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Chapter Five

Section 5.1

1.  Apply the ratio test :

lim lim
8Ä_ 8Ä_

8"

8

¸ ¸a bk ka b k k k kB  $

B  $
œ B  $ œ B  $ Þ

Hence the series converges absolutely for .  The radius of convergence isk kB  $  "
3 œ " B œ # B œ %.  The series diverges for  and , since the n-th term does not approach
zero.

3.  Applying the ratio test,

lim lim
8Ä_ 8Ä_

#8# #

#8

k kk ka b8x B B

8  " x B 8  "
œ œ ! Þ

The series converges absolutely for all values of .  Thus the radius of convergence isB
3 œ _ .

4.  Apply the ratio test :

lim lim
8Ä_ 8Ä_

8" 8"

8 8

k kk k k k k k# B

# B
œ # B œ # B Þ

Hence the series converges absolutely for , or .  T# B B  "Î#k k k k he radius of convergence
is .   term does not approach3 œ "Î# The series diverges for , since the B œ „"Î# n-th
zero.

6.  Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

¸ ¸a bk ka ba b k k k ka b a b8 B  B

8  " B  B 8  "
œ B  B œ B  B Þ

8!

!
! !

Hence the series converges absolutely for .  The radius of convergence isk ka bB  B  "!

3 œ " B œ B  ".  At , we obtain the At the other! harmonic series divergent, which is .  
endpoint, , we obtainB œ B  "!

"a b
8œ"

_ 8 "

8
,

which is conditionally convergent.

7.  Apply the ratio test :
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lim lim
8Ä_ 8Ä_

8 # 8"

8" # #8

#¸ ¸a b a bk ka b a b k k k ka b a b$ 8  " B  #

$ 8 B  # $8 $
œ B  # œ B  # Þ

8  " "

Hence the series converges absolutely for , or .  T"
$ k k k kB  #  " B  #  $ he radius of

convergence is .  3 œ $ At  and , the series diverges, since the B œ  & B œ  " n-th
term does not approach zero.

8.  Applying the ratio test,

lim lim
8Ä_ 8Ä_

8 8" 8

8" 8 8

k ka b¸ ¸a b a b k k k k8 8  " x B 8 "

8  " 8x B
œ B œ B

8  " /
,

since

lim lim
8Ä_ 8Ä_

8

8

8
"8 "

8  " 8
œ "  œ /a b Œ    .

Hence the series converges absolutely for .  Tk kB  / he radius of convergence is .3 œ /
At , the series , since the B œ „/ diverges n-th term does not approach zero.  This follows
from the fact that

lim
8Ä_

8

8

8x /

8 # 8
œ "

 
.È 1

10.  We have , with , for .  Therefore .0 B œ / 0 B œ / 8 œ "ß #ßâ 0 ! œ "a b a b a bB 8 B 8a b a b
Hence the Taylor expansion about  isB œ !!

/ œ
B

8x
B

8œ!

_ 8" .

Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

k kk ka b k k8xB "

8  " x B 8  "
œ B œ !.

The radius of convergence is .3 œ _

11.  We have , with  and , for .  Clearly,0 B œ B 0 B œ " 0 B œ ! 8 œ #ßâa b a b a bw 8a b
0 " œ " 0 " œ "a b a band , with all other derivatives equal to .  Hence the Taylorw zero
expansion about  isB œ "!

B œ "  B  " Þa b
Since the series has only a finite number of terms, the converges absolutely for all  .B

14.  We have , , ,0 B œ "Î "  B 0 B œ  "Î "  B 0 B œ #Î "  B âa b a b a b a b a b a bw ww# $

with , for .  It follows that 0 B œ  " 8xÎ "  B 8   " 0 ! œ  " 8xa b a b8 88 8a b a b a b a b a b8"
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for .  Hence the Taylor expansion about  is8   ! B œ !!

"

"  B
œ  " B" a b

8œ!

_
8 8.

Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

k kk k k k k kB

B
œ B œ B .

The series converges absolutely for , but diverges at .k kB  " B œ „"

15.  We have , , ,0 B œ "Î "  B 0 B œ "Î "  B 0 B œ #Î "  B âa b a b a b a b a b a bw ww# $

with , for .  It follows that , for .0 B œ 8xÎ "  B 8   " 0 ! œ 8x 8   !a b a b8 8a b a b a b8"

Hence the Taylor expansion about  isB œ !!

"

"  B
œ B"

8œ!

_
8.

Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

k kk k k k k kB

B
œ B œ B .

The series converges absolutely for , but diverges at .k kB  " B œ „"

16.  We have , , ,0 B œ "Î "  B 0 B œ "Î "  B 0 B œ #Î "  B âa b a b a b a b a b a bw ww# $

with , for .  It follows that  for0 B œ 8xÎ "  B 8   " 0 # œ  " 8xa b a b8 8 8"a b a b a b a b8"

8   ! B œ #.  Hence the Taylor expansion about  is!

"

"  B
œ   " B  #" a b a b

8œ!

_
8 8.

Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

¸ ¸a bk ka b k k k kB  #

B  #
œ B  # œ B  # .

The series converges absolutely for , but diverges at  and .k kB  #  " B œ " B œ $

17.  Applying the ratio test,

lim lim
8Ä_ 8Ä_

8"

8

k ka bk k k k k k8  " B 8  "

8B 8
œ B œ B .

The series converges absolutely for .  Term-by-term differentiation results ink kB  "
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C œ 8 B œ "  %B  *B  "'B âw # 8" # $

8œ"

_"

C œ 8 8  " B œ %  ")B  %)B  "!!B âww # 8# # $

8œ#

_" a b
Shifting the indices, we can also write

C œ 8  " B C œ 8  # 8  " B Þw 8 ww 8

8œ! 8œ!

_ _
# #" "a b a b a b   and    

20.  Shifting the index in the second series, that is, setting ,8 œ 5  "

" "
5 œ!

_ _
5" 8

8œ"

8"+ B œ + B5 .

Hence

" " " "
"a b

5 œ! 5 œ! 5 œ! 5 œ"

_ _ _ _
5 5" 5 5

5

" 5" 5"

5 œ"

_
5"

+ B  + B œ + B  + B

œ +  +  + B Þ

5" 5" 5"

21.  , that is, setting ,Shifting the index by # 7 œ 8  #

" "a b a ba b
"a ba b

8œ# 7œ!

_ _

8 7#
8# 7

8œ!

_

8#
8

8 8  " + B œ 7 # 7 " + B

œ 8  # 8  " + B Þ

22.   , that is, set .  It follows thatShift the index by down # 7 œ 8  #

" "
"

8œ! 7œ#

_ _

8 7#
8# 7

8œ#

_

8#
8

+ B œ + B

œ + B Þ

24.  Clearly,
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ˆ ‰" " "a b a b a b"  B 8 8  " + B œ 8 8  " + B  8 8  " + B Þ# 8# 8# 8

8œ# 8œ# 8œ#

_ _ _

8 8 8

Shifting the index in the first series, that is, setting ,5 œ 8  #

" "a b a ba b
"a ba b

8œ#

_ _

8 5#
8# 5

5 œ!

8œ!

_

8#
8

8 8  " + B œ 5  # 5  " + B

œ 8  # 8  " + B Þ

Hence

ˆ ‰"  B# " " "a b a ba b a b
8œ# 8œ! 8œ#

_ _ _

8 8# 8
8# 8 88 8  " + B œ 8  # 8  " + B  8 8  " + B .

Note that when  and , the coefficients in the  series are .  So that8 œ ! 8 œ " second zero

ˆ ‰"  B# " "a b c da ba b a b
8œ# 8œ!

_ _

8 8# 8
8# 88 8  " + B œ 8  # 8  " +  8 8  " + B Þ

26.  Clearly,

" " " "
8œ" 8œ! 8œ" 8œ!

_ _ _ _

8 8 8 8
8" 8 8" 8"8+ B  B + B œ 8+ B  + B Þ

Shifting the index in the first series, that is, setting ,5 œ 8  "

" "a b
8œ"

_ _

8 5"
8" 5

5 œ!

8+ B œ 5  " + B Þ

Shifting the index in the second series, that is, setting ,5 œ 8  "

" "
8œ!

_ _

8 5"
8" 5

5 œ"

+ B œ + B Þ

Combining the series, and starting the summation at ,8 œ "

" " "c da b
8œ" 8œ! 8œ"

_ _ _

8 8 " 8" 8"
8" 8 88+ B  B + B œ +  8  " +  + B Þ

27.  We note that
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B 8 8  " + B  + B œ 8 8  " + B  + B Þ" " " "a b a b
8œ# 8œ! 8œ# 8œ!

_ _ _ _

8 8 8 8
8# 8 8" 8

Shifting the index in the first series, that is, setting ,5 œ 8  "

" "a b a b
" a b

8œ#

_ _

8 5"
8" 5

5 œ"

5 œ!

_

5"
5

8 8  " + B œ 5 5  " + B

œ 5 5  " + B ,

since the coefficient of the term associated with  is .  Combining the series,5 œ ! zero

B 8 8  " + B  + B œ 8 8  " +  + B Þ" " "a b c da b
8œ# 8œ! 8œ!

_ _ _

8 8 8" 8
8# 8 8
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Section 5.2

1.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

" "a ba b
8œ! 8œ!

