "- - -8 8a b "

C œ C  2 0  "  0 Þ8 8 8 8" "c da b- -

An appropriate choice of  yields the familiar Euler formula.  Similarly, setting-

E œ 0  "  0- -8 8a b " ,

where , we obtain the approximation! Ÿ Ÿ "-
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C œ C  2 0  "  0 Þ8 8 8 8" "c da b- -

14.  For a third order Adams-Bashforth formula, we approximate , on the interval0 > ß Ca bc d a b a b> ß > ß C > ß C8 8 8 8 8>8" , by a  polynomial using the points ,  andquadratic # # " "a b a b> ß C Þ T > œ E>  F>  G Þ8 8
#  Let   We obtain the system of equations$

E>  F>  G œ 0

E>  F>  G œ 0

E>  F>  G œ 0

8
#

8 8

8
#

8 8

8
#

8 8

# # #

" " "

.

For computational purposes, assume that , and   It follows that> œ ! > œ 82 Þ! 8

E œ
0  #0  0

#2

F œ
$  #8 0  %8  % 0  "  #8 0

# 2

G œ 0  #8  8 0  0 Þ
8  $8  # 8  8

# #

8 8 8

#

8 8 8

# #

8 8 8
#

" #

" #

" #

a b a b a b
ˆ ‰

We then have

C  C œ E>  F>  G .>

œ E2 8  8  F2 8   G2
" "

$ #

8 8
>

>
#

$ # #

" (  ‘
Œ  Œ 

8

8"

,

which yields

C  C œ #$ 0  "' 0  & 0 Þ
2

"#
8 8 8 8 8" " #a b

15.   Adams-Moulton formula, we approximate , on the intervalFor a third order 0 > ß Ca bc d a b a b> ß > ß C > ß C8 8 8 8 8>8" , by a  polynomial using the points ,  andquadratic " "a b a b> ß C Þ T > œ >  >  Þ8 8
#

" " $  Let   This time we obtain the system of algebraic! " #
equations

! " #

! " #

! " #

>  >  œ 0

>  >  œ 0

>  >  œ 0

8
#

8 8

8
#

8 8

8
#

8 8

" " "

" " " .

For computational purposes, again assume that , and   It follows that> œ ! > œ 82 Þ! 8
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!

"

#

œ
0  #0  0

#2

œ
 #8  " 0  %80  "  #8 0

# 2

œ 0  "  8 0  0 Þ
8  8 8  8

# #

8 8 8

#

8 8 8

# #

8 8 8
#

" "

" "

" "

a b a b
ˆ ‰

We then have

C  C œ >  >  .>

œ 2 8  8   2 8   2
" "

$ #

8 8
>

>
#

$ # #

" (  ‘
Œ  Œ 

8

8"

! " #

! " # ,

which results in

C  C œ &0  )0  0 Þ
2

"#
8 8 8 8 8" " "a b
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Section 8.5

1 .  The  solution of the ODE is   Imposing the initiala b a b+ C > œ - /  #  > Þgeneral >

condition, , the solution of the IVP is .C ! œ # > œ #  >a b a b9"

a b a b, C ! œ #Þ!!".  If instead, the initial condition  is given, the solution of the IVP is
9 9 9# # "a b a b a b> œ !Þ!!" /  #  > >  > œ !Þ!!" / Þ> >.  We then have 

3.  The solution of the initial value problem is 9a b> œ /  > Þ"!! >

a b+ß , Þ  Based on the exact solution, the  for both of the Eulerlocal truncation error
methods is

k k/ Ÿ / 2 Þ
"!

#
69-

%
"!! > #8

Hence , for all .  Furthermore, the local truncation error isk k/ Ÿ &!!! 2 !  >  "8 8
#

greatest near .  Therefore > œ ! k k/ Ÿ &!!! 2  !Þ!!!& 2  !Þ!!!$ Þ"
#  for   Now the

truncation error accumulates at each time step.  Therefore the actual time step should be
much smaller than .  For example, with , we obtain the data2 ¸ !Þ!!!$ 2 œ !Þ!!!#&

Euler B.Euler 9a b>
> œ !Þ!& !Þ!&'$#$ !Þ!&("'& !Þ!&'($)
> œ !Þ" !Þ"!!!%! !Þ"!!!&" !Þ"!!!%&

Note that the total number of time steps needed to reach  is .> œ !Þ" R œ %!!

a b- 2 À.  Using the Runge-Kutta method, comparisons are made for several values of 

2 œ !Þ" À

9 9a b a b> C C  >
> œ !Þ!& !Þ!&'($) !Þ!&(%"' !Þ!!!'()
> œ !Þ" !Þ"!!!%& !Þ"!!!&& !Þ!!!!"!

