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LECTURE 1 Elements of gas dynamics
h 's " speed flow } Extra books

Practical
.  

-44
.

I?_?-9 high speed

CL
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Lift coefficient drops due to} he presence of shock waves :( separation )

m
•

Etaon
a

Ian |Ik¥e:h÷
.FI?tasYgnnt;nsma

Front shock Wales male sure

boundary layer is turbulent
.KFC

→ By shock wave frequency can be

dangerous for the
wins

For  a turbine on an engine .

To increase he efficiency the shoal .  waves must be
minimized

.

CPL ¥5Pressure is proportional to Ya Prandt- geauert singularity

FLOWS

•

SUBSONIC Ma C 0.8 -

~#T°TRANSONIC 0.8 < Ma < 1 -

f-€*• TRANSONIC 1 < his C 1.2
-Ftd•

SUPERSONIC MA > 1.2
- •

•

HYPERSONIC ha > 5
-



COMPRESSIBLE

Pi f Vn Be to

K Pz >P± Be . P ,  =DP
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.
 

¥
= . ←
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Ttz

a
VIVi - Vi  = DV

T ¥
T *
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1

compressibility : I = - ¥ . DI
2 elatlonshio between specific volume and

sp density
~ = hp

T=1p .

# dr=d( F) = - Ipzdp
dp

compressibility differs in the
way you compress

.

• constant temperature z +
 = - In ( Fp)

,

• tsohds 04012 )

MZ

• Eaguid OC 1010 ) J
• constant  entropy Is= -1r(¥p)s

. Tgas 0 ( 155 )

EQUATIONS FOR COMPRESSIBLE FLOW
- wo  extra emotions

.

variables
• / is an  additional variable -

•  introduce dogs balance
.

} P T p + @
P=PRT

: edbz @ = G. T

CONTINUITY , energy
,

the heat

equation .
GAS MODEL- #

3
2

ASSUMPTIONS

• to flow • Steady flow • Inuiscid flow • No heat transfer • Nobody forces
.

CONNNUITY

offupovtfspvids = 0 Ssptsdstfapvids = Sapir .ds=o

pVA= constant m= constant



NENTUM EQUATON

Ztfvdvov + fspJ( 0.05 ) =
- Sspdstfupfdv = fapihosltfapvlvds ) =

- fmunp . 05 - f p
.d5 + Pitt

'
- A + pzVz2 .AZ =P ,Ai - RAZ - ftp.da

sick

surface

P+pV2= constant → for Acxl constant
.

constant area
.

ENERGY :
work done by pressure forces

.

~¥ f. p(e+tzv4dv + fspilettzv )dJ= fjqpdv - fspiids + Sup IF.V÷fsp ( et ¥ + F) J . ds = 0 boy forces
.

h=e+±p h=h + Vzh

e+¥+¥=a#+ { a constant

msn.IR?a2nIa...a.+

|
- h . Cpt

E = et ¥ } total energy

Enthalpy is  conserved
. Energy is  not  conserved

4 = Et ¥ + PF } total enthalpy for the Slow  cause  it

can give  away energy .

FOR A FLOW

STAGNATION CONDITIONS : conditions of the flow for velocity equals to 0

Cpt  + I
empeatue increases as the velocity decreases

.z

Static State : nonzero velocity ,
he flow goes from Stasiak On condition to

Static stale
.

STAGNATION TEMPERATURE  Is CONSTANT DURING AN ADIABATIC PROCESS
.

% } are also constant
. µ Pressure is not known

.



LECTURE 2

KINETIC GAS THEORY PERFECT GAS MODEL

• and P
are representations of molecular motor

.

• Volume molecules neglected wrtuoe

• T
measure of average translational kinetic energy .

• Molecules  are  rigid spheres

•
P caused by impact of molecules on the wall

.
• No forces between molecules

EQUATION OF STATE ¥ = B. T z
= §µI

'  Universal Gas  constant

- >  molar  mass

SOLID GAS

Sued case Cv  = Gcp ,T ) →  constant for perfect gas

.
.  - - - - -

-
.  .

...

2 @ (

i

.

molecules
.

molecules
.

a. ottoiosatannte
.

- -

.  -

- - .

-
.  -

.  . .  - -

I

n .m
PERFECT GAS MODEL  EQUATIONS P =

-

V

m .

d ' P >
M : mass of molecule

Jez = F r : position vector } scalar product MF . dyed =
# it

F
: force acting on molecule

£ COATY OF MOLEWLE

m.ffeiriofe-fofM.r.Ec.doE2sspeeom.ofder.E-cif-r.E2gsnseemoleuee.ENsAMBLEAVERA6E_E-n1n@Cn2-JTATlONArYsysteMlimeauoa9e.E-tfotcIot.t

's a

Tns  as

m.ffe.F.EE ' ] =P ' F } fcp ) at tie waee
in

W

O
0 inside because interaction between molecules  are random

.



SPHERICAL VESSEL

Radius to E =p . A. A =p
. 4rrii.lt

# noeewees N } - N . m . 22 = E .

}

w
W -# mol

average

-

N.m.EE.p.Yrro3G3comosfron@fkEj.tfY.n|| V=¥rro3

P

N . M .