_ _

8# 8
8 88  # 8  " + B  + B œ !

or

" c da ba b
8œ!

_

8# 8
88  # 8  " +  + B œ ! Þ

Equating all the coefficients to zero,

a ba b8  # 8  " +  + œ ! 8 œ !ß "ß #ßâ Þ8# 8 ,       

We obtain the recurrence relation

+ œ 8 œ !ß "ß #ßâ Þ
+

8  " 8  #
8#

8a ba b ,      

The subscripts differ by , so for two 5 œ "ß #ßâ

+ œ œ œ â œ
+ + +

#5  " #5 #5  $ #5  # #5  " #5 #5 x
#5

#5# #5% !a b a ba ba b a b
and

+ œ œ œ â œ Þ
+ + +

#5 #5  " #5  # #5  " #5 #5  " #5  " x
#5"

#5" #5$ "a b a ba b a b a b
Hence

C œ +  + Þ
B B

#5 x #5  " x
! "

5 œ! 5 œ!

_ _#5 #5"" "a b a b
The linearly independent solutions are

C œ + "    â œ + -9=2 B
B B B

#x %x 'x
" ! !

# % 'Œ 

C œ + B    â œ + =382 B
B B B

$x &x (x
# " "

$ & (Œ  .
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4.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

" "a ba b
8œ! 8œ!

_ _

8# 8
8 # # 88  # 8  " + B  5 B + B œ ! .

Rewriting the second summation,

" "a ba b
8œ! 8œ#

_ _

8# 8#
8 # 88  # 8  " + B  5 + B œ ! ,

that is,

#+  $ † # + B  8  # 8  " +  5 + B œ ! Þ# $ 8# 8#

8œ#

_
# 8"  ‘a ba b

Setting the coefficients equal to zero, we have , , and+ œ ! + œ !# $

a ba b8  # 8  " +  5 + œ ! 8 œ #ß $ß %ßâ Þ8# 8#
# ,    for  

The recurrence relation can be written as

+ œ  8 œ #ß $ß %ßâ
5 +

8  # 8  "
8#

#
8#a ba b ,    .

The indices differ by , so , , ,  are defined byfour + + + â% ) "#

+ œ  + œ  + œ  â
5 + 5 + 5 +

% † $ ) † ( "# † ""
% )

# # #
! % ),  , , ."#

Similarly, , , ,  are defined by+ + + â& * "$

+ œ  + œ  + œ  â
5 + 5 + 5 +

& † % * † ) "$ † "#
& *

# # #
" & *,  , , ."$

The remaining coefficients are .  Therefore the general solution iszero

C œ + "  B  B  B â 
5 5 5

% † $ ) † ( † % † $ "# † "" † ) † ( † % † $

 + B  B  B  B â
5 5 5

& † % * † ) † & † % "$ † "# † * † ) † % † %

!

# % '
% ) "#

"

# % '
& * "$

” •
” •.

Note that for the  coefficients,even
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+ œ  7 œ "ß #ß $ßâ
5 +

%7 " %7
%7

#
%7%a b ,    

and for the  coefficients,odd

+ œ  7 œ "ß #ß $ßâ
5 +

%7 %7 "
%7"

#
%7$a b ,    .

Hence the linearly independent solutions are

C B œ " 
 " 5 B

$ † % † ( † )â %7 $ %7 %
"a b " a b ˆ ‰

a ba b
7œ!

_ 7" # % 7"

C B œ B "  Þ
 " 5 B

% † & † ) † *â %7 % %7 &
#a b – —" a b ˆ ‰

a ba b
7œ!

_ 7" # % 7"

6.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

ˆ ‰" " "a ba b a b#  B 8  # 8  " + B  B 8  " + B  % + B œ !# 8 8 8

8œ! 8œ! 8œ!

_ _ _

8# 8" 8 .

Before proceeding, write

B 8  # 8  " + B œ 8 8  " + B# 8 8

8œ! 8œ#

_ _

8# 8" "a ba b a b
and

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

It follows that

%+  %+  $+  "#+ # 8  # 8  " +  8 8  " +  8+  %+! # " $ 8# 8 8 8a b a ba b a bB  B œ !" c d
8œ#

_
8 .
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Equating the coefficients to zero, we find that , , and+ œ  + + œ  + Î%# ! $ "

+ œ  + 8 œ !ß "ß #ßâ
8  #8  %

# 8  # 8  "
8# 8

#

a ba b ,   .

The indices differ by , so for two 5 œ !ß "ß #ßâ

+ œ  +
#5  %5  %

# #5  # #5  "
#5# #5

#a ba ba b
and

+ œ  + Þ
#5  "  %5  #

# #5  $ #5  #
#5$ #5"

#a ba ba b
Hence the linearly independent solutions are

C B œ "  B   â
B B

' $!
"a b #

% '

C B œ B    âÞ
B (B "*B

% "'! "*#!
#a b $ & (

7.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8 8 88  # 8  " + B  B 8  " + B  # + B œ ! .

First write

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

We then obtain

#+  #+  8  # 8  " +  8+  #+ B œ ! Þ# ! 8# 8 8

8œ"

_
8"c da ba b
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It follows that  and , .  Note that t+ œ  + + œ  + Î 8  " 8 œ !ß "ß #ßâ# ! 8# 8 a b he
indices differ by , so for two 5 œ "ß #ßâ

+ œ  œ œ â œ
+ +  " +

#5  " #5  $ #5  " " † $ † &â #5  "
#5

#5# #5% !
5

a ba b a ba b
and

+ œ  œ œ â œ Þ
+ +  " +

#5 #5  # #5 # † % † 'â #5
#5"

#5" #5$ "
5

a b a ba b
Hence the linearly independent solutions are

C B œ "    â œ " 
B B B

" " † $ " † $ † &
"a b "# % '

8œ"

_ a ba b " B

" † $ † &â #8  "

8 #8

C B œ B    â œ B Þ
B B B

# # † % # † % † '
#a b "$ & (

8œ"

_ a b a b " B

# † % † 'â #8

8 #8"

9.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

ˆ ‰" " "a ba b a b"  B 8  # 8  " + B  %B 8  " + B  ' + B œ !# 8 8 8

8œ! 8œ! 8œ!

_ _ _

8# 8" 8 .

Before proceeding, write

B 8  # 8  " + B œ 8 8  " + B# 8 8

8œ! 8œ#

_ _

8# 8" "a ba b a b
and

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

It follows that
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'+  #+  #+  '+ 8  # 8  " +  8 8  " +  %8 +  '+! # " $ 8# 8 8 8a b a ba b a bB  B œ !" c d
8œ#

_
8 .

Setting the coefficients equal to zero, we obtain , , and+ œ  $+ + œ  + Î$# ! $ "

+ œ  + 8 œ !ß "ß #ßâ
8  # 8  $

8  " 8  #
8# 8

a ba ba ba b ,   .

Observe that for  and , we obtain .  Since the indices differ by8 œ # 8 œ $ + œ + œ !% &

two, we also have  for .  Therefore the general solution is a polynomial+ œ ! 8   %8

C œ +  + B  $+ B  + B Î$! " ! "
# $ .

Hence the linearly independent solutions are

C B œ "  $B C B œ B  B Î$" #a b a b# $    and    .

10.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

ˆ ‰" "a ba b%  B 8  # 8  " + B  # + B œ ! Þ# 8 8

8œ! 8œ!

_ _

8# 8

First write

B 8  # 8  " + B œ 8 8  " + B# 8 8

8œ! 8œ#

_ _

8# 8" "a ba b a b .

It follows that

#+  )+  #+  #%+ B  B œ !! # " $

8œ#

_
8a b c d" % 8  # 8  " +  8 8  " +  #+a ba b a b8# 8 8 .

We obtain ,  and+ œ  + Î% + œ  + Î"## ! $ "

% 8  # + œ 8  # + 8 œ !ß "ß #ßâa b a b8# 8 ,   .

Note that for , .  Since the indices differ by 8 œ # + œ !% two, we also have  for+ œ !#5

5 œ #ß $ßâ 5 œ "ß #ßâ.  On the other hand, for ,

+ œ œ œ â œ Þ
#5  $ + #5  & #5  $ +  +

% #5  " % #5  " #5  " % #5  " #5  "
#5"

#5" #5$ "

# 5

a b a ba ba b a ba b a ba b
Therefore the general solution is



—————————————————————————— ——CHAPTER 5. 

________________________________________________________________________
            page 181

C œ +  + B  +  +
B B

% % #8  " #8  "
! " ! "

# #8"

8œ"

_

8
" a ba b .

Hence the linearly independent solutions are  andC B œ "  B Î%"a b #

C B œ B    â œ B
B B B

"# #%! ##%!
#a b $ & ( " a ba b

8œ"

_ #8"

8

B

% #8  " #8  "
.

11.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

ˆ ‰" " "a ba b a b$  B 8  # 8  " + B  $B 8  " + B  + B œ !# 8 8 8

8œ! 8œ! 8œ!

_ _ _

8# 8" 8 .

Before proceeding, write

B 8  # 8  " + B œ 8 8  " + B# 8 8

8œ! 8œ#

_ _

8# 8" "a ba b a b
and

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

It follows that

'+  +   %+  ")+ 8  # 8  " +  8 8  " +  $8 +  +# ! " $ 8# 8 8 8a b a ba b a bB  $ B œ !" c d
8œ#

_
8 .