8 8 8

2 œ !Þ!!& À

9 9a b a b> C C  >
> œ !Þ!& !Þ!&'($) !Þ!&'('' !Þ!!!!#(
> œ !Þ" !Þ"!!!%& !Þ"!!!%' !Þ!!!!!!%

8 8 8

6 .  Using the method of , it is easy to show that the generala b+ undetermined coefficients
solution of the ODE is   Imposing the initial condition, it follows thatC > œ - /  > Þa b -> #

- œ ! > œ > Þ and hence the solution of the IVP is 9a b #

a b, 2 œ !Þ!".  Using the Runge-Kutta method, with , numerical solutions are generated
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Section 8.5

1 .  The  solution of the ODE is   Imposing the initiala b a b+ C > œ - /  #  > Þgeneral >

condition, , the solution of the IVP is .C ! œ # > œ #  >a b a b9"

a b a b, C ! œ #Þ!!".  If instead, the initial condition  is given, the solution of the IVP is
9 9 9# # "a b a b a b> œ !Þ!!" /  #  > >  > œ !Þ!!" / Þ> >.  We then have 

3.  The solution of the initial value problem is 9a b> œ /  > Þ"!! >

a b+ß , Þ  Based on the exact solution, the  for both of the Eulerlocal truncation error
methods is

k k/ Ÿ / 2 Þ
"!

#
69-

%
"!! > #8

Hence , for all .  Furthermore, the local truncation error isk k/ Ÿ &!!! 2 !  >  "8 8
#

greatest near .  Therefore > œ ! k k/ Ÿ &!!! 2  !Þ!!!& 2  !Þ!!!$ Þ"
#  for   Now the

truncation error accumulates at each time step.  Therefore the actual time step should be
much smaller than .  For example, with , we obtain the data2 ¸ !Þ!!!$ 2 œ !Þ!!!#&

Euler B.Euler 9a b>
> œ !Þ!& !Þ!&'$#$ !Þ!&("'& !Þ!&'($)
> œ !Þ" !Þ"!!!%! !Þ"!!!&" !Þ"!!!%&

Note that the total number of time steps needed to reach  is .> œ !Þ" R œ %!!

a b- 2 À.  Using the Runge-Kutta method, comparisons are made for several values of 

2 œ !Þ" À

9 9a b a b> C C  >
> œ !Þ!& !Þ!&'($) !Þ!&(%"' !Þ!!!'()
> œ !Þ" !Þ"!!!%& !Þ"!!!&& !Þ!!!!"!

8 8 8

2 œ !Þ!!& À

9 9a b a b> C C  >
> œ !Þ!& !Þ!&'($) !Þ!&'('' !Þ!!!!#(
> œ !Þ" !Þ"!!!%& !Þ"!!!%' !Þ!!!!!!%

8 8 8

6 .  Using the method of , it is easy to show that the generala b+ undetermined coefficients
solution of the ODE is   Imposing the initial condition, it follows thatC > œ - /  > Þa b -> #

- œ ! > œ > Þ and hence the solution of the IVP is 9a b #

a b, 2 œ !Þ!".  Using the Runge-Kutta method, with , numerical solutions are generated
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for various values of - À

- œ " À

9 9a b k ka b> C C  >
> œ !Þ#& !Þ!'#& !Þ!'#%***ÞÞ # ‚ "!
> œ !Þ& !Þ#& !Þ#& !
> œ !Þ(& !Þ&'#& !Þ&'#& !
> œ "Þ! "Þ! "Þ! !

8 8 8
""

- œ "! À

9 9a b k ka b> C C  >

> œ !Þ#& !Þ!'#& !Þ!'#%**)ÞÞ #Þ#"& ‚ "!
> œ !Þ& !Þ#& !Þ#%***( #Þ*#! ‚ "!
> œ !Þ(& !Þ&'#& !Þ&'#%'% $Þ&(* ‚ "!