£2
=p . 3v -• Nf £2 = 3p → ¥ = tjcz

ONLY VALID

FOR MONOATOMIC

GASES

TRANSLATIONAL KINETIC ENERGY

Et  =tzE2 @ =et  = @to Ez most be equal to RT
-

et . I # + Eg + Ei )
Cv = 3zR

fqp=

ftp..de#Fl=EoR'=cutRfcp=Er
8 = CE = 5g = t.GG Cp=Cv+R

DIATOMIC GAS → Noor  = 5

• HYPOTHESIS - EQUI PARTITION OF  ENERGY

C = Et  + Er - > Zdor  ' LRT @ = Noe . IZRT
L > 3 dot  • IZRT

Cp  = IZR Cp  = HEIR J = nn±

TRIATOMC GAS

• Ndot
.

. 6
, use above relationship .

VAN DER WAALS  EOS

LIMITS FOR DOF ( P +  ⇒ ( V + b) = RT

••
High

Temperature
adds  more degrees  of freedom

become  important  after
interactions

# 600 k between
volume of

@ = et  + er  + Eu  + Ee  +
. ...

molecules . the molecules

accounts for  volume of
•o

High Pressures ( low temperatures) molecules  and its

✓ = ¥ PI
.VI.00 } Not  possible this goes to  critical point .

" Nacho 's
.



AIR at

1k - Ep = - 3z

3- 600k '

5¥;fy
→ Had } Encases with temperate .tt?Ft;Tota+.o.abrans+rot+

vibration
2000 k →

AIR PROPERTIES

2140 02 → Mo  =  16 %nol

78% NZ →

µn  =  in shoe } tear =  28.96 stnol Rair  = ¥a
, ,

= 287 %gk
1% Ar -

MA  =  39.95kcal

DIATOMIC  molecules So  → N = 5

Cut 5zR =  717.7 Tusk Cp = ER = 1004.8 %gk

SPEED OF SOUND

etc energy £2

ueeoaity = re > 1E1••→ FE
Its  not  only nouns but  also colliding

SOUND WAVE :

Follow sounduavc as it  moves . flow  is moons towards Us  in
the front of the

sound wave and moving away behind the sound wale .

MOMENTUM
�2�

a
atda

continuity @ p  + par  = ( p + dp ) + ( p + dp ) ( a  +042
P
+

P+dP Pa= 1 ptdp ) ( at da )
dp = . zapda - azdp

Ttdt

p pop a= - poof g÷= .fate . Faithd

COMBINING A 2

a = f(T%p)g ISOTROPIC CHANGE OF STATE ¥z=µgz)Y → PI =
constant

ftp.dgccp 's =ycp
" '

ftp.ff-yrta-FR



COMPRESSIBIUT >

e= - F. ofpl ,

= . p .g¥=p[°I¥l]pz

[ =p1a ,

The lower the  compressibility he higher the speed

of sound
.

MACU NUMBER

ordered motion
vyz V 2/2

µ=Vz= convective speed
|| µ →

kinetic NOSY
= = =

YCY - 1)
µz

sound pros . speed internal energy .

E
Cut 2

molecular  random  notion

NEROY EQUATION adiabatic flows : no heat  added Or takes

H=ho = h + 1zV2 →  constant through the flow .

Cp . To = Cpt  +21*2→  wreka.in#y9jeloats.Cyq.ao2=yqa2
+ ¥

✓ (
hmtueloaty

on ¥
,

→ f÷=f÷ +

Eat a

.EE#y=Ir=a=a*
W W a± .  .

- .
-

-

*
ellipse a*=f÷,jao

internal kinetic energy
W '

, \subsonlcwork energy ,

-

1
p•

" n 't Velocity : Vent  

= aofz
¥511Gao

y -1 stagationconditions
Vhnit  

= -
V=o

ZCPTO

Vant a*
, ao and Van

knit macn : M| = - → 0
are Constant throughV . > Vent Ahmit

the flow
ISENTROPLC RELATIONS

Using To
, Po , Po

¥=i+ '¥m B÷=f+x÷ny¥ ' ft=( it ¥ n4÷'



CONCORDE SUW TEMPERATURES

what  is the temperature of the nose ?

M= 2.06 h - 16hm T= - 56.5°C

¥ = 1 + ×÷m2 = 1+0.2 . ( 2.0612=1.85 TO = 1. 85.216.7  = 400k = 128°C

Sonic cowbinows

⇒ to=÷ , II. ( ÷y¥ ' FI . # j¥cn*t=
" t ' 'm

Zt ( Y - 1) MZ

M2 ,

2

M*  
=

I
Relation between Mano M*

a* ( Yes )

¥
- ( Y - 1)⇒+ E=e÷

'

.¥
'

T 0f M - 0 n*=o

If hc 1 m*< n

Ig m= , µ*= y }ehaues the same  way .

IS M > 1 m* > r

If n → a n*  → FE
Y - l

y

*  I

Relation between ¥ = ( n  + Y÷mz ) and Po . P : 'zpV2

Po - P
.

- P { ( it ¥nz¥'a } corpessibitty factor www.s go

( tpv ? . tzpaznz = ezypmz]
|%→=£M ifcm ) cansnotuo ,

Mach correction
.

gu , =

(1*¥nz)¥'

% - P=FPh( ' ttnnztfonu .,
... )

- 1

f(m)= It f- mz + ten "
+ ,÷gon°t . ...21 yM2



CHAPTER 8

CALCULATION OF NSW PROPERTIES GENIAL
.  
-540.9 .QAYE

Obtain ratios of he thermodynamic properties PYP
, ,

PYP
,  , TYT

,
across  a Nsw

.