We obtain , , and+ œ + Î' #+ œ + Î*# ! $ "

$ 8  # + œ 8  " + 8 œ !ß "ß #ßâa b a b8# 8 ,   .

The indices differ by , so for two 5 œ "ß #ßâ

+ œ œ œ â œ
#5  " + #5  $ #5  " + $ † &â #5  " +

$ #5 $ #5  # #5 $ † # † %â #5
#5

#5# #5% !

# 5

a b a ba b a ba b a ba b a b
and
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+ œ œ œ â œ Þ
#5 + #5  # #5 + # † % † 'â #5 +

$ #5  " $ #5  " #5  " $ † $ † &â #5  "
#5"

#5" #5$ "

# 5

a b a ba b a ba b a ba b a b
Hence the linearly independent solutions are

C B œ "    â œ " 
B B &B

' #% %$#
"a b "# % '

8œ"

_ $ † &â #8  " B

$ † # † %â #8

a ba b
#8

8

C B œ B    â œ B Þ
#B )B "'B

* "$& *%&
#a b "$ & (

8œ"

_ # † % † 'â #8 B

$ † $ † &â #8  "

a ba b
#8"

8

12.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

a b a ba b a b" " ""  B 8  # 8  " + B  B 8  " + B  + B œ !
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8 8 8 .

Before proceeding, write

B 8  # 8  " + B œ 8  " 8+ B" "a ba b a b
8œ! 8œ"

_ _

8# 8"
8 8

and

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

It follows that

#+  +  8  # 8  " +  8  " 8+  8+  + B œ !# ! 8# 8" 8 8

8œ"

_
8" c da ba b a b .

We obtain  and+ œ + Î## !

a ba b a b a b8  # 8  " +  8  " 8+  8  " + œ !8# 8" 8

for .  Writing out the individual equations,8 œ !ß "ß #ßâ
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$ † # +  # † " + œ !

% † $ +  $ † # +  + œ !

& † % +  % † $ +  # + œ !

' † & +  & † % +  $ + œ !

ã

$ #

% $ #

& % $

' & %

                      

The coefficients can be calculated successively as  , + œ + Î # † $ + œ + Î#  + Î"#$ ! % $ #a b
œ + Î#% + œ $+ Î&  + Î"! œ + Î"#! â 8   # +! & % $ ! 8, , .  We can now see that for ,  is

proportional to .  In fact, for , .  Therefore the general solution is+ 8   # + œ + Î 8x! 8 ! a b
C œ +  + B    â

+ B + B + B

#x $x %x
! "

! ! !
# $ %

.

Hence the linearly independent solutions are  andC B œ B#a b
C B œ "  Þ

B

8x
"a b "

8œ#

_ 8

13.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

# 8  # 8  " + B  B 8  " + B  $ + B œ !" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8 8 8 .

First write

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

We then obtain

%+  $+  # 8  # 8  " +  8+  $+ B œ ! Þ# ! 8# 8 8

8œ"

_
8"c da ba b

It follows that  and+ œ  $+ Î%# !

# 8  # 8  " +  8  $ + œ !a ba b a b8# 8
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for .  T8 œ !ß "ß #ßâ he indices differ by , so for two 5 œ "ß #ßâ

+ œ  œ œ â
#5  " + #5  " #5  " +

# #5  " #5 # #5  $ #5  # #5  " #5

œ + Þ
 " $ † &â #5  "

# #5 x

#5
#5# #5%

#

5

5 !

a b a ba ba ba b a ba ba ba ba b a ba b
and

+ œ  œ œ â
#5  # + #5 #5  # +

# #5 #5  " # #5  # #5  " #5 #5  "

œ + Þ
 " % † 'â #5 #5  #

# #5  " x

#5"
#5" #5$

#

5

5 "

a b a ba ba ba b a ba ba ba ba b a ba ba b
Hence the linearly independent solutions are

C B œ "  B  B  B â œ B
$ & (  " $ † &â #8  "

% $# $)% # #8 x
"a b "a b a ba b# % ' #8

8œ!

_ 8

8

C B œ B  B  B  B â œ B B Þ
" " "  " % † 'â #8  #

$ #! #"! # #8  " x
#a b "a b a ba b$ & ( #8"

8œ"

_ 8

8

15 .  From Prob. , we havea b+ #

C B œ C B œ
B # 8x B

# 8x #8  " x
"a b a b" " a b

8œ! 8œ!

_ _#8 8 #8"

8 #   and    . 

Since  and ,  we have .  That is,+ œ C ! + œ C ! C B œ # C B  C B! "
wa b a b a b a b a b" #

C B œ #  B  B  B  B  B  B â
" " " "

$ % "& #%
a b # $ % & ' .

The  and term polynomial approximations arefour- five-

: œ #  B  B  B Î$

: œ #  B  B  B Î$  B Î% Þ

%
# $

&
# $ %
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a b, .

a b a b- : "!.  The  approximation  appears to be reasonably accurate within four-term %%

on the interval .k kB  !Þ(

17 .  From Prob. , the linearly independent solutions area b+ (

C B œ " "a b "
8œ"

_ a ba b " B

" † $ † &â #8  "

8 #8

C B œ B  Þ#a b "
8œ"

_ a b a b " B

# † % † 'â #8

8 #8"

Since  and ,  we have .  That is,+ œ C ! + œ C ! C B œ % C B  C B! "
wa b a b a b a b a b" #

C B œ %  B  %B  B  B  B  B â
" % " %

# $ ) "&
a b # $ % & ' .

The  and term polynomial approximations arefour- five-

: œ %  B  %B  B
"

#

: œ %  B  %B  B  B Þ
" %

# $

%
# $

&
# $ %
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a b, .

a b a b- : "!.  The  approximation  appears to be reasonably accurate within four-term %%

on the interval .k kB  !Þ&

18 .  From Prob. , we havea b+ "#

C B C B œ B"a b a bœ " 
B

8x
"
8œ#

_ 8

   and    . #

Since  and ,  we have .  That is,+ œ C ! + œ C ! C B œ  $C B  # C B! "
wa b a b a b a b a b" #

C B œ  $  #B  B  B  B  B  B â
$ " " " "

# # ) %! #%!
a b # $ % & ' .

The  and term polynomial approximations arefour- five-

: œ  $  #B  B  B
$ "

# #

: œ  $  #B  B  B  B Þ
$ " "

# # )

%
# $

&
# $ %
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a b, .

a b a b- : "!.  The  approximation  appears to be reasonably accurate within four-term %%

on the interval .k kB  !Þ*

20.  Two linearly independent solutions of   about  areAiry's equation a bB œ !!

C B œ " 
B

# † $â $8  " $8
"a b " a ba b

8œ"

_ $8

C B œ B  Þ
B

$ † %â $8 $8  "
#a b " a ba b

8œ"

_ $8"

Applying the  to the terms of ,ratio test C B"a b
lim lim

8Ä_ 8Ä_

$8$

$8
$k kk k k k# † $â $8  " $8

# † $â $8  # $8  $ $8  " $8  # $8  $

a ba ba ba b a ba ba bB "

B
œ B œ ! Þ

Similarly, applying the  to the terms of ,ratio test C B#a b
lim lim

8Ä_ 8Ä_

$8%

$8"
$

¸ ¸
k k k k$ † %â $8 $8  "

$ † %â $8  $ $8  % $8  # $8  $ $8  %

a ba ba ba b a ba ba bB

B
œ B œ ! Þ

"

Hence both series converge absolutely for all .B

21.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and
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C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

" " "a ba b a b
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8 8 88  # 8  " + B  #B 8  " + B  + B œ !- .

First write

B 8  " + B œ 8+ B Þ" "a b
8œ! 8œ"

_ _

8" 8
8 8

We then obtain

#+  +  8  # 8  " +  #8+  + B œ ! Þ# ! 8# 8 8

8œ"

_
8- -"c da ba b

Setting the coefficients equal to zero, it follows that

+ œ +
#8 

8  " 8  #
8# 8

a ba ba b-

for .  Note that he indices differ by , so for 8 œ !ß "ß #ßâ 5 œ "ß #ßât two

+ œ œ œ â
%5  %  + %5  )  %5  %  +

#5  " #5 #5  $ #5  # #5  " #5

œ  " + Þ
â  %5  )  %5  %

#5 x

#5
#5# #5%

5
!

a b a ba ba b a ba ba b
a b a ba ba b

- - -

- - -

and

+ œ œ œ â
%5  #  + %5  '  %5  #  +

#5 #5  " #5  # #5  " #5 #5  "

œ  " + Þ
 # â  %5  '  %5  #

#5  " x

#5"
#5" #5$

5
"

a b a ba ba b a ba b a b
a b a b a ba ba b

- - -

- - -

Hence the linearly independent solutions of the  about  areHermite equation a bB œ !!

C B œ "  B  B  B â
#x %x ' x

 %  %  )
"a b a b a ba b- - - - - -# % '

C B œ B  B  B  B âÞ
 #  #  '  #  '  "!