> œ "Þ! "Þ! !Þ***&'% %Þ$'# ‚

8 8 8
(

'

&

"!%

- œ #! À

9 9a b k ka b> C C  >
> œ !Þ#& !Þ!'#& !Þ!'#))*ÞÞ "Þ"! ‚ "!
> œ !Þ& !Þ#& !Þ#%)$%# "Þ'&) ‚ "!
> œ !Þ(& !Þ&'#& !Þ$"'%&) !Þ#%'!%#
> œ "Þ! "Þ!  $&Þ&"$* $'Þ&"$*

8 8 8
&

$

- œ &! À

9 9a b k ka b> C C  >
> œ !Þ#& !Þ!'#&  !Þ!%%)!$ÞÞ !Þ"!($!$
> œ !Þ& !Þ#&  #)''*Þ&& #)''*Þ)!%
> œ !Þ(& !Þ&'#&  (Þ''!"% ‚ "! (Þ''!"% ‚ "!

> œ "Þ! "Þ!  #Þ!%'') ‚ "!

8 8 8

* *

"& "&#Þ!%'') ‚ "!

The following table shows the calculated value, , at the  time stepC À" first

9 - - - -a b a b a b a b a b> C œ " C œ "! C œ #! C œ &!

"! *Þ***** ‚ "! *Þ***(* ‚ "! *Þ**)$$ ‚ "! *Þ*($*' ‚ "!
" " " "

% & & & &

a b a b- +.  Referring back to the  solution given in Part , if a  initial condition,exact nonzero
say , is specified, the solution of the IVP becomesC ! œa b &

9 &&
-a b> œ /  >> #.

We then have   It is evident that for any ,k k k ka b a b9 9 &>  > œ / Þ >  !&
->
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lim
-

&
Ä_

k ka b a b9 9>  > œ _ Þ

This implies that virtually any error introduced early in the calculations will be magnified
as .  The initial value problem is inherently .-p_ unstable
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Section 8.6

1.  In vector notation, the initial value problem can be written as

. B B  C  > "

.> C %B  #C !
œ ! œ ÞŒ  Œ  Œ a b,  x

a b+ .  The Euler formula is

Œ  Œ  Œ B B B  C  >

C C %B  #C
œ  2 Þ

8" 8 8 8 8

8" 8 8 8

That is,

B œ B  2 B  C  >

C œ C  2 %B  #C Þ
8" 8 8 8 8

8" 8 8 8

a ba b
With , we obtain the values2 œ !Þ"

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ#' "Þ(("% #Þ&)**" $Þ)#$(% &Þ'%#%'
C !Þ(' "Þ%)#% #Þ$(!$ $Þ'!%"$ &Þ$)))&

8

8

8

a b, .  The Runge-Kutta method uses the following intermediate calculations:

k

k

k

8 8 8 8 8 8

8 8 8 8 8 88 8 8 8

8 8 8 8 88 8 8

"
X

# " " " "
" # " #

X

$ # # #
" # "

œ B  C  > ß %B  #C

œ B  5  C  5  >  ß % B  5  # C  5
2 2 2 2 2

# # # # #

œ B  5  C  5  >  ß % B  5  #
2 2 2 2

# # # #

a b
” •Œ  Œ 
” •Œ  Œ 
c da b a b

C  5
2

#

œ B  25  C  25  >  2 ß % B  25  # C  25 Þ

8 8

8 8 8 8 8 88 8 8 8

#
#

X

% $ $ $ $
" # " # Xk

With , we obtain the values:2 œ !Þ#

8 œ " 8 œ # 8 œ $ 8 œ % 8 œ &
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ$#%*$ "Þ*$'(* #Þ*$%"% %Þ%)$") 'Þ)%#$'
C !Þ(&)*$$ "Þ&(*"* #Þ''!** %Þ##'$* 'Þ&'%&#

8

8

8

a b- Þ 2 œ !Þ"  With , we obtain
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8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ$#%)* "Þ*$'* #Þ*$%&* %Þ%)%## 'Þ)%%%
C !Þ(&*&"' "Þ&(*** #Þ''#!" %Þ##()% 'Þ&'')%

8

8

8

The exact solution of the IVP is

B > œ /  /  > 
# " #

* $ *

C > œ /  /  >  Þ
) # "

* $ *

a b
a b

#> $>

#> $>

3 .  The Euler formula isa b+
Œ  Œ  Œ B B  > B  C  "

C C B
œ  2 Þ

8" 8 8 8 8

8" 8 8

That is,

B œ B  2  > B  C  "