Al  = AZ
mass  conservation calorically perfect gasshoftai. go.is thrash

p ,
u ,  = pzuz

• h= Cp . TMi ,ViiPuT ,P ,

|
^2N2P2' I 'M

fgmanptmu, =p .  + pzu ,
• P=pRT ideal saslaw

,
Az

• Cp  =  constant
energy balance

hit ¥ = hz  + u¥ ; ¥
,

+ ¥ui=Y÷+¥ui

" ° '

ni .

nth # my
YMZ - ( YI )Intel: amount of mass  constant

Al  = Az
"

as .¥ "

ftp..hn . uu÷n=ha÷- ni "

0.378
•

o.O - a pz
=

( Y + 1) MR
10 -

ni P , 2 + ( Y - e) Mt

MOMA.lu#aton
: amount of momentum  entering and in the flow  must be  equal to  momentum leaving and staging .

R - P ,  =p ,u ,  - pzuz  =p , u , ( ui
. hz ) =p ,

ui ( n - ¥ ) =p ,
up ( n - Aa )

¥
,

. ¥
, .f÷urh - Fsz )

p

¥=' t III. ( i . E) = myrrh . ÷
.
)

p÷=' + Eh ' ' '
" "

IDe#Asuw
+4T

,

- Ppt . F÷
WHAT CAUSES THE SHOCK

I÷=hn÷=[nt 3¥ ( n ,z . i )] .

2+14 - 1) me u÷= Itri
.

A- HTM's swab ]
( Y +  1) MR (7+1) m ,

2 P2

*
2 solutions

.  -
.  --1¥

,

'

-

1t¥
,

( n ,z - , ) boundary conditions

gives the  needed sob

so  sometimes  we  have

a  shock  aid

sometimes  we dont .



MACH DOWNSTREAM

ni .

H÷t=f÷yfa÷ME÷t=ni
.

" # n 't
W - ~

Yni2 - (
'

¥ )

film, 'll M2 It - > fr ( mi ,Y )

F M ,  →  a we find :

he .n=FE=o37s his
.

'¥=o he.f÷=¥l=6 nd,m→I÷=o

( 1.0)• •
20

P¥ D

Pai
1

YP
, µ ,2= AI

II.'¥µ±§
a

Tz
Mz

,
Pg -÷ .

Pol %
,

0.05 •

•

•
 0

O.O
10

M ,

PRAUDT GARDLER

82¥
, ,a*2±ya÷+I

kr=2tCrn==y2
" '

( 8 + 1) m ,2 M ,*2

a*xao :c } ur . u .=nY÷z= a ,*2=a* '

A' * constant over NSU

mz*=1M,*

ENTROPY CHANGE ACROSS NSW

shocks dont  occur in subsonic flows . Entropy will be higher for  a shock wave
,

because

a shock wave will increase tie  randomness of the particles .

Tds = detpdv Tds = dh - rdp

dh= de  + dcpv ) = de + pdrtrdp r=1p=RpI
de = dh - por - rdp

h=  CPT



NTROPY CONTINUED

ds=cp of -130¥ } Integrate and set Sz - S , =Cph( ¥ ) - R .h( ¥
,
)

(
>  isotropic conditions

.

W W
1.0 y Can be substituted by long

equations
.

small entropy

changes . At m = f f(m=n ) = 0

0 - -
- .  - -

. f f '(M=1 ) =O

Region of negative f "G=e ) =o

entropy production

-2.0 . •
Not phisically possible .

0 i
be t ! 's

nach

SHOCK UAUE Definition : Non - equilibrium thermodynamic process

• Large velocity gadant causes viscous dissipation .•Large temperature gradient causes heat diffusion .

NS W

m ,
> ^ nzci

How the properties of tie flow charge

when crossing a Normal shock wave .

P , , Pi  IT Pzpz ,T2

TEMPERATURE

The total temperature is constant through a Nsw

Cp Ti  + ¥2 = Cp To
, ,

CPTZ + II = cptaz
} +0,2 = Ton because CPT, + Tf=CpTz+uzI

PRESSURE :

The total pressure decreases across Nsw in measure that the process
becomes dsipatue .

sz - s ,
= Cpln ,T÷ - Rln I Saz - Sa ,  = CRAFT - RGBI ss = ftp.m , )

Pat
P '

s , . s , = - RG ( II ) Por
52=50,2 Si  = Son

#
=f( Yin , )



MEASUREMENT OF VELOCITY IN A COMPRESSIBLE  FLOW :

The velocity can be determined through a pressure measurement
.

⇒
STATIC PRESSURE

⇐-b.MN#iiiieFDIFEDE
.

.fi#na?tooaYItbats/:ifIEEpaws
- .

Po
,

,
#

' sntropic flow

PT
= ( it '¥µ , 2)

¥
'

solons for M
,

^ '  = ¥,µop÷j¥. , ) velocity can be obtained as

Ui  = M ,  a ,

ui  = ?fM(fop÷j¥. n ) we need to know a and T
.

gnooh
Wave .