$ x & x ( x
#a b a ba b a ba ba b- - - - - -$ & (

a b, .  Based on the recurrence relation
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+ œ +
#8 

8  " 8  #
8# 8

a ba ba b-
,

the series solution will  as long as  is a  even integer.  If ,terminate nonnegative- - œ #7
then  of the solutions in Part  will contain at most  terms.  Inone or the other a b, 7Î#  "
particular, we obtain the polynomial solutions corresponding to - œ !ß #ß %ß 'ß )ß "! À

-

-

-

-

-

-

œ ! C B œ "
œ # C B œ B

œ % C B œ "  #B

œ ' C B œ B  #B Î$

œ ) C B œ "  %B  %B Î$

œ "! C B œ B  %B Î$  %B Î"&

"

#

"

#

"

#

a ba ba ba ba ba b

#

$

# %

$ &

a b- œ #8 + œ + œ ".  Observe that if , and , then- ! "

+ œ  "
#8â #8  %5  ) #8  %5  %

#5 x
#5

5a b a ba ba b
and

+ œ  " Þ
#8  # â #8  %5  ' #8  %5  #

#5  " x
#5"

5a b a b a ba ba b
for .  It follows that the  of , in  and , is5 œ "ß #ßâ 8Î# B C Cc d coefficient 8

" #

+ œ
 " 8 œ #5

 " 8 œ #5  "
8

5 % 5x
#5 x

5 % 5x
#5" x

Ú
ÛÜ

a b
a b

5

5

a b
a b

  for 

  for 

Then by definition,

L B œ
# C B œ C B 8 œ #5

# C B œ C B 8 œ #5  "
8

8 #5 x #5 x
% 5x 5x

8 #5" x # #5" x
% 5x 5x

a b  a b a b
a b a b

a b a b
a b a b
 "  "

 "  "

5 5
" "

5 5
# #

  

  

a b a b
a b a b5

5

  for 
  for  

Therefore the first six  areHermite polynomials

L B œ "

L B œ #B

L B œ %B  #

L B œ )B  "#B

L B œ "'B  %)B  "#

L B œ $#B  "'!B  "#!B

!

"

#
#

$
)

%
% #

&
& $

a ba ba ba ba ba b
23.  The series solution is given by
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C B œ "  B  B  B  B âÞ
" " " "

# # #x # $x # %x
a b # % ' )

# $ %

24.  The series solution is given by

C B œ "  B    â
B B B

' $! "#!
a b #

% ' )

.

25.  The series solution is given by

C B œ B     â
B B B B

# # † % # † % † ' # † % † ' † )
a b $ & ( *

.
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26.  The series solution is given by

C B œ B     âÞ
B B B B

"# #%! ##%! "'"#)
a b $ & ( *

27.  The series solution is given by

C B œ "    â
B B B

"# '(# ))(!%
a b % ) "#

.
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28.  Let .  ThenC œ +  + B  + B â + B â! " #
# 8

8

C œ 8+ B œ 8  " + Bw 8" 8

8œ" 8œ!

_ _

8 8"" "a b
and

C œ 8 8  " + B œ 8  # 8  " + B Þww 8# 8

8œ# 8œ!

_ _

8 8#" "a b a ba b
Substitution into the ODE results in

a b a ba b a b" " ""  B 8  # 8  " + B  B 8  " + B  # + B œ !
8œ! 8œ! 8œ!

_ _ _

8# 8" 8
8 8 8 .

After appropriately shifting the indices, it follows that

#+  #+  8  # 8  " +  8  " 8+  8+  #+ B œ !# ! 8# 8" 8 8

8œ"

_
8" c da ba b a b .

We find that  and+ œ +# !

a ba b a b a b8  # 8  " +  8  " 8+  8  # + œ !8# 8" 8

for .  Writing out the individual equations,8 œ "ß #ßâ

$ † # +  # † " +  + œ !

% † $ +  $ † # + œ !

& † % +  % † $ +  + œ !

' † & +  & † % +  # + œ !

ã

$ # "

% $

& % $

' & %

                      

Since  and , the remaining coefficients satisfy the equations+ œ ! + œ "! "
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$ † # +  " œ !

% † $ +  $ † # + œ !

& † % +  % † $ +  + œ !

' † & +  & † % +  # + œ !

ã

$

% $

& % $

' & %

                      

That is, , , , , .  Hence the series solution+ œ "Î' + œ "Î"# + œ "Î#% + œ "Î%& â$ % & '

of the initial value problem is

C B œ B  B  B  B  B  B âÞ
" " " " "$

' "# #% %& "!!)
a b $ % & ' (
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Section 5.3

2.  Let  be a solution of the initial value problem.  First note thatC œ B9a b
C œ  =38B C  -9= B C Þww wa b a b

Differentiating twice,

C œ  =38B C  # -9= B C  =38 B C

C œ  =38B C  $ -9= B C  $ =38 B C  -9= B C Þ

www ww w

3@ www ww w

a b a b a ba b a b a b a b
Given that  and , the  and the last9 9 9a b a b a b! œ ! ! œ " ! œ !w wwfirst equation gives 
two equations give  and .9 9www 3@a b a b! œ  # ! œ !

3.  Let  be a solution of the initial value problem.  First writeC œ B9a b
C œ  C  C Þ

"  B $ 68 B

B B
ww w

# #

Differentiating twice,

C œ B  B C  $B 68 B  B  # C  $  ' 68 B C Þ
 "

B
www # ww w

$
 ‘ˆ ‰ a b a b

C œ B  B C  $B 68 B  #B  %B C 
 "

B

 '  )B  "#B 68 B C  ") 68 B  "& C Þ

3@ # $ www # # ww
%

w

’ˆ ‰ ˆ ‰
a b a b “

Given that  and , the  and the last9 9 9a b a b a b" œ # " œ ! " œ !w wwfirst equation gives 
two equations give  and .9 9www 3@a b a b! œ  ' ! œ %#

4.  Let  be a solution of the initial value problem.  First note thatC œ B9a b
C œ  B C  =38B C Þww # w a b

Differentiating twice,

C œ  B C  #B  =38B C  -9= B C

C œ  B C  %B  =38B C  #  #-9= B C  =38 B C Þ

www # ww w

3@ # www ww w

a b a ba b a b a b
Given that  and , the  and the last9 9 9a b a b a b! œ + ! œ + ! œ !! "

w wwfirst equation gives 
two equations give  and .9 9www 3@

! "a b a b! œ  + ! œ  %+

5.  Clearly,  and  are analytic for all .  Hence the series solutions: B œ % ; B œ 'B Ba b a b
converge everywhere.

7.  The  of  are the  cube roots of .  They all lie on thezeroes threeT B œ "  B  "a b $

unit circle in the complex plane.  So for , .  For , the B œ ! œ " B œ #! !3738 nearest
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root is , hence ./ œ "  3 $ Î# œ $3 Î$
738

1 Š ‹È È3

8.  The only root of  is .  Hence .T B œ B œ "a b zero 3738

9 .  a b, : B œ  B ; B œ  " Ba b a b and  are analytic for all .a b a b a b- : B œ  B ; B œ  " B.   and  are analytic for all .a b a b a b. : B œ ! ; B œ 5B B.   and  are analytic for all .#

a b a b/ T B œ "  B " œ ". The only root of  is .  Hence .  3738a b1 .  : B œ B ; B œ # Ba b a b and  are analytic for all .a b3 Þ  The  of  are .  Hence .zeroes T B œ "  B „ 3 œ "a b #
7383a b a b4 Þ T B œ %  B „# œ #  The  of  are .  Hence .zeroes #
7383a b a b È È5 Þ T B œ $  B „ $ œ $  The  of  are .  Hence .zeroes #

7383a b a b6 Þ T B œ "  B " œ "  The only root of  is .  Hence .3738a b7 .  : B œ BÎ# ; B œ $Î# Ba b a b and  are analytic for all .a b a b a b a b8 : B œ "  B Î# ; B œ $Î# B.   and  are analytic for all .

12.  The Taylor series expansion of , about , is/ B œ !B
!

/ œ Þ
B

8 x
B

8œ!

_ 8"
Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8

– —– —" " "a ba b
8œ! 8œ! 8œ!

_ _ _8

8# 8
8 8B

8 x
8  # 8  " + B  B + B œ ! Þ

First note that

B + B œ + B œ + B  + B  + B â + B â" "
8œ! 8œ"

_ _

8 8" 8"
8 8 # $ 8

! " # .

The coefficient of  in the B8 product of the two series is

- œ8 #+  '+  "#+ â 8  " 8 +  8  # 8  " +
" " "

8 x 8  " x 8  # x
# $ % 8" 8#a b a b a b a ba b Þ

Expanding the individual series, it follows that

#+  #+  '+ B  +  '+  "#+ B  +  '+  "#+  #!+ B â



# # $ # $ % # $ % &
# $a b a b a b

+ B  + B  + B â œ ! Þ! " #
# $

Setting the coefficients equal to zero, we obtain the system , ,#+ œ ! #+  '+  + œ !# # !$

+  '+  "#+  + œ ! +  '+  "#+  #!+  + œ ! â# $ % " # $ % & #, , .  Hence the
general solution is
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C B œ +  + B  +  +  +  #+  +  â
B B B B

' "# %! "#!
a b a b a b! " ! ! " " !

$ % & 'Œ %

$
+  #+! " .

We find that two linearly independent solutions are

C B œ "    â
B B B

' "# %!
"a b $ % &

C B œ B    â
B B B

"# #! '!
#a b % & '

Since  and  converge everywhere, .: B œ ! ; B œ B/ œ _a b a b B 3

13.  The Taylor series expansion of , about , is-9= B B œ !!

-9= B œ Þ
B

#8 x
" a b
8œ!