C œ C  2 B Þ
8" 8 8 8 8

8" 8 8

a ba b
With , we obtain the values2 œ !Þ"

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B !Þ&)# !Þ""(*'*  !Þ$$'*"#  !Þ($!!!(  "Þ!#"$%
C "Þ") "Þ#($%% "Þ#($)# "Þ")&(# "Þ!#$("

8

8

8

a b, .  The Runge-Kutta method uses the following intermediate calculations:

k

k

k

k

8 8 8 8 8

8 8 8 8 88 8 8

8 8 8 8 88 8 8

8

"
X

# " " "
" # "

X

$ # # #
" # "

X

%

œ  > B  C  "ß B

œ  >  B  5  C  5  " ß B  5
2 2 2 2

# # # #

œ  >  B  5  C  5  " ß B  5
2 2 2 2

# # # #

œ 

a b
” •Œ Œ  Œ 
” •Œ Œ  Œ 
c da ba b a b>  2 B  25  C  25  " ß B  25 Þ8 8 8 88 8 8$ $ $

" # " X
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With , we obtain the values:2 œ !Þ#

8 œ " 8 œ # 8 œ $ 8 œ % 8 œ &
> !Þ# !Þ% !Þ' !Þ) "Þ!
B !Þ&')%&" !Þ"!*(('  !Þ$##!)  !Þ')"#*'  !Þ*$()&#
C "Þ"&((& "Þ##&&' "Þ#!$%( "Þ"!"'# !Þ*$()&#

8

8

8

a b- Þ 2 œ !Þ"  With , we obtain

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B !Þ&')%& !Þ"!*(($  !Þ$##!)"  !Þ')"#*"  !Þ*$()%"
C "Þ"&((& "Þ##&&( "Þ#!$%( "Þ"!"'" !Þ*$()%

8

8

8

4 .  The Euler formula givesa b+
B œ B  2 B  C  B C

C œ C  2 $B  #C  B C Þ
8" 8 8 8 8 8

8" 8 8 8 8 8

a ba b
With , we obtain the values2 œ !Þ"

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B  !Þ"*)  !Þ$()(*'  !Þ&"*$#  !Þ&*%$#%  !Þ&))#()
C !Þ'") !Þ#)$#*  !Þ!$#"!#&  !Þ$#')!"  !Þ&(&%&

8

8

8

a b, .  Given

0 >ß Bß C œ B  C  BC

1 >ß Bß C œ $B  #C  BC

a ba b ,

the Runge-Kutta method uses the following intermediate calculations:

k

k

k

8 8 8 8 8 8 8

8

8

"
X

# 8 8 8 8 8 88" 8" 8" 8"
" # " #

X

$ 8 8 88# 8#
" #

œ 0 > ß B ß C ß 1 > ß B ß C

œ

œ

c da b a b
” •Œ  Œ 
” •Œ 
0 >  ß B  5 ß C  5 ß 1 >  ß B  5 ß C  5

2 2 2 2 2 2

# # # # # #

0 >  ß B  5 ß C  5
2 2 2

# # #
ß 1 >  ß B  5 ß C  5

2 2 2

# # #

0 >  2ß B  25 ß C  25 ß 1 >  2ß B  25 ß C  25

Œ 
 ‘ˆ ‰ ˆ ‰

8 8 88# 8#
" #

X

% 8 8 8 8 8 88$ 8$ 8$ 8$
" # " # Xk8 œ Þ
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With , we obtain the values:2 œ !Þ#

8 œ " 8 œ # 8 œ $ 8 œ % 8 œ &
> !Þ# !Þ% !Þ' !Þ) "Þ!
B  !Þ"*'*!%  !Þ$(#'%$  !Þ&!"$!#  !Þ&'"#(!  !Þ&%(!&$
C !Þ'$!*$' !Þ#*))))  !Þ!"""%#*  !Þ#))*%$  !Þ&!)$!$

8

8

8

a b- Þ 2 œ !Þ"  With , we obtain

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B  !Þ"*'*$&  !Þ$(#')(  !Þ&!"$%&  !Þ&'"#*#  !Þ&%(!$"
C !Þ'$!*$* !Þ#*))''  !Þ!""#")%  !Þ#)*!(  !Þ&!)%#(