SUPERSONIC FLOW MEASUREMENTS

a shock wave M , >1€stands before the
a b•

•
a

•d
2

pilot tube
.

• it
M ,

a - > b the flow does not feel the prove

b → C Nsw deceleration Por ¥ Pa . and Ppg "I fly ,
n , )

c → d subsonic ( bertropk deceleration )
Ray # on Riot Formula

Yyt

%p'÷=( it ¥ mz2)¥ Rf =P0p÷ .¥
, P¥,=[

l ' ' trim '

] .

tune

yynp -214 - l ) Y +1



CHAPTER 9 : OBLIQUE SHOCK AND EXPANSION WAVES

Wave angle .

consider a source of small disturbances in a quiescent  medium
.

µ
source

y
Observer hears a frequency

• a → Of f= 1
at

t

Distance between wave front : a. t

consider the source in motion
.

→ waves are not concentric anymore.

hears a high hears a low Doppler effect : difference
•

tone

⇐

t.pt/3at
•

tone
in perceived fegercy .

observer
observer

If vca the source Is

always inside the circles
.

MOTION

Consider source moving faster than speed of sound
.

•g[aj]jp
when he source moves for

A →

But
�1� • •

A the Sound wave traveled from

A  → C
Region

Of
Silence

sina.at = -q=1 n= arcsn ( I )
vt m

DISTURBANCES STRONGER THAT SOUND

OSW Shook wave angle

n > a T)µ
" nacu wave

aged:{ } PM



OBLIQUE SUOCU RELATIONS

For a NSW the shock wave is

perpendicular to the flow stream

.ie#i.Iawe in This is  an oblique shock andi.
 n . poo

. -=I)e
VZ /M2

✓ '

.

.
.

;
.

. -7k happens for example when
.

✓

"  
"

 
"

'
 [

control volume
Shockwave

strong -

INTRODUCING THE MACH RELATIVE TO VELOCITY COMPONENTS

ni  = Ea
,

j my = WI wi .

- Vishp U2=V2 an ( p -0 )
Az

Mni  = hat = hat
,

sins = misnp Mnz  =Mzsn(p -0 )

EQUATIONS FOR OSW

MOMENTUM :

CONTINUITY :

tangential component
PIUSINB = pzvzsn ( p - O )

Sscpifdsjw  = - fsptidsttansnhal
.

p ,u ,  = pzuz
But ds is perpendicular to The control surface

@d) torn over the inlet and outlet surfaces is 0 normal component

- ( p ,
Aiu

, )W ,  + ( pzAzuz)wz=O Ss Cpi . dslu  = - fspds
Az piui  = pzhz - Ahl Al Ul  tpzuzazuz = - ( -

DIA ,  tP2A2 )

We  = WZ P
,  + p . Up = Pztpz 422

P+pu2= constant



ENERGY EOWAMON :

f. p(e + F) Tis =
- § * ids

A ,=Az

- p , ( e.  t VZI ) h , AT+ pz ( ez + VZI )uz At = - ( - Pim# tpzuzAt )

#(ettft,

+ ¥ ) =p#
( ez + It + VIZ ) -•h , + vf=hz+ ¥

* ↳
Mhz v 2=42 + WZ

.

h , + u2zI#=hz+4222¥22 h+uz2= constant

SAME RELATIONS As IN NSW

µ , =

At ¥ th
.

?
mnz = fly .mn .nl Mnr

= f( Y
,

ni
, p )

YMN
,
? - I '

2

P÷p =
( Ytnm

' '
"

- f ( Y ,M , ,p )
Zt ( Y - 1) Mn ,n2

¥=fhm 's ) t÷=p%n , , ,

} " = sniff
Mz  = f ( Y ,Mi , B ,

O )
-

tanp = ¥ tan ( p . g) = ¥
0 's not

a  variable
,

from geometry .

tan ( p - o )

#
= ¥ = FI = fun , ,p ) n - A -0 relation

tanO=2ot( p )
M2sn2A - |

p
MRCH aoskp ) ) +2

O= fly ,m
, ,B )

^z=f( y , ,m , ,p )
} GRAPH 0 - B

900

,

)§
I o O

450



CONSIDERATIONS M - B - O RELATION

.
-

-

-
- If O > Omax  

→ detached shock

M > 1) O< Omax locally the shock becomes normal
.

÷.

M > a ) O > Omax

- - - .  -

Omax increases with the maoh number*
or any given couple Mi

,
O with 0 < Omax there are two possible solutions

B ,  = 45.30Example :
m ,  = 2.0 0=150 → £32 = 79.80

/

172>1
p, is a weak shock : do

An 4£30
. ls°

Pz  is a strong shock :
µ ,

M2 > 1

→ ~
> 79.80-150

Is 0=00 - :

•

stronger possible Sw p=90°

• weakest :( mach Wace ) B=0°

DETACHED SW IN FRONT OF BLUNT BODY

- NSW max deceleration mz < 1
,

0=0

,z*•c

'

↳
weak 9°°

RECTIFY
stars solution nzcn

,
o > o

a§€ •
IE.InnaIfqeeaonomesstronsDnlafFadef@kweahsoehonrnFmE.p

normal tangential .

mni.sn/p O 4s°



EXAMPLE SUPERSONIC INLET

• A nach 3 flow is to be decelerated to subsonic regime ( prior to combustion )

• 2 ways of deceleration
CASE 1 CASE 2

→ Nsw
- -

→ OSW + NSW

my | Ian
n' =3

- men

←2=7.9
NSU

COMPARISON
Por Po ,3

Pas PI
,

= 0328

pot,

- Bpo÷ . PEI = osts

( pot )
. w w

F)
= 176

n , > , (= °it6t
0.753 osw

.