_ #8a b " 8

Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #
# 8

8

– —– —" " " "
8œ! 8œ! 8œ" 8œ!

_ _ _ _

8 8
8 8a ba b a ba b " B

#8 x
8  # 8  " + B

8 #8

8#
8  8+ B  # + B œ ! Þ

The coefficient of  in the B8 product of the two series is

- œ8 #+ ,  '+ ,  "#+ , â 8  " 8 + ,  8  # 8  " + ,# 8 $ 8" % 8# 8" " 8# !a b a ba b ,

in which -9= B œ ,! " # , B  , B â , B â# 8
8 .  It follows that

#+  #+  - B  8  # + B œ ! Þ# ! 8 8

8œ" 8œ"

_ _
8 8" "a b

Expanding the product of the series, it follows that

#+  '+ B   +  "#+ B   $+  #!+ B â



# $ # % $ &
# $ #+

+ B  + B  #+ B â œ ! Þ

!

$ %
$ %

a b a b
1

Setting the coefficients equal to , , zero, ,+  + œ ! '+  + œ !# ! $ "  +  "#+ œ !# %

 $+  #!+  + œ ! â Þ$ & $ ,    Hence the general solution is

C B œ +  + B  + B  +  +  +  +  + â
B B B B B

' "# '! "#! &'!
a b ! " ! " ! " ! "

#
$ % & ' (

.

We find that two linearly independent solutions are

C B œ "  B   â
B B

"# "#!
"a b #

% '
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C B œ B    â
B B B

' '! &'!
#a b $ & (

The  zero of  is at   Hence nearest T B œ -9= B B œ „ Î# Þ œ Î# Þa b 1 3 1738

14.  The Taylor series expansion of , about , is68 "  B B œ !a b !

68 "  B œ Þ
B

8
a b "

8œ"

_ 8a b " 8"

Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #
# 8

8

– —" "
– —" " "a b

8œ! 8œ!

_ _8

8œ" 8œ! 8œ!

_ _ _8

8" 8
8 8

a b a ba b
a b

 "
8  # 8  " + B

 "

8

8#
8

8"

B

8 x


 8  " + B  B + B œ ! Þ
B

8

The first product is the series

#+   #+  '+ B  +  '+  "#+ B   +  '+  "#+  #!+ B # # $ # $ % # $ % &
# $a b a b a b â .

The second product is the series

+ B  #+  + Î# B  $+  +  + Î$ B  %+  $+ Î#  #+ Î$  + Î% B " # " $ # " % $ # "
# $ $a b a b a b âÞ

Combining the series and equating the coefficients to , we obtainzero

#+ œ !

 #+  '+  +  + œ !

"#+  '+  $+  $+ Î# œ !

#!+  "#+  *+  $+  + Î$ œ !

ã

#

# $ " !

% $ # "

& % $ # "

                                

Hence the general solution is

C B œ +  + B  +  +  #+  +  +  â
B B (B B

' #% "#! "#!
a b a b a b! " ! " ! " "

$ % & 'Œ &

$
+  +" ! .

We find that two linearly independent solutions are

C B œ "    â
B B B

' "# "#!
"a b $ % '

C B œ B    â
B B (B

' #% "#!
#a b $ % &

The coefficient  is analytic at , but its power series has a: B œ / 68 "  B B œ !a b a bB
!

radius of convergence .3 œ "
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15.  If  and  are solutions, then substituting  into the ODE results inC œ B C œ B C" # #
#

# T B  #BU B  B V B œ !a b a b a b# .

Setting , we find that .  Similarly, substituting  into the ODE resultsB œ ! T ! œ ! Ca b "

in .  Therefore  and  may not be analytic.  If they were,U ! œ ! T B ÎU B V B ÎT Ba b a b a b a b a b
Theorem  would guarantee that  and  were the  two solutions.  But note$Þ#Þ" C C" # only
that an  value of  cannot be a linear combination of  and   Hencearbitrary C ! C ! C ! Þa b a b a b" #

B œ !!  must be a singular point.

16.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #
# 8

8

" "a b
8œ! 8œ!

_ _

8" 8
8 88  " + B  + B œ ! Þ

That is,

" c da b
8œ!

_

8" 8
88  " +  + B œ ! Þ

Setting the coefficients equal to , we obtainzero

+ œ
+

8  "
8"

8

for  .  It is easy to see that .  Therefore the general solution8 œ !ß "ß #ßâ + œ + Î 8 x8 ! a b
is

C B œ + "  B   â
B B

# x $ x

œ + / Þ

a b ” •!

# $

!
B

The coefficient , which can be arbitrary.+ œ C !! a b
17.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8

" "a b
8œ! 8œ!

_ _

8" 8
8 88  " + B  B + B œ ! Þ

That is,

" "a b
8œ! 8œ"

_ _

8" 8"
8 88  " + B  + B œ ! Þ

Combining the series, we have
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+ " "c da b
8œ"

_

8" 8"
88  " +  + B œ ! Þ

Setting the coefficient equal to ,  and  for .zero + œ ! + œ + Î 8 œ "ß #ßâ" 8" 8" a b8  "

Note that the indices differ by , so for two 5 œ "ß #ßâ

+ œ œ œ â œ
+ + +

#5 #5  # #5 # † %â #5
#5

#5# #5% !a b a ba b a b
and

+ œ ! Þ#5"

Hence the general solution is

C B œ + "    â â
B B B B

# # # x # $ x # 8 x

œ + /B: B Î#

a b ” •
ˆ ‰

!

# % ' #8

# $ 8

!
# .

The coefficient , which can be arbitrary.+ œ C !! a b
19.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8

a b a b" ""  B 8  " + B  + B œ ! Þ
8œ! 8œ!

_ _

8" 8
8 8

That is,

" " "a b
8œ! 8œ" 8œ!

_ _ _

8" 8 8
8 8 88  " + B  8+ B  + B œ ! Þ

Combining the series, we have

+  + " ! "c da b
8œ"

_

8" 8 8
88  " +  8+  + B œ ! Þ

Setting the coefficients equal to ,  and for .zero + œ + + œ + 8 œ !ß "ß #ßâ" ! 8" 8

Hence the general solution is

C B œ + "  B  B  B â B â

œ + Þ
"

"  B

a b  ‘!
# $ 8

!

The coefficient , which can be arbitrary.+ œ C !! a b
21.  Let .  Substituting into the ODE,C œ +  + B  + B â + B â! " #

# 8
8



—————————————————————————— ——CHAPTER 5. 

________________________________________________________________________
            page 200

" "a b
8œ! 8œ!

_ _

8" 8
8 88  " + B  B + B œ "  B Þ

That is,

" "a b
8œ! 8œ"

_ _

8" 8"
8 88  " + B  + B œ "  B Þ

Combining the series, and the nonhomogeneous terms, we have

a b a b+  "  #+  +  " B " # ! "c da b
8œ#

_

8" 8"
88  " +  + B œ ! Þ

Setting the coefficients equal to , we obtain , , andzero + œ " #+  +  " œ !" # !

+ œ  8 œ $ß %ßâ
+

8
8

8#  ,    .

The indices differ by , so for two 5 œ #ß $ßâ

+ œ  œ œ â œ œ
+ +  " +  " +  "

#5 #5  # #5 % † 'â #5 # † % † 'â #5
#5

#5# #5% # !
5" 5

a b a ba b a b a ba b a b a b
,

and for 5 œ "ß #ßâ

+ œ œ  œ œ â œ Þ
+ +  "

#5  " #5  " #5  " $ † &â #5  "
#5"

#5" #5$
5

a b a ba b a ba b
Hence the general solution is

C B œ +  B  B   +   + â
"  + B B B B

# $ # # x $ † & # $ x
a b ! ! !

! #
$ % & '

# $

Collecting the terms containing ,+!

C B œ + "    â 
B B B

# # # x # $ x

 B       â Þ
B B B B B B

# $ # # x $ † & # $ x $ † & † (

a b ” •
” •
!

# % '

# $

# $ % & ' (

# $

Upon inspection, we find that

C B œ + /B:  B       â Þ
B B B B B B

# $ # # x $ † & # $ x $ † & † (
a b ” •!

# $ % & ' (

# $
ˆ ‰ B Î##

Note that the given ODE is , with integrating factor .  Thefirst order linear .a b> œ /B Î##

general solution is given by
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C B œ / / .?  C !  " /  " Þa b a b( a bB Î# ? Î# B Î#
B

# # #

!

23.  If , then .  If , then  for .  As a result,! !œ ! C B œ " œ #8 + œ ! 7   8  ""a b #7

C B œ "  Þ"
7

7
#7a b "

7œ"

8 a b a b a ba ba b a ba b " B
# 8 8  " â 8 7 " #8  " #8  $ â #8  #7 "

#7 x

!

!

!

œ ! "

œ # "  $B

œ % "  "!B  B

#

# %$&
$

If , then  for .  As a result,! œ #8  " + œ ! 7   8  "#7"

C B œ B  Þ#
7

7
#7"a b "

7œ"

8 a b a b a ba ba b a ba b " B
# 8 8  " â 8 7 " #8  $ #8  & â #8  #7 "

#7  " x

!

!

!

œ " B

œ $ B  B

œ & B  B  B

&
$

$

"% #"
$ &

$ &

24 .  Based on Prob. ,a b+ #$

!