8

8

8

5 .  The Euler formula givesa b+
B œ B  2 B "  !Þ& B  !Þ& C

C œ C  2 C  !Þ#&  !Þ& B Þ
8" 8 8 8 8

8" 8 8 8

c da bc da b
With , we obtain the values2 œ !Þ"

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B #Þ*'##& #Þ$%""* "Þ*!#$' "Þ&''!# "Þ#*(')
C "Þ$%&$) "Þ'("#" "Þ*("&) #Þ#$)*& #Þ%'($#

8

8

8

a b, .  Given

0 >ß Bß C œ B "  !Þ& B  !Þ& C

1 >ß Bß C œ C  !Þ#&  !Þ& B

a b a ba b a b ,

the Runge-Kutta method uses the following intermediate calculations:

k

k

k

8 8 8 8 8 8 8

8

8

"
X

# 8 8 8 8 8 88" 8" 8" 8"
" # " #

X

$ 8 8 88# 8#
" #

œ 0 > ß B ß C ß 1 > ß B ß C

œ

œ

c da b a b
” •Œ  Œ 
” •Œ 
0 >  ß B  5 ß C  5 ß 1 >  ß B  5 ß C  5

2 2 2 2 2 2

# # # # # #

0 >  ß B  5 ß C  5
2 2 2

# # #
ß 1 >  ß B  5 ß C  5

2 2 2

# # #

0 >  2ß B  25 ß C  25 ß 1 >  2ß B  25 ß C  25

Œ 
 ‘ˆ ‰ ˆ ‰

8 8 88# 8#
" #

X

% 8 8 8 8 8 88$ 8$ 8$ 8$
" # " # Xk8 œ Þ
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With , we obtain the values:2 œ !Þ#

8 œ " 8 œ # 8 œ $ 8 œ % 8 œ &
> !Þ# !Þ% !Þ' !Þ) "Þ!
B $Þ!'$$* #Þ%%%*( "Þ**"" "Þ'$)") "Þ$&&&
C "Þ$%)&) "Þ')'$) #Þ!!!$' #Þ#(*)" #Þ&"(&

8

8

8

a b- Þ 2 œ !Þ"  With , we obtain

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B $Þ!'$"% #Þ%%%'& "Þ**!(& "Þ'$()" "Þ$&&"%
C "Þ$%)** "Þ')'** #Þ!!"!( #Þ#)!&( #Þ&")#(

8

8

8

6 .  The Euler formula givesa b+
B œ B  2 /B:  B  C  -9= B

C œ C  2 =38 B  $ C Þ
8" 8 8 8 8

8" 8 8 8

c da bc da b
With , we obtain the values2 œ !Þ"

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ%#$)' "Þ)##$% #Þ#"(#) #Þ'""") #Þ**&&
C #Þ")*&( #Þ$'(*" #Þ&$$#* #Þ')('$ #Þ)$$&%

8

8

8

a b, .  The Runge-Kutta method uses the following intermediate calculations:

k

k

k

8 8 8 8 8 8 8

8

8

"
X

# 8 8 8 8 8 88" 8" 8" 8"
" # " #

X

$ 8 8 88# 8#
" #

œ 0 > ß B ß C ß 1 > ß B ß C

œ

œ

c da b a b
” •Œ  Œ 
” •Œ 
0 >  ß B  5 ß C  5 ß 1 >  ß B  5 ß C  5

2 2 2 2 2 2

# # # # # #

0 >  ß B  5 ß C  5
2 2 2

# # #
ß 1 >  ß B  5 ß C  5

2 2 2

# # #

0 >  2ß B  25 ß C  25 ß 1 >  2ß B  25 ß C  25

Œ 
 ‘ˆ ‰ ˆ ‰

8 8 88# 8#
" #

X

% 8 8 8 8 8 88$ 8$ 8$ 8$
" # " # Xk8 œ Þ
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With , we obtain the values:2 œ !Þ#

8 œ " 8 œ # 8 œ $ 8 œ % 8 œ &
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ%"&"$ "Þ)"#!) #Þ#!'$& #Þ&*)#' #Þ*()!'
C #Þ")'** #Þ$'#$$ #Þ&#&) #Þ'(*% #Þ)#%)(

8

8

8

a b- Þ 2 œ !Þ"  With , we obtain

8 œ # 8 œ % 8 œ ' 8 œ ) 8 œ "!
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ%"&"$ "Þ)"#!* #Þ#!'$& #Þ&*)#' #Þ*()!'
C #Þ")'** #Þ$'#$$ #Þ&#&)" #Þ'(*%" #Þ)#%))