Po
,

, 1 -m, > 1

NY - f- Nsw  at low

= maou

HIGHER DECELERATION EFFICIENCY -B HIGHER ENGINE THRUST

PRANDTL - MEYER EXPANSION
• supersonic stream

at

noon asfpthaasanrearward

•
expansion fan : an infinite number of rain waves

making continuous region

n ,
( )^2<r

,
because

temperature . Since the expansion is made out of hack waves

# Mz is higher .

ano a . ds=o ( isotropic )

DETACHED NORMAL SUOCK WAVE HAPPENS WHEN

PROBLEM STATEMENT
O is greater than Onax

Determine  conditions �2� from conditions �1� and deflection O

0mW
g

.

g . n

*
.

.
Et v vtgv =

snlfetn )
W Y - Derive :• It- It'*Ba )oo# Etn .

stiff - n - do )MTOO
Vtdv

'

\
.

9=( utdlheoscmtdo ))• c Vtov

Sn ( Ftn ) = sn ( En ) = osn sin ( Fn - do )=ws(n+do ) = cosnoosdo - snnsndo

1+¥=
° " hypothesis : do= {

& ' 00=00

cosncosdo - shnshdo wsdo=1



n +
DV 1

g = °s^= .

. Expand around do  
=O so we get

aosr - dosnn 1 - dotann

d%
tt ¥ = a + dotanm or

do = -

term

^
1

' ↳ =

^ THEREFORE

) M F
at doing ( Flo

du > 0

3Y DIFFERENTIATION AND MANIPULATION

¥= - ¥ntt¥ny→on F=1x÷ni¥
0 = V 1 M ) =Jf

2 €1
.

¥
INTEGRATING

n
't ¥ "

nm.pe#nioai' # tie
.

✓

its

O= vnz - ur , µ[¥,

can be found£ that

V(n=1 ) =O

µ
SUOCU INTERACTIONS / REFLECTIONS

�1�
k

-
.

u -0-2 01 = @

^ '

-
- .

.=I€ii
.63 } The flow after he reflection

An
(

�2� nz 02 = - Q
most be parallel to the top wall

- -

-
*

If M is only scythes above he minimum for a straight Osw at gwen 0
.

The first

shoot  may exist but the second is not posible . This situation creates the

c) shock )



SHOCK - SUOCU TITER ACTION

two oblige shocks

that turn the  shock

.

. in the same direction
m ,

i.

. n . and when they interfere

they form a new

oblige shock
.

same family different family .

TOTAL PRESSURE LOSSES

M .

- 1.44 •APPLICATIONS

• suppesonic  inletT←→"$*⇐
• swept  wings M= 0.9

EXPANSION FAN EXAMPLE

NIE ¥"¥I -

a

very
O=VCmd - Van )

-
- - -

VM ) = 26.38°
) 100

I 0=10+26.380 = 36.38 - Vth )
y -1

Pressure : ¥0 =(1+ ¥12 ) iterate - na = 2.4

J . 1 ¥
Isotropic : Pa =P .

pp÷ . ( ftp.#nMM=0.ss

oblique waves

dont modify tangential velocity

Vt V± V#
*

V

+ change .⇒
V



CHAPTER IO COMPRESSIBLE FLOWS THROUGH NOZZLES

Nozzle ; converts potential Internal energy into kinetic energy .

UP Pt

Diffusor : converts lunatic energy into potential energy Ut PP

@ BO

1
-

A : Acx )

- aguy.gg}t÷s÷ssa±=o-
• invlscio

c-
• Adiabatic

- • Guasi  one dimensional h=Vx large → neglect the Others
.

↳ Acx )=A DA
f×

< c § cross section  varies

smoothly .

CoNTiNUlT7EQUATCONp.Ai.Ui-PzAzuz@U.A.dp-u.d.A.p
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Insert  Phase 2

NOMENTUM EQUATION #

AL

Apntp
-

linear
#R . DA  = ( p+dp)( A  + DA )
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=APztp2uEA2

+ ( p+dp)( uidu )2+H+dA )
W

Al
| u2t2udu+d¢°

forces acting on wall
.

✓

Adp + Auzdp +pu2dA+@puAdu
 = 0

compare with �4� /
only the 2 is different.

ENERGY EQUATION

da
total enthalpy =  constant  

= h + ¥ × /
-

ptptdp
Aida ( = )dA

h ,
+ h£=hz+uz" ft

-

PuI%n)
p .da  + tzdpfda

up Ptdp L
- small

Adp + phadu  =0 ldxl

dp =
- pudu EULER 's EOWAMON



dp = - pudu

ftp.go.ua/atoF-az.g=.aoudf=
- ua÷o÷= - nz .d÷

/ AREA - VELOCITY RELATION
C

fon eq @ - dnt - dnt = - ii. ¥ d¥=( nz . a) d÷

CONSEQUENCES OF ¥t= ( MZ - a) ¥
• hat DA  co

• M cn da > 0

a

• h DA  co
• M da > 0

.

rootle  Flows : determine relation Starting from the Velocity- Area relation
.