!

!

œ ! " C " œ "

œ # "  $B C " œ  #

œ % "  "!B  B C " œ

"

"

"

a ba ba b
#

# %$& )
$ $

Normalizing the polynomials, we obtain

T B œ "

T B œ   B
" $

# #

T B œ  B  B
$ "& $&

) % )

!

#

%

a b
a b
a b

#

# %

!

!

!

œ " B C " œ "

œ $ B  B C " œ 

œ & B  B  B C " œ

#

#

#

a ba ba b
& #
$ $

$

"% #" )
$ & "&

$ &

Similarly,
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T B œ B

T B œ  B  B
$ &

# #

T B œ B  B  B
"& $& '$

) % )

"

$

&

a b
a b
a b

$

$ &

a b, .

a b a b a b a b- T B T B B œ ! T B.   has no roots.   has one root at .  The  of  are at! " #zeros
B œ „"Î $ Þ T B B œ ! „ $Î& T BÈ a b a bÈ  The  of  are , .  The roots of  are givenzeros $ %

by , .  The roots of  are given byB œ "&  # $! Î$& "&  # $! Î$& T B# Š ‹ Š ‹È È a b&

B œ ! B œ $&  # (! Î'$ $&  # (! Î'$ and , .# Š ‹ Š ‹È È
25.  Observe that

T  " œ
 "  " #8  #5 x

# 5 x 8  5 x 8  #5 x

œ  " T "

8

8

a b a b a b a b" a b a b
a b a b

8 5

8
5 œ!

Ò8Î#Ó

8

 

.

But  for  nonnegative integers .T " œ " 88a b all

27.  We have

ˆ ‰ "a ba bB  " œ B
 " 8 x

5 x 8  5 x
# #58

5 œ!

8 85

,

which is a polynomial of  .  Differentiating degree n times#8 ,

.

.B

8

8
ˆ ‰ "a ba b a ba b a bB  " œ #5 #5  " â #5  8  " B

 " 8 x

5 x 8  5 x
# #588

5 œ

8 85

.

,

in which the  is .  Note that if , then .lower index . .œ 8Î#  " 8 œ #7 " œ 7 "c d
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Now shift the index, by setting

5 œ 8  4 .

Hence

.

.B

8

8
ˆ ‰ " a ba b a ba b a b

" a b a ba b a b

B  " œ #8  #4 #8  #4  " â 8 #4  " B
 " 8 x

8  4 x4 x

œ 8x B Þ
 " #8  #4 x

8  4 x4 x 8  #4 x

# 8#48

4œ!

8Î# 4

4œ !

8Î# 4
8#4

c d

c d

Based on Prob. ,#&

.

.B

8

8
ˆ ‰ a bB  " œ 8x # T B Þ# 88

8

29.  Since the  polynomials , , ,  are , and the 8  " T T â T! " 8 linearly independent degree
of  is , any polynomial, , of degree  can be expressed as a linear combinationT 5 0 85

0 B œ + T Ba b a b"
5 œ!

8

5 5 .

Multiplying both sides by  and integrating,T7

( (a b a b a b a b"
" "

" "

5 œ!

8

0 B T B .B œ + T B T B .B7 5 5 7 .

Based on Prob. ,#)

( a b a b
"

"

57T B T B .B œ
#

#7 "
5 7 $ .

Hence

( a b a b
"

"

70 B T B .B œ + Þ
#

#7 "
7
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Section 5.4

2.  We see that  when  and .  Since the three coefficients have noT B œ ! B œ ! "a b
factors
in common, both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ! # #

B : B œ B œ # Þ
#B

B "  B
a b a b

lim lim
BÄ! BÄ!

# #

# #B ; B œ B œ % Þ
%

B "  B
a b a b

The singular point  is Considering ,B œ ! B œ "regular.  

lim lim
BÄ" BÄ" # #a b a b a b a bB  " : B œ B  " Þ

#B

B "  B

The latter limit .  Hence  is an  singular point.does not exist irregularB œ "

3.   when  and .  Since the three coefficients have no common factors,T B œ ! B œ ! "a b
both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ! #

B : B œ B Þ
B  #

B "  B
a b a b

The limit does not exist irregular, and so  is an  singular point.  Considering ,B œ ! B œ "

lim lim
BÄ" BÄ" #

a b a b a b a bB  " : B œ B  " œ " Þ
B  #

B "  B

lim lim
BÄ" BÄ"

# #
#

a b a b a b a bB  " ; B œ B  " œ ! Þ
 $B

B "  B

Hence  is a B œ " regular singular point.

4.  T B œ ! B œ ! „"a b  when  and .  Since the three coefficients have no common factors,
both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ! $ #

B : B œ B Þ
#

B "  B
a b a b

The limit does not exist irregular, and so  is an  singular point.  Near ,B œ ! B œ  "

lim lim
BÄ" BÄ" $ #

a b a b a b a bB  " : B œ B  " œ  " Þ
#

B "  B
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lim lim
BÄ" BÄ"

# #
$ #

a b a b a b a bB  " ; B œ B  " œ ! Þ
#

B "  B

Hence  is a B œ  " regular singular point.  At ,B œ "

lim lim
BÄ" BÄ" $ #

a b a b a b a bB  " : B œ B  " œ  " Þ
#

B "  B

lim lim
BÄ" BÄ"

# #
$ #

a b a b a b a bB  " ; B œ B  " œ ! Þ
#

B "  B

Hence  is a B œ " regular singular point.

6.  The only singular point is at .  We find thatB œ !

lim lim
BÄ! BÄ! #

B : B œ B œ " Þ
B

B
a b

lim lim
BÄ! BÄ!

# # #
# #

#
B ; B œ B œ  Þ

B 

B
a b /

/

Hence  is a B œ ! regular singular point.

7.  The only singular point is at .  We find thatB œ  $

lim lim
BÄ$ BÄ$

a b a b a bB  $ : B œ B  $ œ ' Þ
 #B

B  $

lim lim
BÄ$ BÄ$

# #
#a b a b a bB  $ ; B œ B  $ œ !Þ

"  B

B  $

Hence  is a B œ  $ regular singular point.

8.  Dividing the ODE by , we find thatB "  Ba b# $

: B œ ; B œ
" #

B "  B B "  B "  B
a b a ba b a b a b# # $  and   .

The singular points are at B œ ! „" B œ ! and .  For ,

lim lim
BÄ! BÄ!

B : B œ B œ " Þa b "

B "  Ba b#
lim lim
BÄ! BÄ!

# #B ; B œ B œ ! Þa b #

B "  B "  Ba b a b# $

Hence  is a B œ ! regular singular point.  For ,B œ  "
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lim lim
BÄ" BÄ"

a b a b a bB  " : B œ B  " œ  Þ
"

#

"

B "  Ba b#
lim lim

BÄ" BÄ"

# #a b a b a bB  " ; B œ B  " œ  Þ
"

%

#

B "  B "  Ba b a b# $

Hence  is a B œ  " regular singular point.  For ,B œ "

lim lim
BÄ" BÄ"

a b a b a bB  " : B œ B  " œ  Þ
"

#

"

B "  Ba b#
lim lim
BÄ" BÄ"

# #a b a b a bB  " ; B œ B  " Þ
#

B "  B "  Ba b a b# $

The latter limit does not exist irregular.  Hence  is an  singular point.B œ "

9. Dividing the ODE by , we find that  a b a bB  # B  "#

: B œ ; B œ
$  #

B  # B  # B  "
a b a ba b a ba b#   and   .

The singular points are at B œ  # " B œ  # and .  For ,

lim lim
BÄ# BÄ#

a b a b a bB  # : B œ B  # Þ
$

B  #a b#
The limit does not exist irregular.  Hence  is an  singular point.  For ,B œ  # B œ "

lim lim
BÄ" BÄ"

a b a b a bB  " : B œ B  " œ ! Þ
$

B  #a b#
lim lim
BÄ" BÄ"

# #a b a b a bB  " ; B œ B  " œ ! Þ
 #

B  # B  "a ba b
Hence  is a B œ " regular singular point.

10.  T B œ ! B œ ! $a b  when  and .  Since the three coefficients have no common factors,
both of these points are singular points.  Near ,B œ !

lim lim
BÄ! BÄ!

B : B œ B œ Þ
B  " "

B $  B $
a b a b

lim lim
BÄ! BÄ!

# #B ; B œ B œ ! Þ
 #

B $  B
a b a b

Hence  is a B œ ! regular singular point.  For ,B œ $
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lim lim
BÄ$ BÄ$

a b a b a b a bB  $ : B œ B  $ œ  Þ
B  " %

B $  B $

lim lim
BÄ$ BÄ$

# #a b a b a b a bB  $ ; B œ B  $ œ ! Þ
 #

B $  B

Hence  is a B œ $ regular singular point.

11.  Dividing the ODE by , we find thata bB  B  ##

: B œ ; B œ
B  " #

B  # B  " B  # B  "
a b a ba ba b a ba b  and   .

The singular points are at B œ  # " B œ  # and .  For ,

lim lim
BÄ# BÄ#

a b a bB  # : B œ Þ
B  " "

B  " $
œ

lim lim
BÄ# BÄ#

#a b a bB  # ; B œ Þ
# B  #

B  "
œ !

a b
Hence  is a B œ  # regular singular point.  For ,B œ "

lim lim
BÄ" BÄ"

a b a bB  " : B œ œ Þ
#

$

B  "

B  #

lim lim
BÄ" BÄ"

#a b a bB  " ; B œ œ ! Þ
# B  "

B  #

a ba b
Hence  is a B œ " regular singular point.