8

8

8

7.  The Runge-Kutta method uses the following intermediate calculations:

k

k

k

k

8 8 8 8 8

8

8

8

"
X

# 8 8 8 88" 8" 8" 8"
" # " #

X

$ 8 8 8 88# 8# 8# 8#
" # " #

X

%

œ B  % C ß  B  C

œ

œ

œ

c d
” •Œ  Œ 
” •Œ  Œ 
B  5  % C  5 ß  B  5  C  5

2 2 2 2

# # # #

B  5  % C  5 ß  B  5  C  5
2 2 2 2

# # # #

 ‘ˆ ‰ ˆ ‰B  25  % C  25 ß  B  25  C  258 8 8 88$ 8$ 8$ 8$
" # " # X

Þ

Using , we obtain the following values:2 œ !Þ!%

8 œ & 8 œ "! 8 œ "& 8 œ #! 8 œ #&
> !Þ# !Þ% !Þ' !Þ) "Þ!
B "Þ$#!% "Þ**&# $Þ#**# &Þ($'# "!Þ##(
C  !Þ#&!)&  !Þ''#%&  "Þ$(&#  #Þ'%$&  %Þ*#*%

8

8

8

The exact solution is given by

9 <a b a b> œ > œ
/  / /  /

# %

> $> > $>

,  ,

and the associated tabulated values:

8 œ & 8 œ "! 8 œ "& 8 œ #! 8 œ #&
> !Þ# !Þ% !Þ' !Þ) "Þ!

> "Þ$#!% "Þ**&# $Þ#**# &Þ($'# "!Þ##(
>  !Þ#&!)&  !Þ''#%&  "Þ$(&#  #Þ'%$&  %Þ*#*%

8

8

8

9

<

a ba b
8.  Let .  The second order ODE can be transformed into the first order systemC œ Bw
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B œ C

C œ >  $B  > C

w

w # ,

with initial conditions , .  GivenB ! œ " C ! œ #a b a b
0 >ß Bß C œ C

1 >ß Bß C œ >  $B  > C

a ba b # ,

the Runge-Kutta method uses the following intermediate calculations:

k

k

k

k

8 8 8 8 88
#

8 8 8 8 88" 8" 8"
# " #

8 8 8 8 88# 8# 8#
# " #

8 8 8$
#

"

X

#

X

$

X

%

œ C ß >  $B  > C

œ C  5 ß 1 >  ß B  5 ß C  5
2 2 2 2

# # # #

œ C  5 ß 1 >  ß B  5 ß C  5
2 2 2 2

# # # #

œ C  25 ß 1

 ‘
” •Œ 
” •Œ 
 ‘ˆ ‰>  2ß B  25 ß C  25 Þ8 8 88$ 8$

" # X

With , we obtain the following values:2 œ !Þ"

8 œ & 8 œ "!
> !Þ& "Þ!
B "Þ&%$ !Þ!(!(&
C "Þ"%(%$  "Þ$))&

8

8

8

9.  The predictor formulas are

B œ B  && 0  &* 0  $( 0  * 0
2

#%

C œ C  && 1  &* 1  $( 1  * 1 Þ
2

#%

8 8 8 8 8 8

8 8 8 8 8 8

" " # $

" " # $

a b
a b

With  and , the formulas are0 œ B  % C 1 œ  B  C8 8 8 8 8 8" " " " " " corrector 

B œ B  * 0  "* 0  & 0  0
2

#%

C œ C  * 1  "* 1  & 1  1 Þ
2

#%

8 8 8 8 8 8

8 8 8 8 8 8

" " " #

" " " #

a b
a b
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We use the starting values from the exact solution À

8 œ ! 8 œ " 8 œ # 8 œ $
> ! !Þ" !Þ# !Þ$
B "Þ! "Þ"#))$ "Þ$#!%# "Þ'!!#"
C !Þ!  !Þ""!&(  !Þ#&!)%(  !Þ%#*'*'

8

8

8

One time step using the predictor-corrector method results in the approximate values:

8 œ % :</ 8 œ % -9<
> !Þ% !Þ%
B "Þ**%%& "Þ**&#"
C  !Þ''#!'%  !Þ''#%%#

a b a b
8

8

8