Lian
From continuity :

f PI - ( IF "

i i

SONIC
, THROATGENERICp*u* Ax  = putt
1SOKUTION= .

÷
.

:-#
az*=1Ann=A* A A#

=sjh*÷=pp*uaI=p*po!a*_p
n*

III. :

"letter.§=(.+¥ng÷'

(µ*g=
( rtnm Ten

ztcrhm #*t¥nt[÷f+r÷m)]

Men ( ¥* ) a±*=f( m ) { t.sn#y } solution depends of boundary condition :

pressure ratio acuos thnoozee
.

Look into the table for IF  → ¥*=z
^= 03 '

m= 2.2



CONSIDER A  LAVAL NOZZLE

A=A*) A @

ASSUMING SUPERSONIC Exit

po.to# #
n

: n=m(a±* )
A=A* Meco

M=r #
.

f. ISENTROPIC FLOW

p I

In  an isotropic flow Pe  must be the same Peo % ¥o=(n+8¥nrT
"

0.528 -Peco
→ If Pe * Peg Too

When Pe =Pe
,

→ At  =A* Ito
-1

in =p*u*A*=p*u*At Fotflttztnz )
Ief -

Is Pe  apes → st.ee the throat  conditions are
to

Sonic in is fixed →  choked mass flow regime .

in

"J WHEN Pe < Pes AND Pe > Pee
Pe

, Po
Pe

NSW is formed inside the noozle or at

- nits
exit

.

yetPo
Apt § Nsw Pe

n . ¥Ts#- men

¥
-

Pen

whenpe further decreases : - nsw

→
Nsw travels downstream

Wc Call Pes the pressure where a NSW is placed at the noozee exit
.

• If Peg < Pe < Pes a Nsw is toostrong and Osu appear . over - expanded flow
regime .

=
-

-*.
*a

- .

... .

• If pecpe
,

the flow needs to expand further to adapt the pressure Prandte . Meyer

expansion fans appear . under - expanded flow regime . p
/Po

.

SOBSONCC  FLOW

-
= ## Pes

11 FBI
.}an+- The:b

.

non  isotropic .

this  are  caused to  accomodak tee pressure

of the jet to the  ambient pressure .



DIFFUSERS

• Any duct designed to slow down the flow to lower velocity is a diffuser .

• The objective of the application of diffusers is to recover as high as possible

total pressure in the stream .

The ideal diffuse performs an isotropic compression . As = o → Por  = Poe

- Mz < 1 } ISENTROPIC Is NOT REALISTIC
M . -1

me > a
Po ,e=Pon

DOE 10 SW and Viscous effects .

#
Sz  = S .

IDEAL :  inverted isotopic compression .

Because Vg  and Vz  are definite  we  will have  oblige  shock  wave .

ACTUAL SUPERSONIC DIFFUSER

m , # a } Dsiestoaft:c
"

Tea:b::S: III:*?f⇒*
Po ,2< Pan larger than A*0=>5 '

Worst  case consider a Nsw
n' = ¥¥P*A*

Design Rule : assume a Nsw in - Qi Pffoa  *

• compute As ¢ =f ( Vir )
SUPERSONIC WIND TUNNELS

• compute Paz decdode for  SONSOMC

Objective : generate a  uniform supersonic stream
in a laboratory

E. G . M= 2.5

→ 1st choice :

Take a convergent - divergent  nozzle with ¥*= 2.69
.

Stabilish Pope = at to

exit in the ambient at Pee
*

A Ae

P
-

-
- - -

48

¥2.8 #-:} pea
#lath

. -D.Not  EFFICIENT

×* xe

CONSEQUENCES
.

test  section

• need for air storage at B > a atm TV ¥ ' PFI
,

• lose mass flow ni=p*u*A
#

A
' } Nsw Azten

in - PETA ,  

in
P9pfozA2



→ znd CHOICE
The NOZZLE Exaust into a constant area duct

.

test section
art - Pb data Flow terminates with a NSU

-
. . ... .  -

.

Me  = 2.5 MZ < 1
Po = 2.4

. atn

"

 

! - €gg{ pz =pb .

. yatn
Ouse #ENEES :

1
Pe  = 0.14am Nsw • Po  = 2. n needed reduction in mass flow .~

.  . - - -

.

• Nsw acts as a diffuser low efficiency

of deceleration
.

→ 3RD choice ; LAVAL NOZZLE  +  DIFUSSER CONSEQUENCES :

NOEZLE  TEST SECTION PIFFUSSEE
° less entropy production Oeceldahng

with multiple OSWSini →  Po can be further lowered
.

1

,

Fe
|

mood

| } • Required pressure ratio Pelpo can be1-
obtained

Po

Account for losses due to BL 1.) Pressured storage vessel ( Po > Pain )

2.) Vacuum  at the outlet CPO =Patn )

DESIGN CRITERIA FOR A SUPERSONIC WIND TUNNEL

1. Operating Mach number he Ae/Ai* Gua the size of he test section Ae

the first throat AF or Ati is determined

2. Calculation of he section throat Atz ( diffuser ) Consider in =puA  =p .*u,*A*=pz*uz*Az*

¥¥=p?**÷¥I# F÷** at : adiabatic flow
assom 's son 'c conditions in both throats

The second throat  must

An¥ - ,Pzi*#Rf¥*=pPy** . PACELLI Aat÷= I aewass be ease than

Por Paz tie first one
.