13.  Note that  and .  Evidently,  is  analytic at .: B œ 68 B ; B œ $B : B B œ !a b k k a b a b not !

Furthermore, the function  does  have a Taylor series about .B : B œ B 68 B B œ !a b k k not !

Hence  is an B œ ! irregular singular point.

14.  T B œ ! B œ ! B œ !a b  when .  Since the three coefficients have no common factors, 
is a singular point.  The Taylor series of , about , is/  " B œ !B

/  " œ B  B Î#  B Î' âB # $ .

Hence the function  is analytic at .  Similarly, the TaylorB : B œ # /  " ÎB B œ !a b a bB

series of , about , is/ -9= B B œ !B

/ -9= B œ "  B  B Î$  B Î' âB $ % .

The function  is also analytic at .  Hence  is a B ; B œ / -9= B B œ ! B œ !# Ba b regular
singular point.
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15.  T B œ ! B œ ! B œ !a b  when .  Since the three coefficients have no common factors, 
is a singular point.  The Taylor series of , about , is=38 B B œ !

=38 B œ B  B Î$x  B Î&x â$ & .

Hence the function  is analytic at .  On the other hand, B : B œ  $=38 BÎB B œ ! ; Ba b a b
is a rational function, with

lim lim
BÄ! BÄ!

# #
#

#
B ; B œ B œ " Þ

"  B

B
a b

Hence  is a B œ ! regular singular point.

16.  T B œ ! B œ ! B œ !a b  when .  Since the three coefficients have no common factors, 
is a singular point.  We find that

lim lim
BÄ! BÄ!

B : B œ B œ " Þ
"

B
a b

Although the function  does not have a Taylor series about , note thatV B œ -9> B B œ !a b
B ; B œ B -9> B œ "  B Î$  B Î%&  #B Î*%& â B œ !# # % 'a b .  Hence  is a regular
singular point.  Furthermore, ;a bB œ -9> BÎB B œ „8# is undefined at .  Therefore the1
points  are B œ „81 also singular points.  First note that

lim lim
BÄ„8 BÄ„81 1

a b a b a bB…8 : B œ B…8 œ ! Þ
"

B
1 1

Furthermore, since  has period ,-9> B 1

; B œ -9> BÎB œ -9> B…8 ÎB

œ -9> B…8 Þ
"

B…8 „8

a b a b
a b a b

1

1
1 1

Therefore

a b a b a b a b” •a ba bB…8 ; B œ B…8 -9> B…8 Þ
B…8

B…8 „8
1 1 1

1

1 1
#

From above,

a b a b a b a bB…8 -9> B…8 œ "  B…8 Î$  B…8 Î%& â1 1 1 1# % .

Note that the function in brackets near is analytic  .  It follows that the functionB œ „81a b a bB…8 ; B B œ „81 1#  is also analytic near .  Hence all the singular points are regular.

18.  The singular points are located at , .  Dividing the ODE byB œ „8 8 œ !ß "ßâ1
B =38 B B : B œ $ -=- B B ; B œ B -=- B B : B, we find that  and .  Evidently,   isa b a b a b# #

not even defined at .  Hence  is an On the otherB œ ! B œ ! irregular singular point.  
hand, the Taylor series of , about , isB -=- B B œ !
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B -=- B œ "  B Î'  (B $'! â# % .

Noting that ,-=- B…8 œ  " -=- Ba b a b1 8

a b a b a b a b a b
a b a b a b” •a b

B…8 : B œ $  " B…8 -=- B…8 ÎB

œ $  " B…8 -=- B…8 Þ
"

B…8 „8

1 1 1

1 1
1 1

8

8

It is apparent that  is analytic at .  Similarly,a b a bB…8 : B B œ „81 1

a b a b a ba b a b a bB…8 ; B œ B…8 -=- B

œ  " B…8 -=- B…8

1 1

1 1

# #

8 # ,

which is also analytic at .  Hence all other singular points are B œ „81 regular.

20.   is the only singular point.  Dividing the ODE by , we have B œ ! #B : B œ $Î #B# a b a b
and   It follows that; B œ  B "  B Î#Þa b a b#

lim lim
BÄ! BÄ!

B : B œ B œ
$ $

#B #
a b ,

lim lim
BÄ! BÄ!

# #
#

B ; B œ B œ  Þ
 "  B "

#B #
a b a b

Hence  is a Let .B œ ! C œ +  + B  + B â + B âregular singular point.  ! " #
# 8

8

Substitution into the ODE results in

#B 8  # 8  " + B  $B 8  " + B  "  B + B œ !# 8 8 8

8œ! 8œ! 8œ!

_ _ _

8# 8" 8" " "a ba b a b a b .

That is,

# 8 8  " + B  $ 8+ B  + B  + B œ !" " " "a b
8œ# 8œ" 8œ! 8œ"

_ _ _ _

8 8 8 8"
8 8 8 8 .

It follows that

 +  #+  + B  #8 8  " +  $8+  +  + B œ ! Þ! " ! 8 8 8 8"

8œ#

_
8a b c d" a b

Equating the coefficients to , andzero, we find that , + œ !! #+  + œ !" !

a ba b#8  " 8  " + œ + 8 œ #ß $ßâ8 8" ,   .

We conclude that all the  are .  Hence  is the only solution that+ C B œ !8 equal to zero a b
can be obtained.

22.  Based on Prob. , the change of variable, , transforms the ODE into the#" B œ "Î0
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form

0 0
0 0

% $
#

#

. C .C

. .
 #  C œ ! .

Evidently,  is a singular point.  Now  and .  Since the value0 0 0 0 0œ ! : œ #Î ; œ "Îa b a b %

of    does not exist, , that is, , is an  singular point.lim
0Ä!

#0 0 0; œ ! B œ _a b irregular

24.  Under the transformation , the ODE becomesB œ "Î0

0 0 0 ! !
0 0 0 0 0

% $ #
# # #

#Œ  ” •Œ  a b"   # "   #   " C œ !
" . C " " .C

. .
,

that is,

ˆ ‰ a b0 0 0 ! !
0 0

% # $
#

#
  #   " C œ !

. C .C

. .
.

Therefore  is a singular point.  Note that0 œ !

: œ ; œ
#  "

 "  "
a b a b a ba b0 0

0 ! !

0 0 0# # #
 and .

It follows that

lim lim
0 0Ä! Ä!

0 0 0: œ œ !a b #

 "

0

0#
,

lim lim
0 0Ä! Ä!

# #0 0 0; œ œ  Þa b ! !

0 0
! !

a ba b a b "

 "
 "

# #

Hence   is a 0 œ ! B œ _a b regular singular point.

26.  Under the transformation , the ODE becomesB œ "Î0

0 0 0 -
0 0 0

% $ #
#

#

. C " .C

. .
 #  #  C œ !” • ,

that is,

0 0 0 -
0 0

% $
#

#

. C .C

. .
 #   C œ !ˆ ‰ .

Therefore  is a singular point.  Note that0 œ !

: œ ; œ
#  "a b a ba b

0 0
0 -

0 0

#

$ %
 and .

It immediately follows that the limit  lim
0Ä!

0 0 0: œ ! B œ _a b a b Hence  does not exist.  
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is an irregular singular point.

27.  Under the transformation , the ODE becomesB œ "Î0

0 0
0 0 0

% $
#

#

. C .C "

. .
 #  C œ ! .

Therefore  is a singular point.  Note that0 œ !

: œ ; œ
#  "a b a b0 0
0 0

 and .
&

We find that

lim lim
0 0Ä! Ä!

0 0 0: œ œ #a b #

0
,

but

lim lim
0 0Ä! Ä!

# #0 0 0; œa b a b "

0&
.

The latter limit Hence   is an does not exist irregular.   singular point.0 œ ! B œ _a b
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Section 5.5

1.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ < <  "  %<  #

œ <  $<  # Þ

a b a b
#

The roots are , .  Hence the general solution, for , is< œ  #  " B Á !

C œ - B  - B Þ" #
# "

3.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ < <  "  $<  %

œ <  %<  % Þ

a b a b
#

The root is , with multiplicity .  Hence the general solution, for , is< œ # B Á !two

C œ -  - 68 B B Þa bk k" # #

5.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ < <  "  <  "

œ <  #<  " Þ

a b a b
#

The root is , with multiplicity .  Hence the general solution, for , is< œ " B Á !two

C œ -  - 68 B B Þa bk k" # 

6.  Substitution of  results in the quadratic equation , whereC œ B  " J < œ !a b a b<

J < œ <  (<  "# Þa b #

The roots are , .  Hence the general solution, for , is< œ  $  % B Á "

C œ - B  "  - B  " Þ" #a b a b$ %

7.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  &<  " Þa b #

The roots are .  Hence the general solution, for , is< œ  &„ #* Î# B Á !Š ‹È
C œ - B  - B Þ" #k k k k & #* Î#  & #* Î#Š ‹ Š ‹È È

8.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
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J < œ <  $<  $ Þa b #

The roots are complex, with .  Hence the general solution, for ,< œ $„ 3 $ Î# B Á !Š ‹È
is

C œ - B -9= 68 B  - B =38 68 B Þ" #k k k k k k k kŒ  Œ $Î# $Î#È È$ $

# #

10.  Substitution of  results in the quadratic equation , whereC œ B  # J < œ !a b a b<

J < œ <  %<  ) Þa b #

The roots are complex, with .  Hence the general solution, for , is< œ  #„#3 B Á #

C œ - B  # -9= # 68 B  #  - B  # =38 # 68 B  # Þ" #a b a b a b a bk k k k# #

11.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  <  % Þa b #

The roots are complex, with .  Hence the general solution, for< œ  "„ 3 "& Î#Š ‹È
B Á !, is

C œ - B -9= 68 B  - B =38 68 B Þ" #k k k k k k k kŒ  Œ "Î# "Î#È È"& "&

# #

12.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  &<  % Þa b #

The roots are , .  Hence the general solution, for , is< œ " % B Á !