In  a preliminary design phase one may assume Pope
,

from a NSW at Me

Is fee
,

a P0o÷z → utumelohohns
.

EXAMPLE Determine the SW position for a nozzle operating with Pes , Pape ,

Consider that the nooztee exit is followed by another duct with throat Atz with Sonic conditions
.



* *

At Az
p ,*a,* A ,*=pz*az*AL*LF.ie# Po = Porto ;it

, tz

p*

f÷aFrF¥E'a*h=f÷armf¥opsa*h t.tt#.
T*

¥**=I÷F÷ ⇐

¥**⇒÷
.

⇐oh=t¥*l
.

Me 2¥ ¥ ( n+2( r - 1) ( #
¥tfne¥.¥)Y%

. if
valid for isotropic and

adiabatic flow

ADIADAIC NOZZLE FLOW

Ever in presence of SWS we can obtain a relation returning the
.

• Mach number Me

. Useful in range Pes < Pe < Pes

CHAPTER 11 SUBSONIC COMPRESSIBLE FLOW OVER AIRFOILS

VELOCITY POTENTIAL EQUATION

Inusad , compressible ,
subsonic  flow  around an object .

→ Irrotahond flow
j = 8/0 or u=¥x

,
v= #

- define a  velocity potential dy

Continuity equation :

I. cpusttfycpu )=° ppoxot +3¥ ) + Fx It + 301=0Zydy

Eliminate p with momentum equation .

dp  =  PVDV → dP= - Edwy= - tzdluztuy = - Fd (¥xTtf¥y)
"

)



¥p|s=a2 - dp= azdp

-
¥ "

Fatal
]

de .
- Fad[l¥xttl¥yt] Eye - fan

•

¥ , .±l¥¥xi¥s3¥D
SUBSTITUTING IN PREVIOUS RESULT

t.to#MtxEtfeatFsM:yE.2al*tlFslI0z=o

Using the energy equation we can eliminate the speed of sound
.

areas . r÷v2= as . r÷u+uy= as - Ef¥ftt¥yl
'

]
REMARKS

• Final result :  a  single PDE in terms of the  unknown ¢

• It can be solved for ZD shapes  once given
the B.C .  at body sourface  and A

• Once 0 is known  →  obtain  a ,
✓ derivations

evaluate  a - ao f ( 0 )

calculate n= VK

. Mostly solved numerically .

• Valid for  any Mach Number .

LINEARIZED VELOATY POTENTIAL

Consider a ZD body in uniform flow . u=Va  + A

✓ ^
v .

,
} o=ua×+of¥¥jY ,

~
V

⇐÷

Therefore
SODS  ON V. P

. Equation

¥ =
v.  +3¥ ¥y=a¥y}fit↳+¥xH3¥tfit¥stT5±nzµaEK¥nE¥y=o



PERTURBATION VELOCITY POTENTIAL EQUATION

fitu..int#tfitilyadi.yu.+y(ipng=yaItuE=fftmtaIt2

( i . n .4FI+¥y=n :[ crash + ¥ ' .ee?+rztuI.yEh . ,

eneraeouation

+ n :[ inner.+¥÷i¥Eil¥+nilEf÷K¥t¥M

SIMPLIFYING ASSUMPTIONS
CONSEQUENCES

^

slender body ,
t  and camber Smale hfzccn ;

I
< as

Smale angle of attach
} Va

^2 ^

u u
- aa -

Va
'

Vis

COMPARING FOR DIFFERENT  TERMS

a) For 0 s no  < 0.8 and Ma 21.2 b) For Mo  < 5

m.fr#sF.t.ifFuh.na2PFx
mail.tt#t..JsFya3yIanoaesona2ffI(i+yI(2FxtFxD.sneshgible

.

VELOCITY PERTURBATION EQUATON

( 1- Ma2)f¥+}Iy=o LINEARIZED EXPRESSION FOR PRESSURE

COEFFICIENT

VELOCITY POTENDAL
Cp= 2£

( t - no
' )3¥z+}y¥=o

V



The boundary conditions on the body surface and at infinity :

0=  constant at infinity because a= 5=0

On He body the flow  is tansnt to the wall with slope O

tano - ± - Iaaf - Fifty¥j= v. tano

RANDT . GLAUERT COMPRESSIBILITY CORRECTION

Limited to thin airfoils at low &
flow  approximated by

Purelysubsonic neat

( y . we ) 23^0×4+2201=0
,

y=fCN 2y2

/ " to i
Define p.fi → pz3Y÷+tIy0÷=o=

Apply coordinate transform :

Es = ×

} § ( s ,y)= Botkin
Recall that §=p§ n=py

¥x=f¥s En
.to#eoI=sIs3se+YEh=sFs¥s¥n ¥s=r¥v

¥=s¥sa÷+30÷y=¥ny y y
SUBSTITUTING IN STARTING EQUATION

B21p2¥g . . p }#n=o 32¥+2,4=0 daixaceeowanou

CONSEQUENCE :

We can obtain a linearized Cp from subsonic flow theory

G- . 2y÷= . I. s¥= - ftp.s#=I..fs.2fs



INTRODUCE if =

2$

ZG
Pranote - Geauet

Cp=1p( - 2¥ ) Cao  -
- YI ↳ tCp± Cp = CPL, nee

1- Mw2

same works for Cl
,

Cn
,

Cd

PROBLEM : If no  is high enough ( Ma > no ) local supersonic flow introduces wave drag

and D
'

Alembert paradox will not be Valid .

Cp =
Cpo

Fat [nn4( it Fnaitfcpyz

CRITICAL MACY NUMBER

If (Mai - 1) < < it theorized theory does not apply .

.

If no > nor local supersonic flow large increase in drag coefficient .

DETERMINATION OF CRITICAL PRESSURE

COEFFICIENT
.

Isotropic flow minimum
value state 8-

ot
pressure

 on airfoil .

¥o. '¥I÷=[
' + Fray

" '

n + If Math

See stream static pressure

Is no . no . man

a "=r:nl¥ .

. a) = In .{KIEIhIf÷'s }
Cp ,ot attained at  minimum pressure Ma - l /

a.÷⇒{µ÷÷nog÷y
.hn#mt=E.flnIEnagEy



Cp ,o and Ma  are related graphically like

Cp

¥q
= f( µ , )

T ↳ result with the compressibility correct ,o ,

allows to estimate Mar for a given airfoil .

Ma

PROCEDURE

1.) By experiment or theory obtain the value of minimum  in the incompressible

regime .

Cb

2.) Using a compressibility correction plot the function

-
3.) Determine intersection point where Sonic conditions no

are achieved .

low speed

high speed

make sense .

ftp.sffs-fgffffgd

DRAO DIVERGENCE BARRIER

At Ma Zmcr supersonic flow is terminated by Shock waves .

• separation

. dras .



SUPERCRITICAL AIRFOIL

Designed to obtain low drag Increase in proximity of drag divergence .

• higher arise Mach number with moderate increase  In fuel consumption

fagged

Achieved by a flat too
.

CHAPTER 12 LINEARIZED SUPERSONIC FLOW

Starting from the linearized perturbation velocity potential .

( i - n .

' )3Y÷+E$= .

2y2

Which holds for both subsonic and supersonic flow regimes .

• Supersonic 1 - 15 < 0 hyperbolic PDE

•

Subsonic 1 - Mor > O elastic PDE

For Ma > 1
- define X = FI solution to this equation given by

1,232×01-2201=0 §=f( x . Xy )
25

Substitution :

t¥=f'C x . xy )¥(× - ×y)=f '
→ 32×04=8 " Similarly : Yy0÷=X2f

"

1,230¥ - ¥9 = o → X2f
"

- X2f "  =o Not specific :



The identity teecs us that if x - Xy = constant

• § is also constant

• slope is 2¥ = ,f= ¥
. ,= tar

Flow properties are constant  along Gas locally inclined of µ .

§ is constant along

Mach lines
.

¢=c ,
0=9 0 '

'

GO.cn Waves of finite  strength are  not accounted for  in area , zd theory .

÷
EARIZED CP IN SUPERSONIC REGIME :

D= 2$ Cp is linearly proportional
y×=f

'

} an =
- yng

halted boundary • WHO'S
to eocae surface  inclination

.

n f= Uatano ~~ Va . @

i. 20 cp= - 2y÷= - Is fu¥ )
Jy

=
- Xf '

Smale perturbations hgphothcs 's

h= -

KO cp= I
× -Mah - 11

Notice that In the Cp ,
0>0 when  measure above the horizontal .

Cp , upper
A

Pressue is higher on the top - front  and
.

.

A-
bottom - rear  segments .

| I -

•

,
\ /

A  net force  will act  on the profile.

I 0>0 ! 0<0
Wave drag characteristic of supersonic flows .why*

0<0 O > 0
'
• surface'

l l • Ever  without the presence of shocks
,

lneantod
Cp ,

lower

!
'

I
^

i
! I

. .
theory predicts  wave drag

, I
,

!

#
i

.

+
,

I /

=



Supersonic Airfoils

Examining Cb = 20

# ,

Cp decreases if Ma increases
.

Combining this observation with subsonic compressible part .

Cp

Cpo
•¥%fftp.

!

Ma

Sign convention for O is different for left running and nshtnmns waves .

Cp ,a  =

20A
cp ,c=

20C

-
at F

C p ,
,s  =

20 's

Cp
,

D=
20 's

a a

FLAT PLATE At  IWUDENCE

Ma > 1 Cp ,
lower  =

2×

<

.

) &

.
.

nor -1

< Cp , upper =

£ ×

F

4xG=c1f§pe-Cpnox =

#
. to fold '' = nth

Ca= lzftueccpu - Cpe ) dy



Since the feat peak has Zero thickness and camber

• dy is identically zero
.

• Ca  =
0 C pressure only normal Go the axis )

Ce = Cncosx - Casino ; G -

CoatCd = Cnsnx - Causa ; Cnd - Ca

For the flat plate case :

ux
Ce = Cn Lift coefficient Ce =

-Cd = Cn X Mae - y

4×2
wave does

Cd =

coefficient ¥0

r a thin airfoil of arbitrary shape :

u
G

=

U&
st.ee holds Cd =

# an
. H + Get get)

Go is he function of the camber line

Gt is the function of he thickness