C œ - B  - B Þ" #
%

14.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ %<  %<  "( Þa b #

The roots are complex, with .  Hence the general solution, for< œ  "Î#„#3
B  !, is

C œ - B -9= # 68 B  - B =38 # 68 B Þ" #
"Î# "Î#a b a b

Invoking the initial conditions, we obtain the system of equations
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- œ #

 -  #- œ  $
"

#

"

" #

Hence the solution of the initial value problem is

C B œ #B -9= # 68 B  B =38 # 68 B Þa b a b a b"Î# "Î#

As , the solution decreases without bound.Bp!

15.  Substitution of  results in the quadratic equation , whereC œ B J < œ !< a b
J < œ <  %<  % Þa b #

The root is , with multiplicity .  Hence the general solution, for , is< œ # B  !two

C œ -  - 68 B B Þa bk k" # #

Invoking the initial conditions, we obtain the system of equations

- œ #

 #-  - œ $
"

" #

Hence the solution of the initial value problem is

C B œ #  ( 68 B B Þa b a bk k #
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We find that  as .C B p! Bp!a b 

18.  Substitution of  results in the quadratic equation .  The rootsC œ B <  <  œ !< # "
are

< œ
"„ "  %

#

È "
.

If , the roots are complex, with .  Hence the general" " "Î% < œ "„ 3 %  " Î#"ß# ˆ ‰È
solution, for , isB Á !

C œ - B -9= %  " 68 B  - B =38 %  " 68 B Þ
" "

# #
" #k k k k k k k kŒ  Œ È È"Î# "Î#" "

Since the trigonometric factors are  as .  If , the rootsbounded, C B p! Bp! œ "Î%a b "
are equal, and

C œ - B  - B 68 B Þ" #k k k k k k"Î# "Î# 

Since  , lim
BÄ!

Èk k k kB 68 B œ ! C B p! Bp!  "Î%a b  as .  If , the roots are real, with"

< œ "„ "  % Î# B Á !"ß# ˆ ‰È " .  Hence the general solution, for , is

C œ - B  - B Þ" #k k k k"Î# "% Î# "Î# "% Î#È È" "

Evidently, solutions approach   That is,zero as long as "Î#  "  % Î#  ! ÞÈ "

!   "Î%" .

Hence  solutions approach all zero, for ."  !

19.  Substitution of  results in the quadratic equation .  The rootsC œ B <  <  # œ !< #

are , .  Hence the general solution, for , is< œ  " # B Á !

C œ - B  - B Þ" #
" #

Invoking the initial conditions, we obtain the system of equations
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-  - œ "

 -  #- œ
" #

" # #

Hence the solution of the initial value problem is

C B œ B  B Þ
#  " 

$ $
a b # #" #

The solution is bounded, as , if .Bp! œ ##

20.  Substitution of  results in the quadratic equation .C œ B <   " <  &Î# œ !< # a b!
Formally, the roots are given by

< œ
"  „  #  *

#

œ Þ

"  „  "  "!  "  "!

#

! ! !

! ! !

È
ÊŠ ‹Š ‹È È

#

a b È3 < "!  The roots  will be "ß# complex zero, if .  For solutions to approach ,k k"  !

as , we need Bp_  "!  "   ! ÞÈ !a b k k33 "  œ Þ  The roots will be , if   In this case, all solutions approachequal ! È"!

zero as long as  ."  œ  "!! È
a b k k333 "    The roots will be real and , if .  It follows thatdistinct ! È"!

< œ7+B

"    #  *

#

! ! !È #

.

For solutions to approach , we need   That is,zero "    #  * ! ! !È # ! Þ

"    "!! È .

Hence all solutions approach , as , as long as zero Bp_  " Þ!

23 .  Given that , .  By the chain rule,a b a b a b a b+ B œ / C B œ C / œ A DD D

.C . .A .D " .A

.B .B .D .B B .D
œ A D œ œa b .

Similarly,

. C . " .A " .A " . A .D

.B .B B .D B .D B .D .B
œ œ  

œ   Þ
" .A " . A

B .D B .D

# #

# # #

# # #

#

” •

a b, .  Direct substitution results in
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B   B  A œ !
" . A " .A " .A

B .D B .D B .D
#

# # #

#” • ” •! " ,

that is,

. A .A

.D .D
  "  A œ !

#

#
a b! " .

The associated  is .  Since ,characteristic equation <   " <  œ ! D œ 68B# a b! "
it follows that C B œ A 68B Þa b a b
a b- <.  If the roots  are real and , then"ß# distinct

C œ - /  - /

œ - B  - B Þ
" #

" #

< D < D

< <

" #

" #

a b. <.  If the roots  are real and , then"ß# equal

C œ - /  - D /

œ - B  - B 68 B Þ
" #

" #

< D < D

< <

" "

" "

a b/ < œ „ 3.  If the roots are , then , andcomplex conjugates - .

C œ / - -9= D  - =38 D

œ B - -9= 68 B  - =38 68 B Þ

-

-

Da bc da b a b" #

" #

. .

. .

24.  Based on Prob. , the change of variable  transforms the ODE into#$ B œ /D

. A .A

.D .D
  #A œ !

#

#
.

The associated  is , with roots , .characteristic equation <  <  # œ ! < œ  " ##

Hence , and A D œ - /  - / C B œ - B  - B Þa b a b" # " #
D #D " #

26.  The change of variable  transforms the ODE intoB œ /D

. A .A

.D .D
 '  &A œ /

#

#
D .

The associated  is , with roots , .characteristic equation <  ' <  & œ ! < œ  &  "#

Hence   Since the right hand side is  a solution of theA D œ - /  - / Þ- " #a b D &D not
homogeneous equation, we can use the  to showmethod of undetermined coefficients
that a particular solution is .  Therefore the general solution is given by[ œ / Î"#D

A D œ - /  - /  / Î"# C B œ - B  - B  BÎ"# Þa b a b" # " #
D &D D " &, that is, 

27.  The change of variable  transforms the given ODE intoB œ /D
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. A .A

.D .D
 $  #A œ $/  #D

#

#
#D .

The associated  is , with roots , .characteristic equation <  $ <  # œ ! < œ " ##

Hence   Using the , letA D œ - /  - / Þ- " #a b D #D method of undetermined coefficients
[ œ E/  FD/  GD H#D #D .  It follows that the general solution is given by
A D œ - /  - /  $D/  D  $Î#a b " #

D #D #D , that is,

C B œ - B  - B  $B 68 B  68B  $Î# Þa b " #
# #

28.  The change of variable  transforms the given ODE intoB œ /D

. A

.D
 %A œ =38 D

#

#
.

The solution of the homogeneous equation is   The rightA D œ - -9= #D  - =38 #D Þ- " #a b
hand side is  a solution of the homogeneous equation.  We can use the not method of
undetermined coefficients to show that a particular solution is .  Hence[ œ =38 D"

$

the general solution is given by , that is,A D œ - -9= #D  - =38 #D  =38 Da b " #
"
$

C B œ - -9= # 68 B  - =38 # 68 B  =38 68 B Þa b a b a b a b" #
"
$

29.  After dividing the equation by , the change of variable  transforms the ODE$ B œ /D

into

. A .A

.D .D
 $  $A œ !

#

#
.

The associated  is , with complex rootscharacteristic equation <  $ <  $ œ !#

< œ  $„ 3 $ Î#Š ‹È .  Hence the general solution is

A D œ / - -9= $ DÎ#  - =38 $ DÎ#a b ’ “Š ‹ Š ‹È È$DÎ#
" # ,

and therefore

C B œ B - -9= 68 B  - =38 68 Ba b ” •Œ  Œ $Î#
" #

È È$ $

# #
.

30.  Let .  Setting , successive differentiation gives B  ! C œ  B C œ  <  Ba b a b< <w "

and .  It follows thatC œ < <  "  Bww <a ba b #

P  B œ < <  " B  B  < B  B   B Þc d a b a b a b a ba b< <# <" <# ! "

Since , we find thatB œ  B# #a b
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P  B œ < <  "  B  <  B   B

œ  B < <  "  <  Þ

c d a ba b a b a ba b a b c da b
< < < <

<
! "

! "

Given that and  are roots of , we have .< < J < œ < <  "  <  P œ !" # a b a b c d! " a b B <3

Therefore  and  are  solutions of theC œ  B C œ  B" #a b a b< <" # linearly independent
differential equation, , for , as long as .P C œ ! B  ! < Á <c d " #


